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Abstract: this paper is a survey of results on the operator ideals, which are related
to interpolation theory of linear operators. We discuss the application of the real and
complex method interpolation constructions to classical operator ideals, acting in scales
of spaces, related to Hilbert couples, and some improvements of interpolation properties
of linear operators, if these linear operators belong to some ideals. We consider also
interpolation orbits with respect to some operator ideals. The paper is devoted to
ideals of operators acting in Hilbert spaces or in couples of Hilbert spaces. We consider
modern approach to the problem mentioned above.
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OIIEPATOPHBIE NAEAJIBI 1 THTEPIIOJIAILINSA B
I'MJIbBEPTOBBIX ITAPAX

B. 1. OBUMHHUKOB

AHHOTaANM: 3Ta CTaThs ABJISIETCS 0030POM PE3yJIbTaTOB 00 OIlepaTOPHBIX Hjieajax, KOTO-
pbI€ CBSI3aHBI C TEOPUEH MHTEPIIOJISIINY JTUHERHBIX 0lepaTopoB. PaccMarpuBaeTcst IpUMEHEHNE
MHTEPITOJISIITUOHHBIX KOHCTPYKITNN BEMECTBEHHOTO W KOMIIJIEKCHOIO METO/a K KJIACCHIECKIM
njieajaM OIepaTopOB, MEHCTBYIOMAX B MIKAJIAX ITPOCTPAHCTB, CBA3AHHBIX C I'MJIBOEPTOBBIMA
rapaMy, U yTOYHEHNEe HHTEPIOJISIIMOHHBIX CBOIICTB OIIEPATOPOB, KOIJa OHU IIPUHA/IJIEXKAT Olle-
paTopubIM HjaeasiaM. MbI TakkKe paccCMATPUBAEM HHTEPIIOJSIIIMOHHBIE OPOUTHI OTHOCUTETHLHO
HEKOTOPBIX OIEPATOPHBIX UJieaoB. PaccMaTpUBarOTCS TOJIBKO OIIEPATOPHbBIE UJICAJIbI, JIEHCTBY-
fOIre B THJILOEPTOBBIX TPOCTPAHCTBAX MJIM MMapax M'MIbOEPTOBBIX IIPOCTPAHCTB. B 0630pe pac-
CMOTPEHBI COBPEMEHHDIE TIOJIXO/IBI K PENIEHNIO0 YIOMSIHYTHIX BBIIIE 33/1a4.

KuroueBbie ciioBa: onepaTropHble UJI€aJIbl, HHTEPIIOISAINS JUHEHHBIX OIIePATOPOB.
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Operator ideals and interpolation in Hilbert couples

1. INTRODUCTION

Interpolation spaces and operator ideals are related to each other in at least two directions.
First, you are able to apply an interpolation construction to classical operator ideals and to obtain
a new operator ideal. If you obtain somewhat familiar ideal as a result, then you find a dependence
between classical ideals, which can be useful. And this phenomenon was historically the first, which
was performed in the works of I.C.Gohberg and M.G.Krein (see [8]). The second direction is to
use somewhat complementary properties of operators from an ideal in order to get more sharp
interpolation properties of these operators.

Thus the first direction is one of applications of the interpolation theory. The second direction
can be considered as a part of interpolation theory itself. We are going to deal with both these
relations between interpolation spaces and operator ideals in the given survey paper.

The most developed part of the operator ideals theory is the theory of cross-norm ideals of
operators in Hilbert spaces. And for these ideals we have the most complete results concerning
interpolation properties of operators from these ideals.

No proofs are discussed. The corresponding references are presented as well as several open
problems are mentioned.

2. CLASSICAL IDEALS OF OPERATORS MAPPING HILBERT SPACES

We shall suppose that readers are familiar with main fundamentals of the theory of cross-norm
ideals of operators mapping Hilbert spaces. In this Section we simply recall more or less common
notations.

Let T be a bounded linear operator mapping a Hilbert space H into a Hilbert space F'. This
will be denoted by T': H — F and T € L(H — F), where L(H — F) is the space of all bounded
linear operators mapping H into F'.

Singular numbers or s-numbers of T' € L(H — F) are defined as follows

sn(T) = i?(fHT— K| =),

where infimum is taken over all K € L(H — F) provided dim K(H) < n. Thus $1(T) =
T (- F)y and s,(T) = sp41(T) for any n € N.

If the operator T is compact (which is denoted by T' € Soo(H — F)), then |T| = (T*T)"/? is
also compact, therefore it’s spectrum is discrete. Hence we are able to construct a monotone positive
sequence \;(|T|), which runs over all eigenvalues of |T'|, taking into account it’s multiplicities, and
tends to 0. It turns out that s;(7°) = A;(|T|) for any j > 1.

Thus s;(T) — 0, if ' € So(H — F). Moreover the subspace Soo(H — F) C L(H — F') can
be characterized by this property of s-numbers, i.e., T' € Soo(H — F) is equivalent to s;(7T") — 0
or {s;(T)} € co.

The properties of s-numbers are well known (see [8]).

The s-numbers of compact operators are also used in Schmidt’s expansion of these operators.
Namely, for any T" € Soo(H — F) there exists an orthonormal sequence {1/)]-}?:1 (¢j € F) and

an orthonormal sequence {¢; }?:1 (pj € H), where d = min(dim H, dim F'), such that

d
To =Y sj(T)(x, ;)1 (2.1)
j=1

The Neumann—Schatten classes S,(H — F'), where 0 < p < oo, are defined as follows.
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An operator T is said to be an element of S,(H — F') if {s;(T)} € I, or

Z s;(T)P < o0.

7j=1
It is known that S,(H — F') is a Banach space, and
1/p

I, rrry = | Y 5i(T)
j=1

is a norm on S,(H — F), if 1 <p < oo. If 0 < p < 1, then ||T||g,(z—r) is a quasi-norm and
Sp(H — F) is a quasi-Banach space.

The space Sp(H — F') is an ideal in L(H — F), which means that for any U; € L(H —
H), Uye L(F— F')and T € S,(H — F) we have UyTU; € S,(H' — F') and

(02T ULl s, =y < U2 - 1Tl s, r) - ULl

The ideal S1(H — F') is one of the most important because it coincides with the ideal of all
nuclear operators mapping H into F. The Neumann-Schatten classes are particular example of
cross-norm ideals mapping Hilbert spaces.

