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1. INTRODUCTION

The main aim of this paper is investigation of
mechanical systems on non-linear configuration
spaces, subjected to the influence of random
factors. The paper contains a survey of results
obtained in [1] — [7] and some new developments
by the authors in this topic. The characteristic
feature of our exposition is the use of machinery
of mean derivatives according to the ideology of
equations and inclusions with mean derivatives
suggested in [8] — [10]. Preliminary results and
notion can be found in [11] — [14].

It is a well-known fact that a second order
differential equation () = a(t,=(t),z(t))
expressing the Newton’slawin R"  is represented
as a first order system on the space of doubled
dimension

o(t) = al(t, z(t), v(t)). (1)
We call the first equation of above system
horizontal and the second one vertical.

Analogous split takes place in the general case
of a mechanical system on non-linear configura-
tion space (smooth manifold) M . For such
systems the Newton’s law is formulated in terms
of covariant derivatives in the form

{ i(t) = v(t)

D . _ .
= () = ot m{d). (L)),
where £ is the covariant derivative of Levi—Civita
connection of Riemannian metric on M that
determines the kinetic energy of system. Here
Newton’s law (1.2) is equivalent to equation

(1.2)
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d
dt
with special vector field (second order differential
equation) in the right-hand side on the phase
space (tangent bundle) TM where Z isthe Levi-
Civita geodesic spray that is horizontal (belongs
to the connection), and g'(t,m(t),m(t)) is the
vertical lift of vector force field o(t, m(t),m(t)) that
is vertical (belongs to the vertical subspace).

Note that a random perturbation in Newton’s
law can arise in the horizontal component, in the
vertical component and in the both ones. The
vertical perturbation means the perturbation of
force field while the horizontal one means the
perturbation of velocity. All the cases are physically
reasonable but they require essentially different
methods for their investigation. It should be also
pointed out that under random perturbations, the
Newton’s law becomes a random differential
equation. Here we present such equations in terms
of mean derivatives (see below). Taking into
account various possibilities for constructing
second order mean derivatives (forward, backward,
mixed, elc.), this yields equations of motion from
different parts of physics.

In this paper we deal with the Newton’s law in
terms of forward mean derivatives. Its physical
meaning is the description of motion of ordinary
mechanical systems with random perturbations.
We consider both the perturbations of forces and
of velocities.

The notion of mean derivatives was introduced
by Edward Nelson (see [15, 16, 17]) for the needs
of stochastic mechanics (a version of quantum
mechanics). The equation of motion in this theory
(called the Newton—Nelson equation) was the first

(m(£), () = Z(m(D), (1)) + &'(t, m(t), m(t)) (1.3)
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example of equations in mean derivatives. Later it
turned out that the equations in mean derivatives
arose also in the description of motion of viscous
incompressible fluid (see, e.g., [11, 12, 13, 14]), in
the description of Navier—Stokes vortices [18],
ete.

In all above-mentioned cases the solutions of
the equations were supposed to be 1t6 diffusion
type processes (or even Markov diffusion proces-
ses) whose diffusion summand was given a priory
since the classical Nelson’s mean derivatives yield,
roughly speaking, only the drift term (forward,
backward, etc.) of a stochastic process. In [8, 9],
on the basis a slight modification of some Nelson’s
idea, a new type of mean derivative is introduced
that is responsible for diffusion term. Then it
becomes possible in principle to recover a sto-
chastic process from its mean derivatives.

In Section 2 we describe the main construction
of mean derivatives.

In Sections 3 and 4 we deal with the so-called
Langevin equations and inclusions on mani-
folds.

The Langevin’s equation describes mechanical
systems with both deterministic and random
forces which have comparable magnitudes (i.e.,
neither the deterministic nor random part can be
neglected) where the random force is a transformed
white noise. Examples of such processes are well
known in physics (say, the physical Brownian
motion is a process of such sort). One can easily
realize that in this case the trajectories of the
process are a.s. C'-smooth. This makes the
analysis of such systems technically much simpler
than that of general ones.

In Section 3, weintroduce Langevin’s equation
on a Riemannian manifold and reduce it to the
velocity hodograph equation, which is an equation
in a single tangent (i.e., vector) space. This
enables us to apply some standard results to carry
out adetailed analysis. We study also an important
particular case of Langevin’s equation: the
equation describing the so-called Ornstein-
Uhlenbeck processes arising, for example, in the
mathematical model of physical Brownian motion
[16, 19, 20]. Sometimes, only the latter is called
the Langevin equation, whereas that applicable in
amore general context is said to be the generalized
Langevin equation.

