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Abstract: As is known, the problems for the differential equations with
continuously changing order of the derivatives are not considered completely.

It should be noted that this area is one of the less studied fields of modern
mathematics and there are not effective methods for the study of problems for such
differential equations, just as we study the problem for partial differential equations,
with both with additive and a multiplicative derivatives.

In the present article, we will study the solution of Cauchy and boundary value
problems for a discrete powerative derivative cubic equation. Using the definition given
for this derivative, the cubic derivative in the equation is reduced, general solution is
constructed analytically, which depends on three arbitrary constant equations. Then
Cauchy and boundary value problems for this equation are considered. Arbitrary
constants included in the general solution are determined from the given conditions,
and an analytical expression is obtained to solve the problems.

Key words and phrases: discrete powerative derivative, discrete powerative cubic
derivative, Cauchy problem, boundary value problem, general solution of the equation,
analytical expression for the solution of the problem.

PEHTEHUVE KOIIIN 1 KPAEBBIX 3AJTAY J1JIA
AVNCKPETHOI'O IIOBEPATBHOI'O ITPOMN3BO/JHOI'O

YPABHEHUA TPETBEI'O IIOPAIKA
Aiirron MaJsmk rer3el MamMmeazaae

Annoranusi: Kak uzsectno, 3agaun s nuddepeHnantbHbIX yPABHEHUH ¢ HEITPEPHIBHO
MEHSIIOIIIMCS TTOPSIJIKOM ITPOM3BOJIHBIX IOJIHOCTBIO HE MCCJIEIOBAHBI.

Ciemgyer OTMETUTh, YTO 9Ta 00JIaCTh SBJISIETCS OJHON M3 HauMeHee M3yYeHHBIX 00JiacTeil
COBPEMEHHOI MaTeMaTUKN, U HE CYIIeCTBYeT 3 (MEKTUBHBIX METOIOB MCCJIEIOBAHUS 38189 JIJIsT
Takux audepeHImaibHbIX YPABHEHNN, TAK KAK Mbl H3y4IaeM 33Ja9y JIs YPABHEHUN C JaCT-
HBIMA TTPOW3BOIHBIME, KAK C aINTUBHOM, TAK U C MYJIbTUILINKATHBHBIMA ITPOU3BOHBIMHE.
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Solution of cauchy and boundary value problems for a discrete powerative derivative cubic equation

B mpencrasiennoit crathe OyseT ncciienoBano penrenne Komm n KpaeBbIx 3a1a9 SIS JIAC-
KPETHOT'O TTOBEPATUBHOTO IIPOU3BOIHOTO YPABHEHUST TPETHEro mopsiKa. cmonb3ys onpeerte-
HHE, JaHHOE JJIA 3TOW IIPOM3BOIHOI, IIPOM3BOJIHAA TPETHErO IOPSAJKa B yPAaBHEHUHM yMEHBb-
MAETCs, AHAJUTUIECKH CTPOUTCS OOIee PEIleHne, KOTOPOe 3aBUCUAT OT TPEX MTPOM3BOJILHBIX
[TOCTOSIHHBIX yPABHEHUs. 3aTeM paccMmarpuBatoTcs Ko u KpaeBbie 3a/1a49u JJIsd 9TOTO yPaB-
nenus. [Ipon3BoIbHBIE IOCTOSTHHDBIE, BKJIIOUEHHBIE B 00IIEE PEIIeHNe, OIPEIEIIIOTCS U3 3a/IaH-
HBIX YCJIOBUIA, JIjIs PENIEHNs TOCTABJIEHHBIX 3a/1a4 IIOJIYYaeTCs aHAJUTUIECKOE BhIPayKEHNUE.

KuroueBble cjoBa: JUCKPETHAs MOBEPATUBHAS IPOU3BO/IHAS, TUCKPETHAS TOBEPATUBHAST
IPOM3BO/IHAS TPETHErO MOPsaKa, 3aad9a Ko, KpaeBas 3amada, obiiee perieHre ypaBHeHNs,
aHAJNTUYECKOE BhIParKeHUE PENICHUA 3a/Iadu.