Recall that an ideal I(H) in the algebra L(H) is called a cross-norm ideal or a symmetrically
normed ideal if I(H) is a Banach space with respect to a norm on [(H) such that

NUTS 1y < WU Nneen 1T reeny 1SN ooy

for any U, S € L(H) and T € I(H).
Note that the notion of a cross-norm ideal can be easily extended to operators, mapping one
Hilbert space to another.

3. BANACH COUPLES AND FUNCTORS

In this Section we recall simple general properties of Banach couples, which will be applied later
on to couples of operator spaces. For detailed information see [4], [17].

Recall that if {Xo, X1} is a Banach couple, then for any x € Xy + X; and any s, t > 0 we can
define the K-functional:

K(s, t, z; {Xo, X1}) = _inf sflzollx, + tllaillx,

r=x0+

and K(t, z; {Xo, X1}) = K(1, ¢, z; {Xo, X1}).

3.1 Interpolation functors on couples of operator spaces

Definition 3.1. Let E = {FEy, E1} and F = {Fy, F1} be Banach couples and a € Eo + En,
be Fy+ F1. The elements a and b are called orbitally equivalent with respect to the couples E and
F if there exist linear operators T : E — F and S : F — E such that Ta = b, Sb = a.

If any element a € Ey+ FE; is orbitally equivalent to some element b € Fy 4+ F; then the couple
E is called a partial retract of the couple F.

If the couple E is a partial retract of the couple F and the couple F is a partial retract of the
couple E, then couples E and F are called orbitally equivalent.

The notion of orbital equivalence of Banach couples is rather similar to the notion of
the homotopic equivalence of topological spaces, especially if we compare with the notion of
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isomorphism. For instance any couples of spaces {Ey, E1}, where Ey = E; with equivalent norms,
are orbitally equivalent. Moreover { Ey, E1} is orbitally equivalent to the couple of one-dimensional
spaces {R, R}.

Interpolation for couples of operator ideals are based mainly on the following theorem (see [32],
341).

Theorem 3.1. Banach couples {S1(H — F),L(H — F)} and {l1, loo} are orbitally equivalent if
both H and F are infinite dimensional. In general case any operator T € L(H — F) is orbitally
equivalent to the sequence {sj(T)} € lo with respect to the couples

(S1(H—= F),L(H—F)}  and  {l, o}

Moreover the operators mapping T into {s;(T)} and vice versa can be chosen with the unit norms
in the corresponding spaces.

The proof is based on Schmidt’s expansion (2.1) if we note that the subspace of operators
{T\} C L(H — F), where X € I such that

(o)

Ta(z) = Z)‘j(x’ ©;)¥5,
=1

and the orthonormal sequences {¢;} C H and {t;} C F are fixed, is complemented in L(H — F')
and corresponding projection is bounded in S1(H — F).

Theorem 3.1 enables us to establish the one to one correspondence between interpolation spaces
of the couple {S1(H — F), L(H — F')} and interpolation spaces of the couple {l1, I} if both H
and F' are infinite dimensional spaces.

Indeed if ® is an interpolation space between [; and [, consider the space ® between S1(H —
F) and L(H — F) consisting of all T' € L(H — F') which are orbitally equivalent to elements of
® with respect to the couples {l1, loo} and {S1(H — F), L(H — F)}.

The norm on & can be introduced by |||z = [|{s;(T)}e-

It is easily seen that the correspondence between ® and ® is an order isomorphism between
sets of all interpolation spaces of the corresponding couples.

This one to one correspondence allows us to carry on interpolation properties of sequence spaces
to the properties of corresponding operator spaces.

For instance, if two interpolation functors coincide on the couple {l1, [~} then they coincide on
the couple {S1(H — F), L(H — F)} and vice versa. Moreover if &y and ®; are two interpolation
spaces between [; and [, then for any interpolation functor F

F(®g, B1) = F(o, B1). (3.1)

For quasi-Banach ideals S, we also have somewhat analogous results, but only for real method
functors (mainly for the Lions-Peetre construction) (see [33]). This fact is likely related to the
orbital equivalence of couples {l,, loo} and {S,(H), L(H)} for any 0 < p < 1 with respect to
quasi-linear operators.

Definition 3.2. A cross-norm ideal ® of operators mapping Hilbert spaces is called an interpolation
ideal if ® is an interpolation space between S1(H — F') and L(H — F) .

Any separable cross-norm ideal is an interpolation ideal as well as any ideal dual to some
separable ideal (see [9]). In particular any the Neumann—Schatten ideal is an interpolation ideal.

Recall that any interpolation ideal ® corresponds to an interpolation space between [; and I
which is orbitally equivalent to ®.
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3.2 Couples of Hilbert spaces

Let H = {Hy, Hi} be a Hilbert couple, i.e., Banach couple, where Hy and H; are Hilbert
spaces. It is worthwhile to note that the intersection HyN Hq and the sum Hy+ H; are also Hilbert
spaces. For example we can introduce a quadratic form

Iz |Erone, = Neliz, + 2l

on the Hy N Hy, and a quadratic form
2 s 2 2
"$‘|H0+H1 - l’:;}(}g‘l’l H‘/L‘OHHQ + H$1||H1

on the sum of spaces Hy and H;.

As we shall see below the isomorphic structure of an arbitrary Hilbert couple is not so
complicated. It doesn’t look very unexpected because of a simple structure of an arbitrary Hilbert
space.

A Banach couple X = {X, X;} is called regular if the space X N X7 is dense in X and Xj.

In what follows we mainly consider regular Hilbert couples.

Any Hilbert couple generates an indefinite metric on Ho N Hy

A(x) = [l lF — Nl

which is bounded by [|z]|}; g, - Evidently [A(z)| < [|z]|}, g, if © # 0.

It is easy to see also that any continuous indefinite metric 7 (z) on a Hilbert space H such that
|7 (x)| < ||z||? if # # 0 generates a Hilbert couple by introducing two new norms on the underlying
Hilbert space, namely

7, = llll* = T (x)
7, = ll2ll* + J ().

