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NECESSARY CONDITIONS BELONGING TO MIXED TYPE
EQUATIONS IN THE STRIP AND THE SOLUTION OF THIS
PROBLEM

Sh. A. Niftullayeva

(Lankaran State Univesity, Azerbaijan)
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Abstract: Border problem in the strip for the first composition, the mixed type
two-dimensional differential equation with special derivative with fixed coefficient was
considered and the obtained necessary conditions were studied in the work. In both
part fundamental solution is in the direction of x5. Here it was determined the value of
Heaviside function depending on the complex argument. The solution of the problem
was determined by the first parts of the obtained main relations.
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ITI. A. HudryniaeBa

HEOBXO/JIMMMBIE YCJIOBUA, IIPVHAJIJIE2KAITINE
YPABHEHNAM CMEIITAHHOTI'O TUITA B ITOJIOCE,

1 PEIITEHUE 9TOI 3AJIAYN

Amnnoranusi: B pabore paccmoTpena KpaeBast 3a7a9a B ITOJIOCE JJIs IEPBOTO MOPSIKA, TBY-
MepHOTro auddepeHIraIbHOTO YPABHEHNST CMEITAHHOTO THUTIA CO CIIEIUAILHON TPOM3BOIHOMN €
buKkcupoBaHHBIM KOI(MDMUITMEHTOM U U3YUEHBI TOJIYUIeHHbIe HeOOXOUMbIe ycaoBus. B obenx
JacTsIX OCHOBHOE PeIlleHre HAXOJUTCsl B HAIIPABJIEHUH. 3JIECh OIIPEJIe/IslIOCh 3HAUeHe (DYHK-
nuu XeBucaiijia B 3aBUCHMOCTH OT KOMILIEKCHOTO apryMeHTa. Perienne 3aa4qu ompeaessjioch
MIEPBLIMHA JaCTSIMHE TTOJTYI€HHBIX OCHOBHBIX COOTHOIIEHHIA.

KuroueBble cjioBa: ypaBHEHHUE CMEITaHHOTO THIIA IEPBOTO MOPSIIKA, KpaeBas 3a/1a4a B IO~
Jioce, GyHIaAMEHTAILHOE PEIieHne, OCHOBHBIE COOTHOIIEHUS, HEOOXOTUMbIE YCIOBUS, N3y ICHUE
HEOOXO/IMMBIX YCJIOBUI.

INTRODUCTION

It is known that mixed type equation has been begun to be studied by Trikomi [1], then
Gellersted [2], [3], Bitsadze [4] and his students were engaged in such equations [5], [6]. The border
problems for the mixed type equations we studied are within the border conditions having local
and global (integrals) limits |7]-[11].

The main relations (or relations) are built my beans of fundamental solution of the equation
(sometimes the studied equation) attached to the equation given in this work. The second parts of
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these relations consisting of two parts are the necessary conditions. These conditions are studied
by being separated.

THE FORMULATION OF PROBLEM
Review the following border problem leaning to real axis, whose width is unit, located in the

upper semi-plane
ouy (x) N ouy (x)

225 P 0,21 < 0,22 € (0,1), (1)
6122(;) + z‘au;x(f) — 0,21 > 0,22 € (0,1), 2)
(1,1) + aqug (21,0) = @1 (21) ,21 <0, (3)

(1,1) + agus (21,0) = @2 (21) ,21 = 0, (4)

uy (0,x9) = ug (0,x2) , 22 € [0,1] , (5)

up (—00,29) + apusg (00,x2) = @o (x2) , 22 € [0,1], (6)

Here i = /=1, D1 = {z = (z1,22) : 21 < 0,22 € (0,1)}, Dy = {z = (z1,72) : 71 > 0,29 € (0,1)},
ak, k = 0,2—are given fixed figures, 1 (21), @2 (1) and ¢ (1) given uninterrupted functions
(correspondingly if x; < 0,21 = 0 and x2 € [0,1]).

