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Abstract: The notion quasi-Sobolev spaces is introduced in the article based on the
concept quasi-norms. Completeness of these spaces can be proved on the appropriate
quasi-norms and continuous embedding of these spaces is shown in the work. Also
concepts quasi-operators Laplace and Green are introduced and shown that these quasi-
operators are toplinear isomorphisms.
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OBb KBA3MNCOBOJIEBBI ITPOCTPAHCTBA
xaBan Kagnm Kxanad Agab-lenadn

Annoranusi: Ha ocHOBe IOHATHS KBA3WHOPMBI B CTATHE BBOJAUTCS MOHATHE KBA3UCODOIEB-
CKUX TPOCTPAHCTB. [loKa3bpIBAETCH WX MMOJTHOTA OTHOCHUTEIBHO COOTBETCTBYIOMINX KBA3UHOPM
U HENPEPBIBHOCTH BJIOXKEHUIT STHX MPOCTPAHCTB. Tak»Ke BBOJIATCS MOHSATUS KBAa3UOIIEPATOPOB
Jlamtaca u ['puHa 1 MOKa3bIBAETCS,9TO STU KBA3UOIEPATOPHI sIBJISIOTCS TOILIMHEHHBIMUA H30-
MOpdHU3MaMU.

KiroueBbie ciioBa: KBa3WHOPMBI, KBa3MOAHAXOBO IMIPOCTPAHCTBO, KBAa3MCODOJIEBBI MIPO-
CTPaHCTBa, KBasnoneparop Jlamraca, kBazuoneparop ['puna.

INTRODUCTION

Let Q = R™ be a bounded domain with a class boundaryC'*, and W (), 1 < p < o0,
m € N U {0}] — Sobolev space, where W) (Q2) = L,(€) is a Lebesgue space. The Sobolev embedding

theorem is also well known : for all 0 < m <[ < 00,1 < p < ¢ < o such that%—mT_l <lc<i

then W(€2) is dense and continuous(even compact) embedded in Wé(Q) [1], that is:
m l
W () =W, (Q)

Also well known, Laplace operator —A, which is defined by the form :

n
—(Auw) = Z j Uz, Vg, AT,
m=1 Q
sets a toplinear isomorphism operator(|2], sec. 3):

—A W%(Q) - W271(Q)7
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such that: 5
WHS) = La() = W5 (@) 3)
where W, 1(Q) is dual space of a Sobolev space I/?/%(Q)
Furthermore, Let {\¢} < R, — set of eigenvalues of a Laplace operator —A which is
monotonically increasing sequence such thatklim A = +00. We construct
—00
a0
l% = {x = {xk} : Z )\k|xk|2 < +oo},
k=1

0

k=1

and observe toplinear isomorphism operators: I3 ;I/?/%(Q), l5 1~ Wy 1(©), and also dense and
continuous embeddings:
Iy =l =157, (4)
0
which is coming from (2). We observe that 13, I, are Banach spaces with norms |z|? = Z M| z¥ |2
k=1

a0
and |y|%, = Z A yF)? consequently. We introduce a quasi-operator Laplace:
k=1
Az = Mz (5)

Since |Az|-1 = |z|1, then from (5) and according to (2), (4) it is easy to obtain a toplinear
isomorphism operator A : 13 — 5 ! The inverse of A is a quasi-operator Green A~! that is defined
as:

ATly = A" (6)

The article is devoted to the transfer of the ideology described above to the sequence space [,
p € (0,00) with extension of (1) to construct sequence spaces of power m € R which have called
quasi-Sobolev spaces and are defined as:

o0
m mp/2
I z{x:{xk}: E )\kp/ |xk|p<+oo},

k=1

where,{\;} is monotonically increasing sequence of positive numbers such that klim A = +oo.
—00

When m = 0, lg =1,

The article contains three sections, the first section contains the basic facts of the concept
of quasi-Banach spaces, and in the second section, analog of the Sobolev embedding theorem is
presented. In third section, the Laplace quasi-operator is introduced and is proved as toplinear
isomorphism.

3. QUASI-SOBOLEV SPACE

Let Y — real vector space.

Definition . A function 4| - || : %4 — R is called a quasi-norm if it is satisfied the following
properties:

(i) Yu e Y, 4|u| = 0, such that ,flu| =0 < u =0;

(i) Vue tl VaeR glau] = |alqful;

(ili) Yu,w e 4 4|u + v| < e(g|ul +4 |v]), where c € [1, + o).
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A quasi-normed space is(tl,q | - |) or simply Ll
A sequence {x} il is called convergent to x € 4l if klim qllzr — x| = 0, or this fact writes as:
—00

lim xj, = x. A sequence is called fundamental if lim (xp —x,) = 0.
k—0 k,r—0

A space U is called quasi-Banach if any fundarilental sequence in this space converges to some
point in it. We immediately note that any Banach space is a quasi-Banach space, and the opposite
is not true in generally.

Example.Sequence spaces [, be quasi-Banach spaces when p € (0, 4+ o], while they are Banach
spaces only when p € [1, + o0].

Theorem 1.For every p € (0,+ ), m € R, a space L)' be a quasi-Banach space with a function:

& mp/2| L 1/p
quxum:(kzlxk " |,,> .

Proofthis fact analogues section. 4.2 [3]. We also note that a constant ¢ = 2'/7 when p € (0,1)
and ¢ =1 when pe [1, + o0). o

4. THE EMBEDDING THEOREM

Let 3 and § — two quasi-Banach spaces. We say that:

— U embedded in §, if 4 subset of §, i.e. U < F;

— 81 dense embedded in F, if moreover closure i = F;

— M dense and continuous embedded in §, if moreover for all u € U |uly > My|u|z, where
M € R,— a constant independent of u.

Theorem 2. For everyp € (0,4 o], meR, I <m then Iy is dense and continuous embedded
n lé, that s, " — lé.

proof. [ < lé is obvious. We prove dense embedded ;" in lé. Let z € lé, and we consider
sequence {xy}, where

z1 = (25,0,0,...), 2o = (z1,22,0,0,...), ..., zp = (z1 2%, ... 20,0, .. e

m

It is obvious, {zx} < I},

such that klim T = x in a quasi-norm of lé. Continuous embedded
—00

l;” — lé, is obvious.e
5. 3. QUASI-OPERATOR LAPLAC

Let 1 and § — quasi-Banach spaces, a linear operator S : 4 — § is called continuous if
domS = Ml and g|uly = My|Su|z, for all we Y, M € Ry — a constant independent of u. A
continuous linear operator S is called toplinear isomorphism if there exists an inverse operator
S—1: & — 4, which is also continuous.

We define a quasi-Laplace operator Az = \,z*, where x € ly" by formula (5).

Theorem 3.For all p € (0, + o), a quasi-Laplace operator A : lg”Q — 1" — toplinear
isomorphism.

proof. It is clear that A is continuous —

0 1/17
m/2)+1
Az = (Z A \xk\p) S -~

k=1

We construct quasi-Green operator A~ 'z = )\lzlx,where T € l;”” by formula (6) Obviously,
ANz =z forall z € Ly, and A 'Az =z forall z e lg”Q. Moreover, A~ is continuous —
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o]

1/p
A 2 yo = (Z Aim““w) = o] o

k=1

Remark .An extension of the results of this article to the case of complex spaces [,
p € (0, 4+ o), is obvious.
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