The spaces Hy and Hy are now defined by completion with respect to the norms introduced. Thus
we obtain a regular Hilbert couple such that Hy N H; = H.
Let us denote by D a self-adjoined operator, generating the metric A(x), i.e.,

A(z) = (Da, @),
where (z, x) is the metric on Hy N H;. Hence the metric on Hy is defined by
S+ D)z, 2) = el
and the metric on H; is defined by
1 2
5((1 = D)z, z) = ||z,

Therefore, if the metric ||z||3 is fixed, then ||z||? is introduced by the operator

I—D 1/2
<I—|—D> = A, that is ||z||} = (A%z, 2)o.

If E) denotes the spectral resolution of the operator A, then denote by G,, the space (Ey-n —
Ey—n-1)(Hp) for any n € Z. Thus Hy = l2(Gy), where l2(G,,) denotes the space of sequences
{&}_2 such that &, € G, and

[e.e]

> &, < co.

n=—oo
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(Note that some G,, may be trivial, i.e., G,, = 0.)
The space H; now can be identified (up to equivalent norms) with the space l2(27"G),) of the
sequences {&, }, such that

(0]
> 27lle,)? < oo
n=-—oo
Hence we are able to consider any regular Hilbert couple { Hy, H;} as a couple of vector-valued
weight sequence spaces {l2(Gr), [2(27"Gp)}.
Such couples are well studied (see 3] Chapter 4), and the classical interpolation functors are
described for these couples.
The Lions-Peetre construction ngp, where 0 < 8 < 1 and 0 < p < oo, applied to the couple
{l2(Gr), 12(27"G,,)} gives us a weighted [, space, namely (see [3])

(ZZ(Gn)v l2(27nGn))9,p = lp(zienGn)a

where {&,} € 1,(27"G,,) means {ananHGn} € L.
The Calderon complex method [X]y, where 0 < 6 < 1 gives us the unique scale of Hilbert spaces
connecting l2(Gy) and 12(27"G,), ie.,

[12(G), 12(27"Gn)]e = 12(277G,).

Moreover any interpolation Hilbert space H between l2(G,) and [2(27"Gy,) can be identified
(see [17]) with the space l2(¢(1,27™)G,,), where ¢(s,t) is an interpolation function.
Recall that a function ¢(s,t) > 0, (s, t > 0), is called an interpolation function if

1) ¢(s, t) increases in s and ¢,
2) p(As, X\t) = Ap(s,t) for any A, s,t > 0.

The function (s, t) is an interpolation function, if and only if ¢(1,¢) is increasing and ¢(1,t)/t
is decreasing, i.e., ¢(1,t) is a quasi-concave function on (0, c0).

If the couple of Hilbert spaces is presented in the form of a couple of vector-valued sequence
spaces {l2(G,), [2(27"G,,)} then operators, mapping intermediate spaces between Hy and H; can
be presented in a matrix form. Indeed, if T : Hyo N Hy — Hy + Hi, then there corresponds a
block-matrix {7j;} such that T;; : G; — G; and

Ti(&) = (T(&eh))i,
where e; = {0;;}52 and £ € Gj.

1=—00"

Any weight space

is isomorphic to l2(Gy,), where the isometry is established with the help of the multiplication
My : {&} — {wn&n} € 12(Gr). This gives us an opportunity to present any condition

T € Sp(la(wnG) — la(wpGy)), (3.2)

as
MyT M1 € Sp(12(Gr) — 1o(G)).

If we use the matrix representation of the corresponding operators, then any condition (3.2) we
reduce to a weight condition

wj
{UTT%J} € Sp(l2(Gn) — 12(Gn)).
J
Thus we able to consider Sy(lo(w,Gy) — lo(w,Gy)) as a weight space

Sp(1a(Grn) = 1o(Gin))(wiw; ). (3.3)
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3.3 Duality for Neumann-Schatten ideals mapping Hilbert couples

Consider the space m of matrices {T;;}, where Tj; are finite-rank operators mapping G into
G; and only finite number of Tj; # 0, i.e., supp; ; T3; is finite. There is a duality between this
space and the space 9t of arbitrary matrices Tj; € L(G; — G;) which is established by the scalar
product

(S,T) =" tr(SiTi),
i,jEL
where S e m, T' € M.
This duality allows wus to obtain an isometry between the conjugate space
Sp(l2(Grn) — 12(Gp))* for any 1 < p < oo and the space Sy(l2(Gn) — [2(Gr)), where
1/p+1/g=1 (p#1) (see [8]), and

S1(l2(Gp) — 12(Gp))* =2 L(l2(Gr) — 12(Gr)).
The same duality applied to the weight space (3.3) gives us the isometry

Sp(l2(wnGrn) = l2(wnGn))* = Sp(la(Grn) — ZQ(G"))(wiwjl)*

2 84(12(Gn) = 1a(Gn) (wjw; ') = Sg(la(wy ' Gn) = ba(wy, ' Gn)).

3.4 Spectral classification of Hilbert couples

A Banach couple X = {Xy, X;} is called K-abundant (see [4]), if for any interpolation function
©(s,t) there exists an element a € Xy + X7, such that

o(s,t) < K(s,t,a; {Xo, X1}).
(Recall that =< means as usual that there exist two positive constants ¢ and d such that
090(57 t) < K(S7 i, a; {X07 Xl}) < d(p(su t)

for all s, > 0.

The couple X is called Ky-abundant if the same is true for any function ¢ such that ¢(1,¢) — 0
ast — 0 and ¢(s,1) - 0 as s — 0.

N. Krugliak found (see, [4]) that X is Kg-abundant if for some 0 < 6 < 1

K(t,ag; { X0, X1}) <17,

where ag € Xg + X;1. Thus this property is simple in checking. In particular if G,, # 0 for any

n € Z, then for any ag = {2"%g,},.— % with ||gn|lc, = 1 we easily have
() 1/2
K(t,a0; {12(Gn), 12(27"Gn)}) = ( > (min(1, t2”)2”9H9nHGn)2>

o 1/2
= ( ) (min(1, t2—")2"9)2> = ¢
n—=——oo
Therefore any couple, where G, # 0, is Kg-abundant.
This remark gives us some right to call Ky-abundant Hilbert couples as spectrally filling couples
or couples with full spectrum. Any ordered couple, i.e., the couple for which Hy C Hy or Hy D H;
is not spectrally filling. However any ordered couple H may happen to be a "half” of a spectrally
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filling couple, i.e., the couple H @ F is spectrally filling for some ordered couple F. In this case we
call the couple H as a generalized spectrally filling couple.