If we accept the following mark

B up (x), x1 <0, x9€(0,1),
u(@) = { ug (x) r1 >0, 1x2€(0,1). (7)

Then equations (1), (2) will be as the following in case of x € D = D U Ds:

aZT(j) +a(z) agggf) = 0,21 € R,z2 € (0,1), ®)
here
14 . _J L =<0,
a(ry) = - (1 +isigna) = { i, x1>0. Y

It is easy to see that, the fundamental solutions of equations (1) and (2) in the direction of
Toare as following functions:

U(x—§) =0(x2—8&)0(v1 — & — (22 — &2)), 21,61 < 032,62 € (0,1), (10)

Up(z—&) =0 (x2— &) 0 (11 — & — 1 (w2 — &2)) 21,61 > 032,82 € (0,1). (11)
Thus, 6 (t) — unified function of Heaviside, § (¢) — delta function of Dyrak.

MAIN RELATIONS

By multiplying given equation (1) with the fundamental solution (10), integrate for D; area.
By applying Ostragradskiy—Gauss formula we get the following upon the second Green formula:

0 1 1 0
0= f dzy f O @) 1 ) dig + f dos f M) (= )y =
0xo 0x1
—00 0 0 —00
0 1 aU
= f dzy | up (1‘) U, (.%' 962 -0 ful 1 é‘)611'2 +
—00 0
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1 0
[ [ DU -9 [ (x)avléxwlodm} |
0

—0
or
0 0
f uy (21,1)Uy (21 — &1,1 — &) day — f uy (21,0)U1 (21 — &1, —&2) d1+
—00 —00
1 1
fm (0,22)Ur (—&1,22 — &2) dwa — fm —00,22)U1 (=00 — &1,20 — §2) dwg =
0

0

— jul (z) [aUI&(*; §) é‘U1a(:ﬂ;“1 5)] dz = jul (2) (z — ) dx =
D1 by

Uy (5) ’ 5 € Dy
= 12
{ Luy (€) €eaDy. (12)
We get the followings by means of equation (2) and fundamental solution (11) in the same
manner:
0 1 p 1 0 p ( )
0= jdxlf e (x)UQ (Cﬂfg)dﬁl?g +ifd$2j Y2 % U2 (x—&)d:cl =
0xa ox1
0 0 0 0
© 1 8U 0
2 (7 —
= fd.%’l |:u2( ) U2 12 0 JUQ . d.%'g] +
0 0
1 2 (o= 6)
. 2 x -
+Zfd1‘2 [UQ ( ) U2 331 0 f e d.%'1:| ,
0 0
or

ug (21,1)Us (21 — &1,1 — &) dwy — Ju2 (21,0)Uz (21 — &1, —&2) dw1+
0

1 1
qu 0,29)Us (0 — &1,29 — &) dag — i fuz (0,22)Us (—&1,@2 — &2) dag =
0 0

_ JuQ (z) [aUQ&(*; §) L 8Uza(z1 5)} dr = fu2 ()0 (z — &) dx =

D2 D2

w2 (&), Ec Dy,
{%32 &) e oD, (13)

Each of obtained main relations (12) and (13) consists of two parts. The first parts give the
analytical expression for any solution, the second parts the necessary conditions for equations (1)
and (2) correspondingly. Separate them.

Necessary conditions:

0 0
%ul (51,0) = f w1 (1‘1,1)9 (1) 1) (.%'1 — & — 1) dry, — f w1 (1‘1,0) 0 (0) 1) (1‘1 — 51) dri+
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1 1
+ ful (0,$2) 0 (xg — 0) 0 (*51 — xg) dro — ful (—oo,xQ)H ($2 — 0) 1) (*OO —& — xg) dry =
0 0

=up (& +1,1) - %ul (£1,0) +u1 (0,=&1) &1 <0,

or

Uq (51,0) = U (51 + 1,1) + uy (0, —51) ;€1 <0, (14)

%ul (€1,1) =

DO | —

0 0
f Uq (.%'1,1)5 (1‘1 — 51) dry, — f Ul (1‘1,0) 0 (—1)(5 (1‘1 — &1+ 1) dri+

1 1
+ ful (O,$2) 0 ($2 — 1) 1) (*51 — X2 + 1) dxry — ful (*OO,$2)9 (xg — 1) 0 (*OO — & — 2o+ 1) dxa,
0 0

as in the common differential equations, this condition became identity.

