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CNJIbHO HEIIPEPBIBHA 2l KOCIHYC-OYHKIINA
N KOPPEKTHOCTDb KPAEBOU 3AJAYN HEVIMAHA

. B. Koctun, A. B. Koctun, M. H. Heboabcuna

Boponesicerxuiti eocydapemesernnili yrusepcumem,

[Tocrymuna B pemaknuo 06.07.2016 r.

Awnnoranusi. Hagnnas ¢ pabor M. Coser u Kypensr omeparopubie Kocunyc GbyHKIANA
(KOD) cranm BazKHBIM UHCTPYMEHTOM IPU UCCJIEJIOBAHUN KOPPEKTHON PA3PENIMMOCTH 38,1841
Komu jyist ypaBHeHuii BToporo mnopsijika B 6aHaXOBBIX IIPOCTPAHCTBAX U HAXOIATCS B TAKOM
JKe OTHOIIIEHMH K 3TOW 3aJlade KaK CUJIbHO HelpepbIBHBIE MOJIyIPYIIBI K 3ajade Ko st
YPABHEHUII [1€PBOI0 HOPSIIKA.

B nmacrosmeit 3amerke Buepsbie npumMensitorcss KO® K uccie1oBaHUI0 KOPPEKTHOM paspe-
MMIAMOCTU TPAHUYIHBIX 33739, & UMEHHO 3ajadn Helimana 7jis ypaBHEHUI BTOPOTO MOPSIKA.
Oxa3bIBaeTCst, 9T0 BO3MOXKHOCTD UCIIOJb30BAHUS KOCUHYC-(DYHKIUA JJIsI UCCJICTOBAHNS KPae-
BBIX 33724, MO3BOJISIET MOJIyYaTh IPEIACTABJICHU: pelleHns B OoJee mpocroit hopme. B gact-
HOCTH, 9TO OTHOCHUTCS K CJIy4Yal0 SKCIIOHEHIHAJIbHBIX KOCHHYC-(YHKIHIT, 0OOOIIAIONIIX KJIac-
cuueckyo dpopmyity I’ Asrambepa.

KimtoueBbie cjioBa: KOPPEKTHBIE U HEKOPPEKTHBIE 331a9M, TeHepaTOp CUJIBHO HelpephiB-
HO# KocuHYyC-(DYHKIIAN.

A STRONGLY CONTINUOUS COSINE-FUNCTION AND
CORRECTNESS OF THE NEUMANN BOUNDARY VALUE

PROBLEM
D. V. Kostin, A. V. Kostin, M. N. Nebolsina

Abstract. Beginning with the works of M. Sova and Kurepa, the operator cosine functions
(COF) have become an important tool in the study of the correct solvability of the Cauchy
problem for second-order equations in Banach spaces and are in the same ratio to this problem
as strongly continuous semigroups to the Cauchy problem for equations of the first order.

In this note, for the first time, COF is applied to the study of the correct solvability of
boundary value problems, namely, the Neumann problem for second-order equations. It turns
out that the possibility of using the cosine function to study boundary-value problems allows
one to obtain representations of the solution in a simpler form. In particular, this refers to the
case of exponential cosine functions that generalize the classical D’Alembert formula.

Keywords: correct and incorrect problems, a generator of strongly continuous cosine-
function.

B 6anaxosom mpocrpanctse E paccmarpuBaercs 3aada Heiimana

u”(t) + Au(t) = 0,

u'(0) = ¢,u'(a) = ¥

(1)
(2)

Tpebyercst HaiiTu JBaxk/ bl HelpepbiBHO Jud depennupyemoe perienne ypasaernus (1), yiosiaerso-
pstrottiee ycaousiM (2) muist @, ¢ € D(A).
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Onpegenenne 1. 3adava Hetmana (1)-(2) naswvieaemcsa xoppexmnot, ecau ona 00HO3HAYHO
paspewuma ora ecex @, € D(A) u cywecmeyem woncmarnma M > 0, nesasucawas om @ u 9
makas, wmo oas 6cex pewenuli ypasrerus (1) cnpasediuso nepasencmeo

sup |lu®)|le < M(|lelle + |1¥] &) (3)
t€[0,a]

Kpurepuii koppekTHOil paspemmmoctu 3aia4 Heiimana nosyden B [9]. B namewm ciydae on dbop-
MYJIUPYETCsS CJIEAYIONNAM 00pa3oM

Teopema 1. 3adaua (1)-(2) xoppexmmo paspewuma mozda u MoavKo mozda, k0204 NPU GCET
n=01,..