Unfortunately there is no an adequate notion of spectrum of a Banach or Hilbert couple. The
problem is that the exact norms of spaces involved are not very important. Recall that even the
famous Riesz—Thorin interpolation theorem is not exact in general in spaces of real valued functions.
Hence the notion of spectrum of Banach couple has to be independent of norms involved up to
equivalence of norms. For example, it may happen that orbitally equivalent couples have identical
spectrum.

Note that a lot of Hilbert couples in Analysis are generalized spectrally filling.

4. INTERPOLATION THEOREMS FOR IDEALS MAPPING HILBERT
COUPLES

Interpolation theorems for operators belonging to the Neumann—Schatten classes can be sharper
then interpolation results for bounded operators.

Let us consider the Lions—Peetre interpolation functor (Xo, X1)g . Recall that if {Xo, X1} is a
Banach couple, 0 < § < 1, 0 < p < oo, then (Xo, X1)g,, by definition consists of x € X+ X such
that {27 K (2", z,{ X0, X1})} € lp, equipped with the natural quasi-norm.

Let us consider Hilbert couples {Hy, H1} and {Fp, F1}. Then standard interpolation gives us
that T : {Ho, Hi} — {Fo, F1} implies (Ho, H1)g, — (Fo, F1)p,r. As we see below this result is
improved if T' € Sy, (Ho — Fy) NSy, (H1 — F1).

Theorem 4.1. [16] If T € Sp,(Hy — Fy) and T € Sy, (H1 — F1), where 0 < pg, p1 < 0o, then
for any 0 < r < oo we have
T : (Ho, H1)gr — (Fo, F1)a,4

where 0 <0 <1 and1/qg=1/r+ (1 —0)/po+6/p1.

(Note that we obtain the same result if replace Soo(H; — F;) for i =0, 1 by L(H; — F;).)
The natural multiplicative inequality also takes place, i.e.,

1-6 0
HT”(HO:HI)G,T‘)(FO,Fl)é),q <C HT”S,,O(HO—>F0) ’ HTHSP1 (Hi—Fp)»

where C' depends on pg, p1,7, 0.

This interpolation theorem is optimal from the orbital point of view. Namely if the couple
{Hop, H1} is spectrally filling, then for any y € (Fo, F1)gq there exists x € (Hy, H1)g, and an
operator T' € S, (Ho — Fy) NSy, (H1 — F1) such that y = T'z.

This Theorem 4.1 is intimately connected with the following "model” interpolation theorem for
discrete [, spaces. In [18] Theorem 4.1 was used in the proof of this "model” theorem.

Theorem 4.2. If a linear operator T : {ls,, ls,(27™)} = {lty, 11, (27™)}, where 0 < s, s1, to, t1 <
oo then

1) T : 1,(27") — 1,(279), where 1/q = 1/r + (1 — 0)(1/to — 1/s0)+ + 0(1/t1 — 1/s1)+ and
O0<r<oo, 0<O<1;

2) T € Sp(12(27%) — 12(27™)), where 1/p = (1 —0)(1/tg — 1/s0)4 + 0(1/t1 — 1/51)+, and S
has to be replaced by L.

The proof of both these results is based on the Grothendieck factorization theorem (see [13])
and the following theorem on coherent factorization in Hilbert couples (see [16]).
Two operators are said to be metrically equivalent if they have identical s-numbers.
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Theorem 4.3. Let an operator T : {Hy, Hi} — {Fy, F1} and T be factorized through Hilbert
spaces Fy and Fy separately as an operator mapping Ho into Fy and as an operator mapping
Hy into F1~, 1.€., T‘ﬂo = U()So, where So; H() — FV(), U() : FV() — F(), and T‘H1 = U151, where
Sl; H, — Fl, U,: Fy — F.

Then there exist a Hilbert couple {Qo, Q1} and operators S : {Hy, H1} — {Qo, Q1} and U :
{Qo, 1} — {Fv, F1} such that T = US and Ul|g, is metrically equivalent to U; and S|y, is
metrically equivalent to S; for i =0,1.

Let us illustrate this theorem by the remark on opportunity to separate the conditions T' €
Spo(Hy — Fy) and T' € Sy, (Hy — F1). Indeed T'|g, =1 -T and T'|g, =T - I, where Fy = Fy and

Fl = Hl. Therefore, T = US, where U : {Qo, Ql} — {FQ, Fl} and S : {Ho, Hl} — {QQ, Ql},
and U € Spl(Ql — Fl) N L(Qo — F(]) and S € SPO(HO — Qo) N L(Hl — Ql)

5. ORBITS WITH RESPECT TO IDEALS IN HILBERT COUPLES

The notion of a norm ideal of operators mapping Hilbert couples is not uniquely defined (see [12],
[7]). Here we use only the following one (see [7], [17]), which naturally corresponds to cross-norm
ideals.

Definition 5.1. The Banach space I(H — F) C L(H — F) is called an ideal mapping Hilbert
couples if

DTN @ r) S T a7

2) any rank-one operator T € L(H — F) belongs to I(H — F) provided
1Tl iz = 1Tl @7

3) forany T € I(H — F) and any S € L(H — H), U € L(F — F) we have UTS € I(H — F)
provided |UTS| 77 < WU 1Tz 1S 7m)

Recall also the notion of interpolation orbit of an element a € Hy + H; with respect to some
ideal of operators mapping Hilbert couples.

Definition 5.2. Let I(H — F) be an ideal, and a € Ho + Hy. The space of all y € Fy + Fy such
that y = Ta, where T € I(H — F), is called an orbit of a with respect to I(H — F) and is denoted
by Orb(a; I(H — F)).

The orbit is equipped with the norm

lyll =" inf ATl 77 lal o+

y="Ta

If we use this definition of an ideal, then the space Orb(a; I[(H — F)) turns out be an
intermediate space between Fj and Fj. Moreover it is an interpolation space between Fy and
Fy.

It is easily seen that each space of the form Sp,(Hy — Fp) N Sy, (H1 — F1) is an ideal in
L(H — F).

We are going to describe interpolation orbits of arbitrary a € Ho+ H; with respect to Sy, (Ho —
Fo) NSy, (Hy — F1) for any 0 < pg, p1 < oo.
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5.1 The generalized Lions—Peetre spaces of means

Let ¢(s,t) be interpolation function. In what follows we also suppose that ¢(s,1) — 0 and
©(1,t) - 0 as s — 0 and t — 0. As usual this property is denoted as ¢ € ®y.