INTRODUCTION

It is known that additive derivatives of the equation and, both the Cauchy problem, and the
boundary value problems for them were widely studied [1]-[5]. Despite the fact that discrete
additive derivative equations, the so-called “differential equations”, and problems for them [6]-
[8] have been deeply studied, such equations are mainly formed by discretization of the problems
for ordinary or special derivative equations [9]-[13]. Although the creation of a numerical chain and
the Fibonacci sequence [finding a common limit| [14]-{15] leads to questions about direct discrete
additive derivative equations, this direction has not been thoroughly investigated.

Although the multiplicative derivative was given half a century ago [16], the problems for these
equations were recently considered [17].

Although the establishment of a general limit of the geometric sequence was set for a discrete
multiplicative derivative equation, these questions were not well studied.

Although the powerative derivative (without pruning) is not yet known in the literature (for
this, seven algebraic actions are not well known to us), we give here the definition of a discrete
powerative derivative (for this, known algebraic actions are sufficient) and consider Cauchy and
boundary value problems for such equations.

For such equations, we have considered some problems [18]-[19].

Note that if the transfer of each derivative (without pruning) requires two inverse actions, and
the transfer of each discrete derivative requires one inverse action [20].

By the same rule, the transfer of each integral (without pruning) requires two direct actions,
and the transfer of each discrete integral requires one direct action.

A PROBLEM STATEMENT: It is known that the discrete additive derivative

U = Yni1 = v, (1)
discrete multiplicative derivative [18]
Yn+1
yr[zl] == ) (2)
Yn

finally the same discrete powerative derivative [19]-[20],

;{LI} = yQ/ Yn+1, (3)

thus determined.
Let’s look at the equation as follows:

(U
A= (") = fan =0 0

here f,, n = 0 is the given sequence, and y,, is the sequence under investigation.
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If this equation (4) we write in open form:

—1
-1 —(1+yn )
_(1+yn+l+yn+l "

Yoy = fan =0, 5)

We can get an equation with very complex non-linear differentiations. Here we consider the
Cauchy and boundary value problems for equation (5), analyze and for solving these problems we
obtain an analytical expression. We note that the Cauchy problem is considered for equation (5),
that is, if yg, y1 and yo is given, then the existence of a solution to the Cauchy problem and the
uniqueness of this solution are easily seen using the expression y, 3, definable (5). But it is not so
easy to show the analytical expression of the solution to this problem. As for the boundary value
problem, it is impossible to say the idea of its solution.

Therefore, we return to equation (4) and mark it in the following form:

<y;[111}>{1} P

Here using the definition of a discrete verativ derivative:

{II} II
y
" y£L+1}:fnan>0,

or
II {11}
Here we give n estimates and we get:
If n =0, then
(11}
11
gt = o, (7)

expression, if n = 1
{11}
11 Y
yé 4 = 11 s
we get expression. If in the resulting expression we consider (7), this expression will be in the

following form:
(1

I ;0
w'h =l (®)
If we continue this process, we will get from (6):
R
1 filot
W= =l (9)
We take the notation as follows:
{11y
o
I7 ot
gl ) =117 n= 1, (10)
then (9) will be in the following form:
I
I = g™ n = 1. (11)

Thus, comparing (4) with (11), it appears that the cubic equation (4) reduces to the
quadratic equation (11).
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Therefore, equation (11)
{1}
(4") = anwf™n =1,

writing in such a form, using the definition of a discrete powerative derivative, we will get:

{I}
\/yfffl gn(yi™yn =1,

or same S
I
Yoy = g2 n > 1. (12)
Giving ratings n, we will get:
- gl 9
{1}
{1}
I
{ b 92 _ ggl
Continuing this process:
41
91
yilh = gf[i I (13)

Y1
91
o
i i =g =2 (14)
Then (13) will be as follows:
Iy {I
il = ha(d™ yt)n = 2. (15)

Thus, after two stages, the cubic equation (4) is reduced to a quadratic equation (15). Finally,
if we use the definition of the discrete powerative derivative in equation (15), we will get:

RYn+1 = hp,n = 2, (16)

or
Yn+1 = hnynan = 2. (17)

Here giving estimates n:
ys = ha"?,

Yy
ya = ha¥® = hg"".