In Section 4 we study the case where the force
field in Langevin equation is set-valued (i.e., it is
constructed from essentially discontinuous force
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or the force with feedback control) and so the
equation turns into differential inclusion that is
well posed in terms of mean derivatives.

Throughout Sections 3 and 4, all Riemannian
manifolds are assumed to be complete, not ne-
cessarily uniformly or stochastically complete.

In Section 5 we investigate mechanical
systems with random perturbations of velocities
motivated by motion of a particle, subjected to a
deterministic force, that in addition moves with
an enveloping media with random influence. First
we consider the systemsin R" with single-valued
and set-valued forces. The systems on manifolds
are investigated under some more restrictive
assumptions. In particular, we suppose the
manifold to be stochastically complete.

The research is supported in part by RFBR
Grants No. 07-01-00137 and No. 08-01-00155.

2. MEAN DERIVATIVES

Consider a stochastic process &(t), t €[0,7],
given on a certain probability space (Q, F,P),
taking values in R" and such that &(¢) is an L,
random element for all ¢ .

It is known that such a process determines 3
families of o -subalgebras of the o -algebra F:

(i) "the past” B generated by preimages of
Borel sets from R" under all mappings
E(): Q> R" for0<s<t;

(ii) “the future” F° generated by preimages
of Borel sets from R" under all mappings
E(): Q> R" fort<s< T,

(iii) "the present” (“now”) N;° generated by
preimages of Borel sets from R" under the
mapping &(t): Q —» R".

All the above families we suppose to be complete,
i.e., containing all sets of probability zero.

For the sake of convenience we denote by E*
the conditional expectation E(- | A7) with respect
to the “present” N for £(t).

Note that, generally speaking, a.s. the sample
trajectories of &(-) are not differentiable and so we
cannot determine the derivative of &(-) in the
ordinary way. According to Nelson (seee. g. [15,
16, 17]) we give the following:

Definition 2.1. The forward mean derivative
DE(t) of the process E(t) at the moment t is an
L' -random variable of the form

D&(t) = lim E? (W) (2.1)

where the limit is assumed to exist in L'(Q, F,P)
and At = +0 means that At — 0 and At >0.
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From the properties of the conditional
expectation it follows that DE(t) is expressed as
the composition of &(¢) and the Borel measurable
vector field, namely the regression

0 : St + At) - 6(t)
Yi(t,z) = AI}EOE(T | E(t) = a:] (2.2)
on R" i.e., DEt) =Y (t,E()).

The mean derivative of Definition 2.1 is a
particular case of the notion determined as follows.
Let z(t) and y(t) be L' -stochastic processes in F
defined on (Q, F,P). Introduce y-forward deri-
vative of z(t) by the formula

o(t + At) — x(t)j. (2.3)
At
Assume &(t) to be an Ito process of diffusion
type (see, e.g., [21]) of the form

Et) =&+ B)ds+ [ A)du(s) (24)

It should be noticed that &(t) can be neither a
diffusion nor a Markov process.

Lemma 2.2. For &(t) of type (2.4) DE(t) exists
and is equal to E*(B(t)).

Proof. Evidently D(&, + J.Otﬁ(s)ds N I:A(s)dw(s)) -
= D¥([ B(s)ds) + D¥ (] A(s)du(s)) . Since [ A(s)du(s)

is a martingale with respect to P°,

DA(J[ AWdu(s)) =0 . Then DA Bls)ds) =
= 5i(B). m

Thus by Lemma 2.2 the forward mean deriva-
tive gives information about the drift of an Ito
process. Following [8, 9] we introduce a new mean
derivative D, , called quadratic, that is responsible
for diffusion term of a process. It is a slight
modification of a certain Nelson’s idea from [17].

Definition 2.3. For an L' -stochastic process &
t €[0,T], its quadratic mean derivative D,E(t) is
defined by the formula

Dz&(t) =
- B0 =800 OG20-50) 5,

AL

D'z(t) = lim E,j”(

At—+0

At—=+0

where ® denoles the lensor product and the limit
is supposed to exist in L,(Q, F,P).

