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Abstract: Relatively o-bounded operators are introduced and studied in quasi-
Banach spaces. Abstract results are illustrated by examples from quasi-Sobolev spaces
and Laplace’ Quasi-operator.
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OBb OTHOCUTEJIbHO OTPAHUYEHHBIX c— OITEPATOPAX
B KBABMNBAHAXOBBIX ITPOCTPAHCTBAX
HxaBan Kagnm Kxanad Agab-lendn

Annortanusi: Beogsgrces n m3ydaiorcs OTHOCUTENBHO 0-OrPDAHNIEHHBIE OMIEPATOPHI B KBA3H-
6aHaXOBBIX IIPOCTPAHCTBAX. AGCTPAKTHBIE PE3Y/ILTATHI MJLIIOCTPUPOBAHBI IPUMEPAMU U3 KBa-
3ucob0JIEBBIX TPOCTPAHCTB U KBa3uoleparopa Jlamraca.

KoroueBbie cioBa: Teopema o paciiemieHnn, KBaznbanaxoBbl mpocrpancTBa, Ksasuco-
6oJteBBI TIpOcTpaHCcTBa, KBazuomneparop Jlammaca.

INTRODUCTION

The theory of o-bounded operators in Banach spaces has studied, and has numerous applications
and even extended to locally convex spaces ([1]-[5]).
A set of all monotonically increasing eigen values {\t} < R4, k € N such that klim A = +00
—00

of a Laplace operator, was used to construct quasi-Sobolev spaces )", p € (0, + 0),m € R:

o0 m P

L= {u ={ug}: > ()\,f |uk|> < —i—oo} , and then to define quasi- Laplace operator Au = \guy,
k=1

on these spaces |7, §].

In this article, we introduce concept of quasi-Banach space [6, 8] and extend the theory of o-
bounded operators to this concept, and give some results with examples on quasi-Sobolev spaces
and quasi- Laplac operators.

1. QUASI-BANACH SPACE
Quasi-normed space (L - |) (simply )is a vector space 4 over a field F with quasi-norm

¢l - |l, which differs from a norm | - [lonly by «triangle inequality»: Vu,v € &, glu + v| <
c(ylul| +4 |v]), where C = 1. If a constant ¢ = 1, then || - | = | - ||

©) Jawad Kadhim Khalaf Al-Delfi, 2022

BECTHUK BI'Y. CEPUA: PUBNKA. MATEMATUKA. 2022. Ne 3 o7



Jawad Kadhim Khalaf Al-Delfi

A sequence {zp} < U is called convergent to x € 4 if klim xr = x. A sequence is called
—00

fundamental if klim (xx — zr) = 0. A space U is called quasi-Banach if any fundamental sequence
,r—00

in 4 converges to some point in it.
We say that, a quasi-Banach space U is density and continuously embedded in a quasi-Banach
spaceF (4 — F) if U = §; closure U = F; and for all u € 8 ,|uly = M,|u|z, where M € Ry.

Let L and § — - quasi-Banach spaces, a linear operator L : {{ — § is called bounded if 4| Lulz <

My|u|y, forallue i, M e Ry, and is continuous if klim Luy = ( lim uk> , for every convergent
—00 k—00

sequence { uy} < 4. A linear operator L is called toplinear isomorphism if L and its inverse L~
are continuous.
LT (L) (= L(U;4)) —set of all linear continuous operators is quasi-Banach space with

the quasi-norm: g5 L] = sup g|Lull.
aful=1
Example 1. For every p € (0, + ), m € R, [’ be a quasi-Banach space with ¢|uf, =

o) /p
(Z A?p/2|uk|p) , and it is a Banach space when 1 < p < o0, where ¢ = 1. For every m > n,

we have [;' — [}, and note that a constant ¢ = 21/P when p € (0,1). Also, a quasi-Laplace operator
A2 — I Au = {Apug} has a continuous inverse A1 e L(I 1) ATy = {\; Mg }-quasi
Green’s operator, then A is toplinear isomorphism operator.

2. RELATIVELY ¢-BOUNDED OPERATORS

Let 4l u § — quasi-Banach spaces, operators L,M € L(4;F), we introduce the L-resolvent set
pE(M) ={pueC: (uL— M)t e L(F;4)} and L-spectrum o (M) = C\p*(M) of an operator M.
Suppose p”(M) # ¢, then operator-functions:

(uL — M)_l,Rﬁ(M) = (uL — M)~'L and Lﬁ(M) = L(uL — M)~! are called L resolvent, right
and left L resolvent of an operator M respectively. We observe that :

LRY(M) = L);(M)L. (1)
MR(M) = L (M)M. (2)
Remark 1. Since (AL — M) = (uL — M) + (A — p)L, Yu , A e p(M), then we have:

(L — M)~ (AL = M)~ = T+ (A — p)RE(M) (3)
RY(M) — RE(M) = ( NRL(M)RY (M), (4)
LE(M) — LE(M) = (u— N L) LK (M), (5)

An operator M is said to be spectrally bounded with respect to an operator L (shortly, M (L,o)-
bounded ) if
JaeRy VueC (lul>a) = (nep™(M)).