Recall that for any function ¢ € @ there exists so called balanced sequence {uy, }mem, where
M is an interval of integers [5]. The balanced sequence is not uniquely defined. There are several
ways to construct a balanced sequence for a given function ¢ € @, (see [11], [4], [5]). For instance
it may be constructed inductively by ug = 1 and

. <90(17um+1) um—i—l‘P(lyum)) .
min , =2,
(P(lyum) umcp(l,um+1)

where M is the maximal interval in Z such that m and m + 1 € M.

Definition 5.3. [22] Let {Xo, X1} be a couple of Banach spaces, ¢ € ®¢, and 1 < pp,p1 < 0.
The space o(Xo, X1)po,p. 15 defined to be the space of elements x € Xo + X1 such that

T = Zip(l,um)xm (convergence in X+ X1),
eM

where Ty, € Xo N X1, {||zmllxo} € lpy, and {uml|| zm||x,} € lp, (see [22]).

In the case of ¢(s,t) = s'7%° 0 < @ < 1 these spaces where introduced by J.-L.Lions
and J.Peetre and were called the spaces of means. It is easily seen that our generalization of the
Lions—Peetre method of means is a particular case of the general method of means considered in
[4]. That is why such properties as Banach space property, interpolation property and essential
K-monotonicity follow immediately from the definition.

It is important that the definition of ¢ (Xq, X1)p, p, is independent of the choice of a balanced
sequence {u,,} for ¢. This follows from the next proposition, which gives us the description of
©(Xo, X1)po,p: in terms of the K-functional and the Calderon-Lozanovskii construction as well.
Note that this description has nothing common with the description of the Lions—Peetre method
of means obtained in [4].

Recall that the Calderon—Lozanovskii construction allows to introduce an intermediate quasi-
Banach lattice ¢(Xp, X1) with the help of two quasi-Banach lattices Xy and X; and an
interpolation function ¢. The space ¢(Xp, X1) consists of z € Xy + X7 such that

|z = (|zol, [21])

for some xg € X and z1 € X;. The quasi-norm is defined by

]l o (x0,x1) = inf max(|zoll xos [[£1][x,)-
T0, T1

e(lzol; |21]) = |=]

Recall that interpolation function ¢ is called non-degenerate if the ranges of the functions
©(s,1) and ¢(1,t) coincide with (0,00). Note that in the case of non-degenerate functions the
corresponding balanced sequences turns out to be bilateral, i.e., be defined on Z.

Proposition 5.1. [23] Suppose that ¢ € ®q. If ¢ is non-degenerate, the space ©(Xo, X1)pyp
consists of x € Xo + X1 such that

{K(l?wfmx; {X()v Xl}} € ‘P(lpm lpl (w;ml))a

where {wy,} is a balanced sequence for the function K(s,t,x;{Xo, X1}).
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If ©(1,t) is bounded and p(s,1) is unbounded, then o(Xo, X1)p,p, consists of x € Xo such that
{K (1, wm, z; {Xo, X1}} € @(lpg, lp, (w;nl))v

where {wy,} is a balanced sequence for the function K(s,t,x;{Xo, X1}).
If o(1,t) is unbounded and (s, 1) is bounded, then o(Xo, X1)py,p, consists of x € Xy such that

{K(17wﬂ17$; {X07 Xl}} € (p(lpm lpl (wr_nl))a

where {wp,} is a balanced sequence for the function K (s,t,xz;{Xo, X1}).
If both p(1,t) and ¢(s,1) are bounded, then ©(Xo, X1)py.p1 = Xo N X1.

It turns out that this Proposition may be used for definition of ¢ (X, X1)pyp, if 0 < po,p1 < o0.

Definition 5.4. [24] Suppose that {Xo, X1} is a Banach couple and 0 < py,p1 < 00, p € ®g. If p
is non-degenerate, then ©(Xo, X1)pyp: 15 defined to consist of x € Xo + X1 such that

{K(17wm7x; {X()v Xl}} € (p(lpo’ lp1 (w;nl))v (51)

where {wy,} is a balanced sequence for the function K(s,t,x;{Xo, X1}).
If p(1,t) is bounded and p(s,1) is unbounded, then ¢(Xo, X1)pop: i defined to consist of x € X
such that
{K(l,wm,x; {XOa Xl}} € (P(lpm Ip, (w;zl)):
where {w,,} is the same sequence.
If p(1,1) is unbounded and (s, 1) is bounded, then ¢(Xo, X1)pyp, s defined to consist of v € X1
such that
{K (L, wm, 23 {Xo, X1}} € @(lpo, Ipy (wr1)),
where {wy,} is the same sequence.
If both p(1,t) and ¢(s,1) are bounded, then ©(Xo, X1)py.p1 = Xo N X1.

If X is a Hilbert couple and ¢ € ®g, then the condition (5.1) on the K-functional is sufficient
to x € p(Ho, H1)po,p, for all 0 < po,p1 < oo.

If p(s,t) is an interpolation function, then ¢*(s,t) = 1/p(1/s, 1/t) is also an interpolation
function. Denote by ¢(Hp, H;) the space, which corresponds to the space la(¢*(1, 27™)G,,) if we
identify the couple { Hy, H;} with the couple of vector-valued sequence spaces {l2(Gy,), l2(27"Gy,) }
(see Section 3).

We use in the next subsection that ¢ (Ho, Hy) = ¢(Ho, H1)22 (see [22],[23]).

Recall that A,(Hy, Hy) denotes the so called generalized Lorentz spaces, corresponding to the
interpolation function ¢. (It can be defined in a lot of ways (see |7]), for instance as the smallest
interpolation space E between Hy and H; such that

lzlle < ¢ (lzlla l2lm)-

The identity A «(Ho, H1) = @(Ho, H1)1,1 follows from the definitions.
The generalized Marcinkiewicz spaces M, (Hp, Hi) can be defined through duality to the
Lorentz spaces, but it is much more easier to define M,(Ho, H;) by the K-method. Namely

K(s, t, z; {Hy, H
M, (Ho, Hy) = {z € Hy+ Hy; sup 2 02 o Hil) -y
0<s,t o(s, t)

with the natural norm

|| H K(57 i, x; {H07 Hl})
T = sup
Moo P = 0o (s, t)

(see [7] ).
We easily have My (Hy, H1) = ¢(Ho, H1)oco,00-
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5.2 Description of interpolation orbits

The final results on description of interpolation orbits with respect to the Neumann—Schatten
operator ideal are obtained in [24].