Denote by S, (n) the set of symmetric positive
definite n xn matrices and by §,(n) the set of
symmetric positive semi-definite matrices (the
closure of S,(n) in the space of all symmetric
matrices S(n)).
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We emphasize that the tensor product as in
(2.9) is a symmetric positive semi-definite matrix
so that D,&(t) is a function with valuesin §,(n).

From the properties of conditional expectation
it follows that there exist a Borel mapping a(t, z)
from [0, T]x R" to §,(n) such that D,&(t) = a(t,&(t)).
As well as above we call a(t,z) the regression.

Theorem 2.4. Let &(t) be a diffusion type
process. Then D,E(t) = Ef[a(t)] where oft) =
= A(t)A(t), A*(t) is the transposed matriz A(t)
and A(t)A"(t) is the matrix product. In particular,
if £(t) is a diffusion process, D,E(t) = ou(t,&(t))
where o is the diffusion coefficient.

Proof. From direct calculation it follows that
the components of (&t+at)—E(t)®
® (&(t+nt)—&(t)) are elements of the matrix
(E(t +at) = &(t))(E(t +at) — E(t))" where we use the
matrix multiplication of the column-vector
(&t +at)—&(t)) and the row-vector (&(t +At) —
—&(t))" (i.e., transposed (&(t +at)—&(t))). The
product is a symmetric semi-positive definite

matrix. Since &(t+At)—E&(t) = J:w a(s)ds +

t+At

+ A(s)dw(s), taking into account the pro-

perties of Lebesgue and [0 integrals one can see
that (&(t +at) = &(t))(E(t +at) = &(t))" is approxi-
mated by a(t)a(t)' (At)’ + (a(t)At)(At)Aw(t))" +
+ (A(t)Aw(t))(a(t)At)" + A(t)A(t)" At. Thus we see
that only A(t)A(t)" At is infinitesimal of the same
order as At while the other summands are
infinitesimals of order higher than At¢. Applying
formula (2.5) obtain the assertion of Theorem
since AA" = a (see above). B

Let Z(t,x) be a C*-smooth vector field on R",
and &(t) be a stochastic process in R".

Definition 2.5. The forward DZ(t,&(t)) mean
derivative of Z along &(-) at t is the L -limits of
the form

Dz(t,&(t)) =
- lim (Z(t + AL E(t +AAtt)) - Z(t,é(t))j (2.6)

Of course DZ(t,&(t)) can be presented as
compositions of &(t) with a certain Borel vector
fieldson R". This vector field (regression) will be
also denoted by DZ .

3. LANGEVIN EQUATION AND ORNSTEIN—
UHLENBECK PROCESSES ON MANIFOLDS
Everywhere in this section we deal with

porcesses given on a certain finite time interval
[0,]]cR.
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Let M be a manifold and TM be its tangent
bundle.

Definition 3.1. A map a:RxTM — TM
(either single or set-valued), such that

rma(t,m, X) =n(m, X)=m
(7 is the natural projection of TM onto M ) is
called veclor force field.

Consider a mechanical system on non-linear
configuration space (see e.g., [13, 14]), i.e., a
Riemannian manifold M and a vector force field
onit. Newton’slaw (1.2) is the equation of motion
fot such system. The Riemannian metricon M is
assumed to be complete, i.e., a free particle on M
does not go to infinity in finite time. In addition
to Definition 3.1 of vector force field we give the
following

Definition 3.2. A map a from RXxTM lo the
bundle of (1,1)-tensors over M (either single or
set-valued), such that ma(t,m,X) = n(m,X)=m
(7, is the projection of the bundle of (1,1) -tensors
onto M ) will be called tensor force field.

Recall thata (1,1) -tensor at m € M isalinear
operator in 7' M . Thus it is evident that for a
tensor force field o(t,m,X) and a vector field
Y(m) on M the composition a(t,m, X) o Y(m) is
a vector force field.

Let a(t,m,X) be a vector force field and
A(t,m,X) a (1,1)-tensor field on M . In other
words, forevery t € [0,]], me M ,and X € T, M,
we have a vector o(t,m,X)e T, M and a linear
operator A(t,m, X)T, M — T M . Specify a Wiener
process w on the tangent spaces to M and denote
by w the white noise of w. Then the Langevin
equation describes the evolution of a system with
the force field:

o(t,m, X) + A(t,m, X)w. (3.1)
More formally, the equation of motion must read

= &t) = a(t. (0. £0) + A0, E0)ite) (3.2

but this expression makes sense only by means of
distributions.