Not all operators are relatively o-bounded,as shown in the following:
Example 2. Let 4 = ["*2 F = " LM € L(I7"F2; 1) set by the formulas L = A—A, M = aA,
alg
where A € R and a € R\{0}. Since o(M) = { g €Cipp=——— keN\{l: A= )\l}}, then

A=A
M(L,o)-bounded .
Example 3. Consider Green’s quasi-operator A™! € L(I7%;17"%?) as A~ e L(I7%;17"). Let 4 =
§ = L', operators L = A=, M =T be an identity operator on L. Since ol(M) consists of the

points {\x}, then M (L,o) is not bounded.
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Let an operator M (L,0)-bounded, and a contour v = {u € C: |u| = r > a}. Consider integrals

of the type F. Rissa
1 1
P=— | RE(M)d = — | LEY(M)dp. 6
5 | Bu(M)dp, Q= o— | L/(M)dp (6)
¥ v
Lemma 1. Let an operator M (L,0)-bounded, then operators P € L(U) and Q € L(F) are
projectors.
Proof. Take a contour 4§ = {A € C: |\ =7 > r}. According to the analyticity of integral
operators P and @) then,

P? = e S RE(M)RE (M) dpd) =
ol

-t ([ [ [rm 2 -
¥ ¥

according to the Fubini theorem, residue theorems and the equation (4). Similarly, we prove @ is
projector by help the equation(5). e
Remark 2. According to equalities (1) and (2), V u € U, we have the following relations:

LPu = QLu. (7)

MPu = QMu. (8)

Let 40 (4) = kerP (imP), F° (F') = kerQ (im@Q), and Ly (My) is the restriction of an operator
L (M) to U*, k = 0,1.1t follows from the lemma 1 that the projectors P and @ split the spaces
and § into direct sums U = O DU and F=F' D FL.
Example 4. Let 4, § and L,M are same as in Example 2 then
00— (0}, ifAg )
{fuell: up =0, ke N\{l: \=N\}};
S R P Y et
{fuell: up=0,\ =A\}.

Py — { w={ug}, A AE{A);
{(uk:kEN\{l:)\lz)\}) and (ulzo:)\l:)\)}

The subspaces §*, k = 0,1 and Qu are defined similarly.
We introduce Sviridyuk-Jawad Al-Delfi Theorem-splitting Theorem in quasi-Banach space.
Theorem 1. (Sviridyuk-Jawad Al-Delfi Theorem) Let an operator M (L,o)-bounded, then
(i) operators Ly, M € L(4F:F*), k= 0,1;
(ii) there are operators L' € £(F5uU) and Myt e £(3°;4U0).
Proof. Clearly, the statement(i) follows from the relations (7),(8).

(ii) Using the equation (3) when A = 0, by the continuity of an operator M, and by Lemma 1,
let f°e 3", then

1

1 1 odp dp ., 1
MTJ(ML—M) lfoto = —— | —f°+
i I I
5

o | LEOD £ =
Y Y
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Now, let u® € 4°, then

1 du 1 1

— L—-M"'"EMu = —— — | RE(M)udy = —u®.

omi | )M o f 2m’f p (M)udp = —u
Y Y

This means that an operator M 1is equal to a restriction of an operator —% S(,uL M)~ 7“

5
on the subspace °. Also, by Lemma 1, an operator Lfl is equal to a restriction of an operator

(,uL M)~tdu. on a subspace F'. o

27rz

According to the previous theorem, there are operators:
H =M Loe L), S=L7'M eL(ul).
Corollary 1. Let the conditions of Theorem 1 be satisfied, then for all p € C: |u| > a we have:

(nL —M)™" = Zu’fH’fM Zu"“S’“ 'L7'Q. 9)
k=0 k=1

Proof. Operator-function (uLg — Mp)~! is an entire function by Theorem 1. Therefore we can

represent this function by a Taylor series: (uLg — M)~ = (uH — 1)~ My ! = (- Z pFHRY M

is absolute and uniformly convergent on any compact set in C. For (uL; — Ml) we have
(uLy = My)~™' =

[oe}
= (= 8) 'Lyt = mu NI = p ST L = (D RS
k=0
Hence, for M (L,0)-bounded by virtue of Theorem 1 and the last two expansions, we obtain
equation (9).e
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