(A) u swnoanaemesn ouyernka

n’n?

Pl - A < o, @

[Tpu srom perenne 3agaqau (1)—(2) umeer Buj
u(t) = S(t)p + S(m—t),t €0, ], (5)

rie
— 1

S(t,A)p = L 2 ZCO& nt(n?I — A)~Lo. (6)
4 n=1

B nacrosiieit 3ameTke yKakeM IIpeJicTaBiieHue st peleHue 3ajadun Helimana B ciiydae Korja
oneparop A sIBJISIeTCsl TeHEPATOPOM CUJIBLHO HelpepbiBHOIT Kocunyc-byukimu C(t, A) B E.

1o oznauaer, uro C(t, A), ecTb ceMelicTBO OrpaHUYEHHbIX ollepaTropoB B E npu kaxkiaom t € R,
Y/IOBJIETBOPSIONIUX yCJIOBUSIM

1.C(t+s,A)+C(t—s,A) =20, A)C(s, A) nya Beex t, s € R.

2. C(0,E) = I — roxecrBennslii oneparop B E.

3. s xaxkioro ¢ € F BLIOTHAETCS YCJIOBHE

lim (|01, A)p — ¢l = 0.

st ¢ u3 obsactu onpeenenusi D(A) oneparopa A cripase/yInBoO COOTHOIIIEHNE

d2
A = @C t A gD‘t 0’

00J1aCTD OIIpede/ICHuA D(A) IIJIOTHO B E, IpuiemM
d*C(t, A)

D(A) = E
(4) = {p e B,

p € E}.
CYH_[GCTByeT KOHCTAHTBbI M uw > 0 HpI/I KOTOpI)IX nMeeT MeCTO OIIEHKa
|C(t, A)|| < Me?H.

Houst Beex A > w > 0,f € E BblIONHSETCS COOTHOIIEHNE CBsi3blBaollee pe3osibBeHTy R(A, A)
oneparopa A u C(t, A)
AN T —AHf = AR\ A f = / e MO(t, A) fdt.
0
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Teopema 2. FEcau onepamop A A6AsemCA 2eHEPAMOPOM CUABHO HENPEPBIEHOT KOCUHYC-
pynruyuu C(t, A), mo 3adaua (1)—(2) pasHOMEPHO KOPPEKMHA U €€ PeWEHUE UMEEM. BUOD

u(t) = St)p + S(m—t),t €0, 7],

2de

S(t) = —ctgt/arctg e Ysint)C(y, A)edy.
0

Joxazarennerso. [yers C(t, A)-xocunyc-ynkmus c reneparopom A. |C(t, A)|| < Me*!,0 < w <
1.
Torma cupasemmso npejcrasiaenune [3| ¢.177

o
n(n’l — A)~ o = /e"yC(y,A)wdy- (7)
0
Ucnonb3yst 310 pasercTso B (6), noaydaem
o o
- 2 o= Co _ Al 2 >\ cosnt _
Sityp="-2 12 Z / e O (y, A)pdy = + = / > e™™)C(y, A)pdy.
i 77 s n
n=1 0 0 n=1
JA gl 2M = [cosnt] [
7 cosn —(n—
IS(e)el < P4 2537 B ey, Aydyliel -
™ T = n
I L2 i lell
T T n(n —w)
n=1
=\ cosnt
[Tpeobpasyem byukuo G(t,y) = Z e~ ™. B cuy HepaBeHCTBa
n
n=1
oo
Z e = 1 yh%IEO G(t,y) =0. (8)
n=1
Hanee
oG > e¥cost cost
_ = = t -ny = — = — . 9
dy ngl cosmie e2¥ — 2e¥ cost + 1 2(chy — cost) ©)
B cuy (8)
o0 oo
1 / cos te¥dy cost / dr 1 sint
== = = —ctgt-arctg | — | .
2 ) e —2eYcost + 1 2 72 —27cosT+1 2 ey
0 eY
Orcrona cieryer
A’lgo 1 o
S(t)p = + — [ ctgt-arctg(e ¥sint)C(y, A)pdy =
77 77

0
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A [e.e]
= —ctgt/arctg e Ysint)C(y, A)pdy.
0
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