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AnnoTanus. KsaIpaTmaneIM MATPIIHBIM ITyIKOM HA3LIBAIOT MHOTOWIEH \ — A2 E -+ \F -+
H crenenn 2, kosddunuentamu F, F' 1 H KOTOPOro siBASIOTCA MATPHUITBL. [ 0BOPSAT, 9TO KBaJI-
PaTUYHBIA MATPUYHBIA IIy9IOK JOIYCKAET (haKTOPU3AIINIO, ECJTH OH MOXKET OBIThH IIPEJICTABJIEH B
Buie pounsseiennst (AE—A)(A1—B) nByx suHeitabix MHOXKUTENEH AE— A n A1—B. He Besikuit
KBa IDATUYHBIA IIyYOK JOIyCKaeT (pakTopusalmio. VI3BeCTHO, YTO KBaIPATUYHBINA MaTpUIHbBINA
Iy 9I0K JIOIyCKAaeT (paKTOPU3AINIO, €CJIN U3 €r0 COOCTBEHHBIX BEKTOPOB YIA€TCsI COCTABUTDH Oa-
3uc. B crarbe m0Ka3bpIBa€TCsI, 9TO BOSMOXKHOCTH HOCTPOUTH (DAKTOPU3AIUIO COXPAHAETCS, €CJIN
JIJIST Iy 9Ka MOYKHO IIOCTPOUTH 0a31C U3 COOCTBEHHBIX U IIPUCOEIMHEHHBIX BEKTOPOB. IIpucoeu-
HEHHBIMU BEKTOPaMU KOPOTKO HA3bIBAIOT BEKTOPHI, 00Pa3yIoIie TaK Ha3bIBAeMbIe XKOP/IaHOBBI
[IEIIOYKH.

KiroueBbie cjioBa: MaTPpUYIHBIN IIYYOK, (DAKTOPHU3AINS, YKOPJAHOBA, IIEMTOYKA.

ON FACTORIZATION OF SQUARE MATRIX PENCIL THAT

POSSESSES A BASIS OF JORDAN CHAINS
I. V. Kurbatova

Abstract. A polynomial A — A2E 4+ \F + H of degree 2 with matrix coefficients £, F u H
is called a square matrix pencil. They say that a square matrix pencil admits a factorization if
it can be represented in the form of the product (AE' — A)(A\1 — B) of two linear factors AE — A
and A1 — B. Not every square matrix pencil admits a factorization. It is known that a square
matrix pencil admits a factorization if there exists a basis consisting of its eigenvectors. In the
paper, it is proved that the possibility to build a factorization preserves if there exists a basis
of eigenvectors and associated vectors. Associated vector is the short name for a vector from a
Jordan chain.

Keywords: matrix pencil, factorization, Jordan chain.

KBaﬂpaTHquIM MaTPpUYIHBIM ITy9YKOM Ha3bIBalOT (byHKLLI/IIO
A= NE+\F +H, (1)

rne K, F'u H — maTpuisl pasmepa n X n.
HenyisieBoit BeKTOpP 1 HA3BIBAIOT COOCMBEHHHBIM GEKMOPOM MATPUTHOTO IIYUKA, €CIIU

(ME + NF + H)p =0

JIJIs HEKOTOPOI'O YHCJIa Ao, HA3BIBAEMOTO cobcmeentvim snaveruem. Vzsecrno [1, ¢. 280], aro ec-
JIM MOYXKHO HabpaTh 0a3uc m3 COOCTBEHHBIX BEKTOPOB, TO IIyYOK JOMYCKAET (DAKTOPU3IAIMIO, T.€.
IIpeJiCTaB/JIeHNe B BUJE

MNE+ A F+ H=(\E—A)(\ - B).

* Pabora BbIIIOJHEHA [IPU OJIepKKe rpadTa PODPU 16-01-00197.
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Hammaune daxropusanuu cymecrsenno yuporuaer (1], [2], [3], [4], [5], [6], [7] nccrenoBanue mytika.
Ho, kak nokassiBaer upumep |1, ¢. 523, npumep 1|, akropusarus He Bceryia BOZMOXKHA.

B nacrosiieit 3amMeTke JJOKa3bIBaeTCs, 4TO (DAKTOPU3AINS TAKXKe BO3MOXKHA, €CJIn uMeeTcs Oa-
3HUC U3 COOCTBEHHBIX U IPUCOEIMHEHHBIX BEKTOPOB. Pe3yibTarTsl HACTOSIIIEH 3aMETKH CIIPABE/IJINBLI
KaK B KOMILJIEKCHOM, TaK U B JIEfICTBUTEJILHOM CJIydae.