Our first goal is to give a rigorous meaning to
(3.2) without using distributions. We do it in
terms of forward mean derivatives the construction
of which can be slightly simplified in the case
under consideration.

We assume that o(t,m, X) and A(t,m, X) are
continuous jointly in all variables and that these
fields have linear growth in X . In other words,
there exists a constant K > 0 such that
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Jex(t,m, X[+ At m. X)| < K1+ [X]) (3.3)
forall t €[0,1], me M ,and X € T, M, where the
norm is given by the Riemannian metric.

From physical reasons one can derive that a
process subjected to force (3.1), a.s. has continuous
velocities and as a consequence it a.s. has C" -
smooth sample paths. Below we shall show that,
indeed, solutions of Langevin equation exist in the
class of processes with C" -smooth sample paths.
That is why we start with some features of such
processes.

Let &(t) be a stochastic processon M with a.s.
C' -smooth sample paths, given on a certain
probability space (Q, F,P), and let a vector field
Y be given on M . As well as above, by I",, we
denote the operator of parallel translation along
a C'-smooth curve z(-) from z(s) to z(t).

Definition 3.3. Covariant forward mean
derivative of vector field Y along the process &(t)
on M with a.s. C'-smooth sample paths at time
instant t is the L' random element of the form

DY(t&(t)) =
T, Y(t+at, Et+00) - V(8 E(t
ﬂmﬁ(wm gt -+t) <awwM)
Ao At
where T, , isthe ordinary parallel translation along

C" -smooth curves.

Let I =[0,{] beanintervalin R and v: I — T, M
be a continuous curve.

Theorem 3.4 (see [11]—[14]). There exists a
unique C" -curve y : I — M such that y(0) =m,
and the tangent vector y(t) is parallel to the vector
o(t) e T, M forevery tel.

In what follows, we denote by Suv(-) the curve
Y constructed as above beginning with v .

Consider a probability space (Q,F,P) and a
non-decreasing family of complete o -subalgebras
B of F. In a certain tangent space T M
introduce a Wiener process w(t) adapted to 5,
and an It6 diffusion type process v(t) of the form

o(t) = J.Ut b(s)ds + j(: B(s)dw(s) with b(t) and B(t)

a.s. having continuous sample paths. In particular
this means that v(¢) is non-anticipative with
respect to B, and a.s. has continuous sample paths.
Thus we can apply operator S to sample paths of
v(t). Then we obtain the process &(t) = Su(t)
having C'-smooth sample paths. Recall that
SC°([0,1),T, M) — C. ([0,1}, M) is continuous.

Lemma 3.5. The process Su(t) is nonanticipa-
tive with respect to B, .
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Consider a special case of the probability
space: (Q, F,P) where Q= C°([0,I,T, M), F is
the o -algebra generated by cylinder sets and the
measure P will be the one generated by a certain
stochastic process in T, M . In this case we shall
deal with the family 3, 'of & -sub- algebras of F
where for a specified ¢ the o -sub-algebra 3, is
generated by cylinder sets with bases on [0,].

Lemma 3.6. The process Su(t) is nonanticipa-
tive with respect to g, .

Proof. Indeed, if the curves v,(-) and v,(-) from
Q= C°([0,1,T,, M) coincideatall ¢ € [0,],] where
0<1i,<l,then Sv(t) coincides with Sv,(t) for
t €[0,1,] by construction of operator S . From this
we obtain the assertion of Lemma 3.6. 1

Consider the vector field &(t) along &(t) = Su(t).

Theorem 3.7.

D&(t) = E; (T, ob(t))-
Proof. From the properties of parallel trans-

lation and from construction of &(t) it follows
that

EF (T, 6(t +08) - &(1) =
= Ef (rw (j:” Vs + [ B(s)dw(s )))

Note that AV} isa o -subalgebrain B". Since
the It integral J;HM B(s)dw(s) isamartingale with

respect to ", by the properties of conditional
expectation we obtain that

EE ( :*“B(s)dw(s)) 0,

The Theorem follows. B

Along a process &(t) = Su(t) as above we can
define the covariant quadratic mean derivative
of &) as follows. Introduce the notation
AE(t) = mA,é(t +at)—E(t) where (as well as
above in this sectlon) I',, is the ordinary parallel
translation along C" -smooth curves.
_ Definition 3.8. Quadratic mean derivative of
E(t) along &(t) = Su(t) on M at time instant t is
a L' random element of the form

D.E(H) = lim E;(Aa)@aa >],

atdo At

where ® is the lensor product and T, is the
ordinary parallel translation along C"-smooth
curves.