Continuing this process:
nova
.+h3"2

n = hnflhn_l. . (18)

Thus, the general solution of equation (4) is obtained in the form of (18), where here
hk(yén},yi }) with g,(yg U }) are determined by (14), and gs(y, U }) with f,, are defined by (10).
{ VY and y{ 1} .

Thus, a general solution, which depends on three arbitrary constants for the cubic equation (4),
is assigned.

Included in this common solution yo, y is an arbitrary constant.

The result will be stated in the following judgment.
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Theorem 1. If f,,, n = 0 is a given sequence of positive elements, then the general solution of
equation (4) can be represented as (18), here hk(yéj },yy}) gs(yé }) are determined by f,, with
(10).

Now we have to define three arbitrary constants, such as ys, y { }and yéH}, which are included
in the general solution of equation (4) using the conditions (1n1t1al or boundary conditions) given
in the problems we are considering.

Cauchy problem: Suppose that for equation (4)

Yk = ou k= 0,2 (19)

The initial conditions are given.
As we said above, using the data (19), we can define arbitrary constants that participate in the
general solution:

Y2 = az, (20)

= wim = yag, (21)

yéll} _ ( {}){I} {I} {I y01/y1{1 {I} {I / y;l < ) _

—1
71 yO —(1+yqy ) a7(1+a0 )

—y2 =Yy

Thus, we get the following judgment.

Theorem 2. According to the conditions of Theorem 1, if oy, k = 0,2 — are positive real
numbers, then there is only one solution to the Cauchy problem (4), (19) and this solution is in
(10), (14) and (18) should be taken into account in accordance with (20)-(22).

Boundary value problem: Suppose for equation (4)

y({]ll} /8 y{l} 515 YN = 525 (23)

given the boundary conditions. Then expressions (10)

o
(I} f,;;;fl
Iy =10 (24)
but (14
(19 .
e
ha(yd™ gty = gfm 2 (25)

expression can be obtained. Then (18) (4), (23) to solve the boundary value problem:

rY2

2
-thg

_ gt (26)

we can get this expression.
If we use (23) the third of the boundary conditions, writing n = N in expression (26), which
we obtained:
hy2
h3

52—yN—h : ; (27)

we can get the equation. From here we define ys.
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For this, we logarithm (27):

Y2

ho
hel “hy
hNN:23 = loghN—l B,
if we logarithm again:
hy2
- hg?
hNN__g4 = loghN,g loghN,I 527
if we continue this process:
yo = logy, logy,. .. .logy, ,logy . . [Ba, (28)

we can get this expression.
Finally (23) and (28) we write in (18), then we will get:

Yn = logp, logy,, ., - -1ogy, , logy, , Ba. (29)

Thus, (4), (23) for solving the boundary value problem in the form (29), we can obtain an
analytical expression.

Here hy(Bo, £1) with (25), but g5(8y) with (24) are determined.

Theorem 3. According to the conditions of Theorem 1, if 8, > 0, k = 0,2, then there is only
one solution to the boundary value problem (4), (23) and this solution in the form (29). Here
hi(Bo, B1) with (25), and gs(5p) with (24) are defined.

Unsolved problem: if instead of condition (23)

Yo =Y0,Y1 = VY, YN = V2, (30)
if the boundary conditions are given, (4), (30) the problems how can be investigated.
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