Marpuity B pasmepa n X n Ha3bIBAIOT Npaswvim KopHem mydka (1), ecun

EB*+ FB+H=0. (2)

IIpengioxkenune 1 ([4, u. 3.1], [8, c. 81], [1, c. 252]). ITyemv B — npaswviti xopernv nyuka. Tozda
nywox donyckaem @Gaxmopusauuro

ME+AF+H=(\E+EB+F)(\ - B),
2de 1 osnavaem eQUHUMHYIO MAMPULY.
Zloxazameavcmeo. Nmeem

ME+AF+H=MNE+ N +H—(EB*+FB+H) =
=FEMN -B)+F\M -B)=\E+EB+F)\ -B). O

HKopdarosoti yenowkoti nyst myuka (1), orBedaionieil COGCTBEHHOMY 3HAYEHUIO \g, HAZBIBAIOT |1,
c. 501], [3, c. 2], [9, c. 255] HaGop HeHyJIEBBIX BEKTOPOB 1,132, . .. )k, YAOBJIETBOPSIONIMX COOTHO-
IIeHUSIM
(ASE + NF + H)yy =0,
(ASE + MNF + H)pg + (2N E + F)ihy =0,
(ME + X F + H)ps + (20 E + F)ga + 91 =0, (3)

(ANE + NoF + H)by + (20 E + F)_1 + 92 = 0.

OueBuiHO, B 3TOM CJjIydae i1 sBJsieTcss cOOCTBEHHBIM BeKTOpoM. B wactHocTu, npu k = 1 xkopa-
HOBA& IENOYKA CBOJIUTCH K COOCTBEHHOMY BEKTODY.

Teopema 2. ITycmwb u3 orcopdarosvx uenouek nywra (1) moorcrno cocmasums basuc. Toeda nywox
uMeem npasouili Kopensv u, caedosamesvro, donyckaem Gaxmopusauuio.

Hoxasamenavcmeo. lpeanosokum BHavase, 9To 6asuc obpadyer OfHA HENoYKa Y1, Vo, ..., Un,
oTBeYaIas COOCTBEHHOMY 3HAYEHHIO . [loKarkeM, 9TO B 9TOM cJiydae IpaBbiM KOpHEM my4ka (1)
SIBJISIETCSI MATPHUILA

B=UAT L,
rie ¥ = (Y, ¥p_1,...11) — Marpuia, CToIOIAMHI KOTOPOii SIBJISIFOTCSI JIEMEHTHI YKOPJIAHOBOI
[ENOYKH, a
AN 1 0 ... 0 O
0 X 1 0 0
0O 0 0 ... X 1
0 0 0 ... 0 X

— JKOPJIAHOB OJIOK.
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Boruucaum WA u WA2. Mmeem

WA = AW + (Yp—1,¥n—2,...,91,0),
WAZ = (WA)A = MW + (Yn_1,Vn_2,...,%1,0)A =
= N0 + X (Vn_1,Vn—2, -, 01,0) + Xo(Vn_1,Vn_2,...,%1,0)+
+ (Yn—2,thn_3,...,11,0,0) =
= AT + 220 (Yn—1,¥n—2, -, ¥1,0) + (Yr—2,Yn_3, ... ,1,0,0).

Honcrasum Dy = WAU™! 5 bopmyny (2). Vmeem

D3+ FDy+ H =(WA* + FUA + HU)T ! =
= [A3W + 22X (¢n1, V2, - .., ¥1,0)+
+ (Yn—2,¥n-3,...,%1,0,0)+
+ MNF — F(Yp_1,%p—2,...,%1,0) + HU]U ! = (4)
= [(ASE + NoF + H)¥+
+ (F 4+ 200E) (Yn—1,Yn—2,- - ,%1,0)+
+ (Yn—2,Pn3, - ,11,0,0)] 0",

?)aMeTI/IM, 9TO COOTHOIIICHHE (3) MOXKET OBLITh Iepernmncalo B BUJIE

(ASE + AoF + H)U = (F 42X E) (Yn—1, Yn—2, ... ,¥1,0)+
+ (¢n72, T;Z)nf?)a cee ,wl, 0, 0)

CriezioBaTesIbHO, BBIDAyKEHUE, CTOsINEe B KBAPATHBIX CKOOKAX B CaMOil IIpaBOil YacTH DaBeH-
crBa (4), paBHO HYJIIO.

COBepIIeHHO aHAJIOTHYHO MPOBEPSETCs, YTO eC/|m HGasuc obpasyloT BEeKTOphI i, ¥l ..., 1/),%1,
o W1 gt o, gt TO IPaBBIM KODHEM IIy'Ka SIBJISETCA MaTPHUIA
B=UAT !,
e W = (1,3, ... ,1%,1, R TV LR ,Q,Z)L”m) — MaTpHUIa, CTOJOIAME KOTOPON SBJISIOTCS 3JIe-

MEHTBI >KOPIAHOBBIX IEII0YeK, a A sBJIsIeTcst OJIOUHO-TUArOHAIBHON MAaTpHIleil, Ha JIUaroHAJA KO-
TOPOIl CTOAT »KOPIAAHOBBI OJIOKH

A1 0 0 O
0 XN 1 0 O
Ji = , 1=1,2,....m,
0o 0 O Ao 1
0 0 O 0 N

pasmepa k; X k;.
BosmoxkuocTs hbakTOpuzanun npu HAJUYIUU IPABOIO KOPHS BBITEKAET u3 mpejjoxkenus 1. [
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