Theorem 3.9. Consider a process &(t) =

t t
with v(t) = J.O b(s)ds + JO B(s)dw

Su(t)
(s) in T, M as
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above. Then D,E(t) =

is the adjoint operalor.
Proof. As well as in the proof of Theorem 3.7,

from the properties of parallel translation and from

construction of &(t) it follows that

EF (0&(t) ®n&(t) = BT, (0u(t) ®@au(t))),
where au(t)= [ b(s)ds+ [ Bls)du(s). In

E:(T,,(B(t)B(t))) where B°

addition from the properties of 1td integral we
obtain that in the expression Av(t )®Av( ) only

thesummandj - B(s)dw(s) _[ B(s)dw(s))

is infinitesimal of the same order as At while all
other summand are infinitesimals of higher order
than At . Now the Theorem follows from Definition
3.8 and from the properties of 116 integral. W

Definition 3.10. Langevin equation with force
Jield (3.1) is the system

{Ds@ = a(t, §(0). (1)) 35)
D,&(t) = A(t, &(t), 8(t)) A"(t,8(2), &(2)).

Let &(t) be a stochastic process with values in
M which is nonanticipative with respect to B,
and such that the sample trajectories of £ are a.s.

C' -smooth and &(0) =m, € M. For the sake of
convenience denote I', by T and so

Tt &(t),&(t)) and TA(, (1), (1))

are obtained by the parallel translation of

o(t, &(t),8(t)) and A(t, (), 6(2)),
respectively, along &(-) from the point &(t) to
&(0) = m,,, where & and A are the coefficients o[
force field (3.1). The processes Taf(t,é, 5) and
TA(t, & &) take valuesin T, M and (T, M,T, M),
respectively, and thelr tra]ectorles are a.s.
continuous, for so are the fields a(t,m,X) and
A(t,m, X) . Since parallel translation preserves the
Riemannian norm, it follows from (3.3) that

[rat. o). 60| + [rAc. 6.0 <
<K (1 + Hl“é‘(t)u).

Lemma 3.11. The processes Ta(t,&(t), é(t))
and TA(t,&(t),&(t)) are nonanticipative with
respect to B, .

The lemma is a consequence of the fact that
the parallel translation operator T" is continuous
on the space of C'-curves equipped with the
C" -topology and of our assumptions that & is
nonanticipative and the fields & and A are both
continuous.

(3.6)
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By Lemma 3.11, we can define the process z(t)
in T, M as

() = [ (e, &), &) e +
+[ TA(T, &(1).&(1)du(),

where the second term on the right-hand side is
the Ito integral. Itis clear that z(t) given by (3.7)
is nonanticipative with respect to B, and almost
surely has continuous trajectories.

Setting o(t) = 2(t), we obtain Langevin’s
equation (3.3) in the integral form:

(1) = (] Pa(z.&(2). &)z +

+[ TA(T, 1), &1))du(®) + ).

Indeed, one can easily see that a process satisfying
(3.8), satisfies also (3.5).

Definition 3.12. We say that (3.8) has a weak
solution on [0,l]c R with initial conditions
E(0)=m,, &0)=C if there exist a probability
space (Q, F,P), a stochastic process &(t) with a.s.
C" -smooth sample paths, defined on (Q, F,P) and
valued in M with initial condition &(0) = m, and
&(0) = C, a Wiener process w(t) in R", defined on
(Q,F,P) and adapted to &(t), such that for all
t €[0,1] P-a.s. (3.8) is fulfilled.

Definition 3.13. We say that (3.8) has a strong
solution on [0,l]c R with initial conditions
&(0) =m,, &(0)=C if on every probability space
(Q, F,P) such thatit admits a Wiener process, and
for any Wiener process w(t) in R", defined on
(Q, F,P), there exists a stochastic process &(t),
non-anticipative with respect to w(t) and having
a.s. C'-smooth sample paths, that is defined on
(Q,F,P) and valued in M with initial condition
&(0) = my,, such that for all t €[0,1] P-a.s. (3.8)
is fulfilled.