Recall that for any regular couple {Hy, H1} and any a € Hy+ H; we have K (s,t,a,{Ho, H1}) €
.

Theorem 5.1. Let {Hy, H1} and {Fy, F1} be reqular Hilbert couples, a € Hy + Hy. Then for any
0< Po,Pp1 < X
Orb (CL, Spo(HO — F()) N Spl (H1 — Fl)) = (p(Fo, Fl)po,plu

where (s, t) = K(s, t,a; {Ho, H1}).
For any 0 < pg < 00

Orb (CL, Spo(HO — Fo) N L(Hl — Fl)) = (p(Fo, Fl)po,ooa
Orb (a,L(H() — Fo) N L(Hl — Fl)) = (p(Fo, Fl)oo,oo-
The latter identity actually coincides with the Sedaev theorem [29].

Corollary 5.1. Let ¢ € ®y and 0 < pg, p1, 50,51 < 00, then for any T € Sp,(Hy — Fo)NSy, (H1 —
Fy) we have T : o(Ho, H1)sy,51 — P(F0, F1)to,t,, where 1/tg =1/s0+ 1/po, 1/to = 1/s0 + 1/po.

Corollary 5.2. For any a € Hy + Hy and for any 0 < po,p1 < 00

Orb (CL, SPO(HO — F()) N Spl (H1 — Fl)) = (p(F(), Fl);go,pp

where (s, t) = K(s, t,a; {Ho, H1}).
Recall that X° denotes the closure of Fy N Fy in X.

Corollary 5.3. For any a € Hy + H;
Orb ((I, L(H() — Fo) N L(Hl — Fl)) = Mcp(F0> Fl),

Orb(a, Seo(Ho — Fy) N Sec(H1 — F1)) = MS(FO, F),
Orb (a, Sa(Ho — Fy) N So(H1 — F1) = ¢(Fy, F1),
Orb (a, S1(Ho — Fo) N S1(H1 — F1) = Mg+ (Fo, F1),
where (s, t) = K(s, t,a; {Hy, H1}).

6. THE COMPLEX METHOD AND EMBEDDING FOR CROSS-NORM
IDEALS

The results described in previous Section 4 can be naturally interpreted as embedding theorems
for operator spaces. For instance Theorem 4.1 is an embedding

SpO(HO — Fo) N Spl (H1 — Fl) C L(F@m — Fg,q).

We are going to consider the analogous embedding for more sophisticated constructions than
the intersection of spaces.

Note that if a couple H is regular then Sy, (Ho — Fp) and S, (H; — F) form a Banach couple.

We begin with the complex method by A.P.Calderon, applied to {Sp,(Ho), Sp, (H1)}. This
situation was considered in [31], [15], [19].
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Let Hy, (0 < 6 < 1), be the unique Hilbert scale connecting Hy and H;. If Hy = lI3(G,,) and
H, = l2(2_nGn), then Hy = l2(2_n9Gn).

The simplest approach is to represent the couple {Sp,(Ho), Sp,(H1)} as a couple of weighted
matrix spaces (see Section 3)

{Spo (12(Gn)), Sp, (12(Gn)) (277} (6.1)

The complex method, applied to the couple {Sy,(H), Sp,(H)}, where Hy = Hy = H is well
studied and we have (see (8], [34], [32])

[SPO(H)7 Spl (H)]G = SPG(H)7
where 1/p = (1 —6)/po + 6/p1. Therefore (see [19]),
[Spo (12(Gin))s Spy (12(Gn)) (27 )]g = Sp, (12(G))(2°V77)
for any 0 < 6 < 1. Thus we obtain the following
Theorem 6.1. For any reqular Hilbert couple {Hy, H1} and 1 < pg, p1 < 00
[Spo (Ho), Spi (H1)lo = Spy (Ho)- (6.2)
In the case of the couple {L(Hp), L(H1)} we obtain
Theorem 6.2. For any regular Hilbert couple {Hy, H1}
[L(Ho), L(H)))” = L(Hj),
where |-, 1% is the second Calderon complex method.
By the way (6.2) implies that
Spo(Ho) M Sp, (H1) C Sp, (H)- (6.3)
Moreover, Sy, (Hp) is an intermediate space between Sy, (Ho) and Sy, (H1), i.e.,
Spo(Ho) N Sp, (H1) C Spy(Hg) C Spy(Ho) + Sp, (Hi)-

We also have
1-60 0
Il 100 < ITIS s 171, 0y
for any Sy, (Ho) NSy, (H1), which follows from (6.2). This result was obtained first in [28].
It seems natural to suppose that ®(Hy) are the most typical examples of interpolation space

and trivially are examples of intermediate spaces. However as we see from the following theorem
that this is not true for majority of Hilbert couples.

Theorem 6.3. Let H = {Hy, H1} be generalized spectrally filling couple. Suppose that ® is a
cross-norm ideal. Then ®(Hy) is an intermediate space between Sp,(Ho) and Sy, (Hy), if and only
if & =5,,.

This theorem contradicts to the results of [10] that one-sided interpolation takes place for any
Hilbert couple and for any the Neumann-Schatten ideals including nuclear and the Hilbert-Schmidt
ideals. In particular it was alleged that

Sl(Ho — FD) N L(Hl — Fl) C Sl(Hg — F@), (64)
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what is impossible for generalized spectrally filling couples in view of Theorem 6.3.

However the embedding similar to (6.4) are possible and not only for trivial couples.

Denote by p,, = 2" for n > 0, and consider the Hilbert couple {la, l2(2#")}, which has extremely
sparse spectrum. Then

@o(HQ — H[)) N (I)l(Hl — Hl) C (@0 N @1)(H9)

for any 0 < # < 1 and any cross-norm ideals ®g, ®;. Thus one-sided results take place for this
couple.
Finally recall that one-sided results for compact operators take place, i.e.,

Soo(HO — Fo) N L(H1 — Fl) C SOO(HQ — Fg)
for any Hilbert couples and 0 < 6 < 1 (see [6] for full references).