0 0
%ul (0,52) = f Ul (1‘1,1)0 (1 — 52) 1) (1‘1 -1+ 52) dry — f Ul (.%'1,0) 0 (—52) 1) (1‘1 + 52) dxy+

1 1
+ ful (0,$2) 0 (562 — 52) 1) (xg — 52) d,IQ — ful (*OO,xg)H ($2 — 52) 1) (*OO — X9 + 52) d$2 =
0 0

=up (1 —E&,1) + %m (0,62) — 0 (=) uy (0, —0) & <0,
or

31 (1 - 5251) =0,&¢€ (0’1) ) (15)

0
%ul (—00752) = f Ul (.’El,l)e (1— §2) d(x1+00—1+ §2) dr,—

Ul (ml,O) 0 (—52) 0 (xl + o0 + 52) dri+

§——o

1 1
+ ful (0,1‘2) 0 (1‘2 — 52) 1) (OO — T + 52) d.%'z—ful (—OO,.%'Q)G (.%'2 — 52) 1) (—OO + 00— 29 + 52) dry =
0 0

=uy (1 —& —oo,1) + 6 () ug (0,62 + 0) — %ul (—0,82)

or
uy (—00,&2) = ug (1 — & —0,1) +uy (0,52 + 0) . (16)

In the same manner we get the following necessary conditions from the main relation (13)

%UQ (51,0) = f’LLQ (231,1)5 (561 - 51 - Z) dxl — % f’LLQ (561,0) 0 (xl — 51) d5l71+
0 0
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1 1
+iju2 (00,22) 6 (00, =& — ix2) dag — i JUQ (0,22)0 (—&1 — ix2) dxy =
0 0

iy (61 4 1,1) — 2y (64,0) — 1z (00, —i (o0 — €0)) + 4z (0,i61)

2
or
uz (€1,0) = uz (&1 +1,1) — ug (00, =i (90 — &1)) + u2 (0,i&1) , (17)
%uQ (€1) = HuQ (21,1)0 (21 — €1) dary — qu (21,0)8 (—1) & (21 — & + i) dar +
0 0

1

1
+1 JUQ (OO,CCQ) 0 (562 — 1) 1) (OO — & —ixo + ’L) dro —1 JUQ (0,$2)9 (562 — 1) ) (3:1 — & —ixo + Z) dxsg,
0 0

this necessary condition also became identity as in the common differential equations

%u2 (0,&2) = JU2 (1,1)0 (21 — i + &) da1 — fuz (71,0) 0 (—&2) 6 (21 + i&2) dw1+
0 0

1 1
+1 jUQ (OO,xg) 0 (562 — 52) 1) (OO —1x9 + 152) dCCQ —1 jUQ (0,562)9 (xg — 52) ) (*Z' (562 — 52)) d$2 =
0 0

= (i = i62.1) — 0 (=) uz (00,62 — i0) + 02 (062).

or

U2 (’L — ’LfQ,l) -0 (*ZOO) uz (00,52 — ZOO) = 0. (18)

Finally

%u2 (0,62) = JU2 (21,1)6 (1 — 00 — i + i&2) dwy — JU2 (71,0) 0 (=&2) 6 (11 — 0 +i&2) doy+
0 0

1 1
+iJUQ (OO,$2) 0 (xg — 52) 6 (*Z' (562 — 52)) dry —1 JUQ (0,$2)9 (562 — 52) 6 (*OO — 1T + 152) dry =
0 0

= ug (0 +1i—iy,1) — %UQ (90,€2) + 6 (i90) u2 (0,€2 + i0)

or
U (00,52) = U9 (OO + 17— ’LfQ,l) + 60 (ZOO) U9 (0,52 + ’LOO) . (19)

Theorem 1. Any solution of equation (1)—(2) given in strip meet the necessary conditions
(14)-(19).