Let m(t), t € I, be a trajectory of the mecha-
nical system, i.e., a solution of (1.2).

Definition 3.14. The velocity hodograph of the
trajectory m(t) is the curve vI — T, M such that
v(t) is parallel to m(t) along m(-).

The equation of the velocity hodograph
corresponding to (3.8) is

() = j;r& (t, Su(t), % Sv(t)) dt +

(3.7)

(3.8)

+ J.;FA (t, Su(t), % Sv(t)) dw(t)+C. (3.9)

It is clear that the vector T'@ (¢, Sz(t), & Sz(t))
and the tensor T'A (t, Sx(t), 4+ Sx(t)) are well-posed
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along any curve z(-) € C°(1,T, M) and continuous

my

on the space RxC"(I,T, M). By construction

> m,

and by the properties of parallel translation, we
have

|2 steto) = o
and, therefore, due to (3.6),

Ta (t, Sa(t), % Sm(t))

+

. < K(1+[a()]). (3.10)

rA (t, Sat), % Sx(t)j

Lemma 3.15. Ta(t,Suz(t),£Sz(t)) and
TA(t,Sz(t), £ Sz(t)) are non-anticipative with
respect to the family B, from Lemma 3.6.

The assertion of Lemma 3.15 follows from
constructions of T'o(t,Sxz(t),£Sx(t)) and of
TA(t, Sz(t),4 Sz(t)) and from the properties of
parallel translation as well as from Lemma 3.6.

Equation (3.9) is an [t6 stochastic differential
equation of diffusion type on the linear space
T, M . Thus we needn’t introduce special notions
of strong and weak solutions of (3.9).

It is clear that v(t) and the Wiener process
w(t) in T, M satisfy (3.9) if and only if Su(?)
(taking values in M ) and w(t) satisfy (3.8).
Observe also that Su(t) is defined on the same
probability space and has the same measurability
properties with respect to w(t) as v(t). Thus, we
have proved

Theorem 3.16. The process v(t) is a strong
(respectively, weak) solution of (3.9) if and only if
Su(t) is a strong (respectively, weak) solution of
(3.8).

Remark 3.17. Let us specify a realization of
w(t) in T, M . Applyinglo it the parallel translation
along Sv(:), we obtain realizations of w(t) in all
spaces Tg, M . These realizalions giverise to a force
field defined along the trajectory.

Theorem 3.18. Assume that o(t,m,X) and
A(t,m, X) are jointly continuous in all variables
and salisfy (3.3). Then on [0,1], there exists a weak
solution of equation (3.8) for any initial conditions
&(0) =m, and §0)=CeT, M.

Proof. First, we pass to (3.9), which is
equivalent to (3.8). Note that (3.9) is a diffusion
type equation on a vector space. Recall that this
means that the coefficients of (3.9) depend on the
past, i.e., on the entire trajectory on the interval
[0,¢]. As has been shown, T'@ (¢, Sz(t), £ Sz(t)) and
TA(t, Sz(t), £ Sz(t)) are well defined and conti-

> dt
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nuous on RxC*([0,1, T, M). Moreover, they
satisfy (3.10), the linear growth condition and by
Lemma 3.15 they are not anticipative with respect
to the family of o -sub-algebras g,. Thus, the
standard existence theorem in linear spaces (see,
e.g., Chapter 3, Section 2 of [21] or Section 19.3.8
of [22]) guarantees that a weak solution of (3.9)
exists. To complete the proof it suffices to apply
Theorem 3.16. W

The following results can also be proved by
passing to (3.9) and applying the results of the
standard theory of stochastic equations on vector
spaces [21, 22].

Theorem 3.19. Let o(t,m, X) and A(t,m, X)
be as in Theorem 3.18 Assume that the operator
A(t,m, X) is invertible for all t, m, and X . If a
solution of the equation

&) = S( [T A &@, &@iul)) 3.01)

is weakly unique, then so is a solution of (3.8).