7. DESCRIPTION OF THE SUM AND THE INTERSECTION OF
OPERATOR SPACES OF HILBERT COUPLES

7.1 Weighted space description

The simplest interpolation spaces for X = {Xy, X1} are the sum and the intersection of the
spaces Xg, X1. More or less appropriate description of the spaces

SPO(HO) mSm (H1> and SPO(HO) + Spl(Hl)

for pg # p1 are unknown. We present here some facts for the case pg = p1. In the case pg = p1 = c©
we consider the couple {L(Hy), L(H1)} (see [20], [21]).

Again we use the representation of { Hy, H;} as a couple of sequence spaces {l2(Gr), [2(27"Gp)}.

Consider the space M of arbitrary matrices {T;;}, where 4, j € Z and Tj; € L(G; — G;). Let
us introduce P_’ﬁ, Pk, P(lf, mapping this space 9.

We put P¥(T);; = Ty for i < j+k and P¥(T);; = 0 for i > j+k; PE(T);; = T;j, for i > j+k
and P*(T);; = 0for i > j + k; PY(T)ij = Ty, for i = j + k and P§(T);; = 0 for i # j + k.

Thus P* —I—P_ITL + Pk =1 for any k € Z.

These maps P% are triangular truncations. It’s properties are well studied in S,(H) (see [1]).
Their main property is the boundedness in any S, for 1 < p < co. It is also known that they are
unbounded on the space of all bounded linear operators and the space of nuclear operators.

The maps P(If are diagonal truncations and they are bounded in every S, for 1 < p < oo, and
in the space of all bounded linear operators. Moreover,

IP§(T)lls, < IT]ls,

for all matrices T and 1 < p < .
Let us denote by H an analog of the Hilbert transform H = P¢ —P?, and introduce the spaces

HP(12(Gn)) = Sp(la(Gn)) N H(Sp(l2(Gn))),
for any 1 < p < oo, and
H>(l2(Gn)) = L(l2(Gn)) N H(L(I2(Gn)))-

The boundedness of H in S, implies HP(l2(Gy)) = Sp(l2(Gr)) for 1 < p < oo.

Let us denote also

BMO(l2(Grn)) = L(l2(Gn)) + H(L(l2(Gn)))-
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It is easily seen that for the definition of these spaces we can use the projections P§ instead of
Pe. Thus
BMO(l2(Gn)) = L(l2(Gn)) + Hi(L(l2(Gn))),

where Hj, = P¥ — P* . but these definitions lead to a family of equivalent norms on BMO
+

Tl BrMOg (12(Gr)) = Uin[f] 101l LtaGn)) + 102l Laa(an))-
0,U1
T =Ui + Hi(U2)

The spaces, which were introduced, are useful for the description of the intersection and the
sum of operator spaces.

Theorem 7.1. For any 1 < p < o0
Sp(Ho) N Sp(H1) = Sp(Ho)(max(1, 2777)),
Sp(Ho) + Sp(H1) = Sy(Ho)(min(L, 27)).

Since the space Hy is identified with l3(G),) and the space S,(Hp) with some space of matrices,
we denote by S,(Ho)(w;j) the space of matrices T;; € L(G; — G;) such that the matrix {w;;T;;} €
Sp(l2(Gn))-

For the description of the sum and the intersection in the extreme cases p = 1,00 we have to
use the spaces introduced above.

Theorem 7.2. We have
S1(Ho) N Si(Hy) = H'(Ia(Gy)) (max(1, 2771)),
L(Ho) N L(Hy) = H*(I5(Gy)) (max(1, 2777)),
L(Hy) + L(H,) = BMO(l2(Gy,))(min(1, 2/7°)).

The description of spaces from Theorem 7.2 can be used to settle the question posed by
L.Maligranda (see [14]|) concerning general properties of the complex method. The question was
whether the space

[Eo N Ey, Ey + E1]1/2

is equal to [Ep, E1]y/o. It is known that these two spaces are equal for couples {Ep, E1} of Banach
lattices, for example for Hilbert couples. However, this is not so for the couple {L(Hy), L(Hy)}, if
{Hy, H,} is spectrally filling (see [25] for more examples). Let us outline that

[L(Ho) N L(H), L(Ho) + L(H\)|"* # [L(Ho), L(H1)]"*.
We have already seen in Section 6
[L(Ho), L(H1)]'? = L(Hys).
From the other side the description above yields
[L(Ho) N L(Hy), L(Ho) + L(Hy)]Y? = [H*, BMOJY?(H, s).

The spaces [H®, BMO]"/?(H, /2) and L(H, j5) don’t coincide because the first is invariant with
respect to H, but the second is not.

The estimation of the K-functional for couples of cross-norm ideals is also possible.

It turns out that

K(t, T; {Sp(Ho), Sp(H1)}) = | Ty min(L, 2270) ||, 4G

for 1 < p < o0.
The corresponding result for p = oo is not so "smooth"

K (2%, T; {L(Ho), L(H1)}) =< ||Ti; min(1, 297 || paroy a1y

since the norms ||T'|| pyo, themselves are defined again with the g.1.b.

156 BECTHUK BI'Y. CEPUA: PU3NKA. MATEMATUKA. 2014. Ne 2



Operator ideals and interpolation in Hilbert couples

7.2 Alternative descriptions of L(H,) + L(H;)

Let us denote by FE,,, where m € Z, the orthogonal projection onto the linear span of Gj,
(7 <m) in l3(Gy) and in [3(27"G,,). Evidently E,, : {I2(G),),12(27"Gn)} — {l2(Gr),12(27"G,)}-

Theorem 7.3. [2] The space L(Hy) + L(H1) consists of T' € L(Hy N Hy — Ho + Hi) such that
sup [|EnT(I — Ep)|lL(#y) +sup [|(I — En)TEy||Lia,) < 0.
ne”Z neZ

For any T € L(Hy) + L(H,)
K(2%, T {L(Ho), L(H1)}) = $up [|Enip T(T = En) | 1(t10) + 2”800 [(1 = Entp) T Enll a1
ne ne

Theorem 7.4. [27] The space L(Hy) + L(Hy) consists of T € L(HyoN Hy — Hy + Hy) such that

sup  K(1/|z(|my, 1/ |2l T(2), { Ho, H1})
rx€HoNH;

is finite, and for any T € L(Hy) + L(H;)
K(s,t,T,{L(Ho), L(H1)}) = sup  K(s/|z|m,t/lxllm,, T(x),{Ho, Hi}).

x€HoNH,

This theorem is based on the description of the minimal operator ideal mapping Hilbert couple.
It is easily seen that the minimal ideal consists of T € L(Hp) N L(H1), such that T = >>22, T}
where Tj € L(Hy) N L(H,) are rank-one operators, provided

[e.e]

Z T (o)L () < ©0-
j=1

This minimal ideal is also called the ideal of coherently nuclear operators and is denoted by
COhN{Ho, Hl}.