Studying of necessary conditions:

Separate into two parts obtained condition (14):

& e (—1,0) , UL (51,0) = u (51 + 1,1) + uy (0, —51) , (141)
&€ (*OO, *1) , UL (51,0) = Ul (51 + 1,1) . (142)
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Obtained necessary condition (15) is identity, that’s function w; (¢,1) is not designated in ¢ €
(0,1), it is zero in the identity. (none) condition (16) is as following

Uy (700’52) =u (70051) ’52 € (0?1) : (161)
Condition (17) is related to the continuation of us (x) to complex plane
U9 (51,0) = Uug (51 + i,l) — U9 (O0,0 —1 (OO - 51)) + u2 (0,0 + 251) €1 € (0,00) . (171)

In the same manner conditions (18) and (19) are maintained.
Note 1. As function xg + ix; is the solution of (2), it is clear from (18) and (19) that it should
be
0 (i) = 0,0 (—io) = 1.

Thus, we get the following judgment.
Theorem 2. Any solution of given equation (1), (2) shall meet the following conditions:

uy (61,0) = u1 (0, &), &1 € (—=1,0), (20)
up (€1,0) = ug (& 4+ 1,1),& € (—o0,—1), (21)
uy (—00,&2) = uq (—00,1),& € (0,1), (22)
ug (£1,0) = ug (&1 + 4,1) — ug (00,i (&1 — 0)) + uz (0,i&1) ,&1 € (0,00) (23)
ug (i (1 — &) ,1) = ug (00,&s — i), &3 € (0,1), (24)
ug (00,€2) = ug (00 + 1 (1 — &) ,1),& € (0,1). (25)
Note 2. From the above theorem
uz (€1,0) = u2 (0,i&1) , &1 € (0,1) (26)

the last two expressions are linear dependant and uy (—00,£2) ,us (00,£2) — fixed figures.
Now we get the following fundamental equation in order to determine wug (x1,1) by using
condition (3) and necessary condition (21)

Ul (xl,l) =1 (561) — a1Uq (3:1 + 1,1) , 1 € (*OO, *1) . (27)
If we get the following substitution from above:

— 1
w1 (961 T 171) _ %1 (21) alul (z1, )7

T+ 1=t.

We get the following functional equation:

wy g1y = LDz =L oy (28)
o

solve this problem by the method of writing in its place consecutively. As

t—2)— t—2,1
’LLl(t—l,l)I(pl( )alul( 7)’

r—1) — <p1(t72)7u1(t72,1) B . o
ul(tjl):%( ) - _pt=1) pi(t=2) 2,1)’ fe (—00).

2 2
(29)

(651 g a9 aq
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If we continue this process, as

o1 (t—3) o1 (t—4) w(t—41)

t—21) = —
ul( ) ) o a% + Oz% )
from (29)
t—1 t—2 t—3 t—4 t—4,1
ul(t,l)z()ol( )7()01(2 )+§01(3 )7()01(4 )+U1( 47)’ te(—w,0), (30)
o aj oy af o
Finally
lag| > 1, (31)
if .
e1(t—k
uy (t,1) = — Z T) (—1)k ,t € (—0,0), (32)
k=1 1

As uy (—o0,x9) is limited, (it is clear from (6))

e1(t) —u (t,1)

U1 (t70) = o
1

,t € (—0,0). (33)
If we accept & = i&1in (24) by considering the following obtained expression in (23)

uz (00,0 (§1 = 0)) = ug (i + &1,1) -

We get expression (26)
up (§1,0) = u2 (0,i&1), & €(0,1),

u9 (0,1‘2) = Ul (0,1‘2) = Ul (—1‘2,0) = ¥ (7x2) ;11“ (7x2’1), xT9 € (0,1) s (34)

uy (—00,x2) is determined by means of (22) and (32).
If we take into consideration (26), we get the following expression from (17)

U9 (51 + 2,1) = Uy (OO, —1 (OO — 51)) . (35)

It is obtained identity from (24) and (35).
Finally, by considering the followings from conditions (4) and (23)

ug (z1,1) + ag (uz (x1 +4,1) — ug (00,i (x1 — ©)) + uz (0,iz1)) = w2 (z1),21 = 0,

or
U9 (1‘1,1) + QU2 (O,iml) = 2 (1‘1) ,x1 =0, (36)
and here (34), we get the following expression:

©®1 (—iml) — Ul (—iml,l)
a1 '

up (1,1) = @2 (21) — a2 (37)

Finally ug (z1,0) is determined from (4). The fixed us (20,£2) is determined from (25).

Qeyd 3: By using found border values, the solution of formulated border issue is gotten from
main relations (12) and (13).
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