Theorem 7.5. [27] For any Hilbert couple
COhN{Ho,Hl} = Sl(H()) N Sl(Hl).

8. THE LIONS-PEETRE CONSTRUCTION FOR COUPLES OF
NEUMANN-SCHATTEN IDEALS

We can see from Theorem 6.3 that for the description of interpolation spaces, which are not
complex method spaces, we need to introduce some new classes of operator spaces.
Let a Hilbert couple {Hy, H1} be identified with the couple of vector-valued sequence spaces

{l2(Gn), 12(27"Gy) }-

Let 0 e R, 0 < p < o0, 0<q< oo. Weintroduce the matrix space

My(H)) =Ty > 0 Tl 6,0 < o)
k=00 j:—OO,
k=j—i

with natural corrections in case of p or ¢ = co.

For brevity denote M,,(Hg) = M,(Hp). These matrix spaces are close to the Neumann-
Schatten ideals.

Indeed, My(Hp) = Sz(Hp) for any 6. For p # 2 there are simple inclusion maps My,(Hy) C
Sp(Hyp), if 1 < p <2, and S,(Hg) C Mpy(Hy), if 2 < p < oo and any 6.

The interaction of scales M, (Hy) and Sy,(Hp) turns out to be deeper (see [21]).
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Lemma 8.1. For any 6y # 6, € R
Mpo(Heo) N My, (Hp,) C SP(H9)7
where 8 = (1 — p)bp + b1, 1/p=(1—pn)/po+ pu/p1 for 0 < p <1, and
ITlls, (r10) < CNT gt sy~ 1T Wty 110,

This lemma implies that the reiteration theorem for the Lions-Peetre construction can be
applied, and we obtain

Theorem 8.1. For any 0y # 61 and 1 < pg, p1 <

(Spo (H90)7 Spl (H91))77uq - (Mpo (H90)7 Mpl (H91))77,q7
where 0 <n <1, 0<g<

Theorem 8.2. For any 0y # 61 and 1 < p, pg, p1 <
(Sp(Hey ), Sp(Ho,))ng = Mpg(Hp),
where = (1 —n)0 +nby and any 0 < ¢ < c0. If 1/q = (1 —n)/po + n/p1, then
(Spo(Hoy )5 Spy (Ho,))ng = Mq(Hp).
The spaces (Sp,(Hg, ), Sp, (Hp,))n,q can be also described for "non-diagonal” cases, i.e.,

1/q # (L —mn)/po +n/p1,

but it demands a consideration of non-commutative Lorentz spaces Ly, on a gauge space with a
measure on projections (see [30], [21]).
Note that for some p the matrix spaces M, (Hy) have an operator description.
Indeed,
My (Hp) = L(11(27™G,) = 10(27G,)).

Recall (see [3]) that
(12(Gn), 12(27"Gn))op = 1,(27Gh),

therefore
My (Hgp) = L((Ho, H1)o,1 — (Ho, H1)6,00),

and we obtain

(L(Ho), L(H1))o,00 = L((Ho, H1)o,1 — (Ho, H1)p,00)

by Theorem 8.2.
Analogously, since

My(Hy) = {Tyj: > 297 Tyl (6,-c,) < o0}
1,JEL

we obtain

M (Hp) = N(co(27™Gy) — 11(27™G,)),
where N (X — Y') is the space of all nuclear operators mapping X to Y. Hence

(51(Ho), S1(H1))oa = N((Ho, H1)§ o — (Ho, H1)o1)-
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The equality
(S1(Ho), S1(H1))e,n = Mi(Hy)

implies the embedding
S1(Hop) NS1(Hy) C N((Ho, H1)g,0o = (Ho, H1)s,1),

which slightly improves the previous result in this direction (see Theorem 4.1), which said that
S1(Ho) N S1(H1) C L((Ho, H1)o,00 — (Ho, H1)g,1)-

9. INTERPOLATION OF IDEAL PROPERTIES IN INTERPOLATION
HILBERT SPACES

In this Section we discuss two-sided interpolation of cross-norm ideals in general interpolation
Hilbert space for a Hilbert couple.

Recall that if a Hilbert couple is represented in the form {l2(Gr), [2(27"Gy)} then any
interpolation Hilbert space between Hy and H; can be identified with the space l2(¢(1, 27™)Gy,),
where ¢(s,t) is an interpolation function. If also note that T' € Sy(l2(w,G,,)) is equivalent to

1 12
> lwiwi ' Tijlid, 6, -a,) < o0,
ijEL
then the following interpolation theorem becomes almost evident (see [18]).

Theorem 9.1. If T € S2(Hp) N S2(Hy), then T € So(H), where H is an arbitrary interpolation
Hilbert space between Hy and H;.

The factorization Theorem 4.3 and Theorem 9.1 imply

Theorem 9.2. [fT € Si1(Hy) N Si1(Hy), then T € S1(H), where H is an arbitrary interpolation
Hilbert space between Hy and Hy.

The interpolation of arbitrary ideal property in any interpolation Hilbert space is not established
yet, but for a rather large class of interpolation spaces it is already done.

Recall that interpolation space H is called R-interpolation space, where R (s, t) is a function
of two positive variables, if for any T' € L(Hp) N L(H;) we have

1T\ nr—my < BTN nimo—Ho)» 1T L(E—H))-

Definition 9.1. If the function R(s,t) — 0 as s — 0 for any t, and R(s,t) — 0 ast — 0 for
any s, then R-interpolation space H 1is called a proper interpolation space between Hy and H;.

The proper interpolation spaces are remarkable by their property of one-sided interpolation of
compactness (see [6]), i.e., we have

Theorem 9.3. If T € Soo(Ho)NL(Hy) or T € Seo(H1) N L(Hy), then T € Soo(H), where H is
any proper interpolation Hilbert space.

For interpolation ideals (see Section 2) we have the following

Theorem 9.4. If T € J(Hy)NJ(Hy), where J is any interpolation ideal, then T € J(H) for any
proper interpolation space H between Hy and Hi.
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