Theorem 3.20. Let o(t,m,X) be continuous
jointly in allvariables, satisfy (3.3), and such that
the solution of the Cauchy problem for (1.2) is
unique. Also, let A.(t,m,X), where € € (0,6) and
0 >0, be jointly continuous in €, t, m, and X
and satisfy (3.3) with K independent of €. Assume,
in addition, that

(i) 4, =0;

(ii) ISILI(} A, — 0 uniformly on every compact in
[0,/]]x TM ;

(iii) a solution of the equation

&) = S([ratr. &) &)+

+[TA(2. &), &0))du(t) + €,

is weakly unique for some ¢, suchthat liIIOI o.=C.

(3.12)

Then the measures on C, ([0,1, M) corresponding
tothe solutions of (3.12) weakly converge as € — 0
to the measure concentrated on the unique solution
of (1.2).

Example 3.21. Let A=¢€l, where I is the
identity operator. Then it is clear that a solution of
(3.11) is unique. Thus, for a as before, the
equation

&(t) = S([rale. 8@, &m)dr + eult) + C

has a unique solution. If, for example, o is locally
Lipschilz in m and X, then Theorem 3.20 holds
true for the latter equation.
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It is known that equation (3.8) has a strongly
unique strong solution, provided that the coef-
ficients of diffusion type equation (3.8) satisfy a
Lipschitz type condition (see e.g., [21, 22]).
However, the existence of a strong solution is
rather hard to prove in the general case where the
coefficients involve the operators T and S. The
reason is that T' and S are defined by means of
parallel translation and, as a consequence, we have
a condition imposed on the entire mechanical
system, rather than just on the force field.

On the other hand, the existence can easily be
verified for certain particular force fields. Here we
consider three examples of such fields:

(i) The drag force:

a(t,m, X) = ¢(t, [ X[ - d.n(X),

Alt,m, X) = W(t, | X]) - A,,(X),
where ¢ and W are scalar functipns, a is a
(L1) -tensor field with Va =0, and A is a field of
operators A T, M — L(T, M) parallel along every
curve in M . (Note that the equation Va =0
means, in fact, a restriction of the same kind as
thatimposed on A:theoperators ¢,1,M — T, M
are parallel along every curve.) For example, one
may take a == or, if M is an oriented two-
dimensional manifold, then g, may be the rota-
tion by a fixed angle. The same operators can be
taken as examples of A if we assume in addition
that 4, (X) is independent of X (i.e., A
regarded as a function of X, is constant).

(ii) A particular case of (i) involving friction
and constant diffusion:

o(t,m, X) =-b(t)- X, A(t,m, X) = ¢(t)- A
where the friction coefficient b 2 0 is areal-valued
function of time and A isa (1,1) -tensor field with
VA=0.

(iii) A force given in a “stationary coordinate
system”. Let @, ()T, M - T, M and A, ()T, M —
— LT, M), t €[0,l] be given. The operators &
and A at other points of the trajectory &(¢) are
obtained by the parallel translation of ¢, and
A, along &(-). (See, e.g., [13, 14] for amechanical
interpretation of parallelism.)

Theorem 3.22. Let & and A be asin (i)-(iii).
Assume also that @, and A, —are Lipschitz in
XeT, M and salisfy (3.3), the linear growth
condition. Then (3.8) has a strongly unique strong
solution on I .

Proof. Under the hypotheses of the theorem,
equation (3.9) on T, M is equivalent to the
following one:

m

m

m?
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= J.:&(r, my,v(T))dT +

+[ Ae,my,o(0)du(e) + O (3.13)

This equation has a strongly unique strong
solution defined on [0,]. The initial velocity C
can be viewed as a random vector measurable with
respect to the o -algebra 3, [21,22]. To finish the
proof it suffices to apply Theorem 3.16. l

Note that if & and A are as in (ii), then the
hypotheses of Theorem 3.22 are automatically
salisfied, provided that b and ¢ are bounded. In
this case, the solution v(t) of (3.13) and the
solution Su(t) of Langevin’s equation are called
the velocity Ornstein—Uhlenbeck process and the
coordinate Ornstein—Uhlenbeck process, respecti-
vely.

Note that the assumption that b and ¢ are
bounded can be omitted in the hodograph equation
for Ornstein—Uhlenbeck processes so that the
velocity process exists on a random interval up to
the so-called explosion time.

Recall that Ornstein—Uhlenbeck processes
describe the Brownian motion in a medium with a
drag force. A detailed discussion of this matter can
be found in [16]. Ornstein—Uhlenbeck processes
on manifolds are also discussed in [19].

Let v(t) be a solution of (3.13). Denote by
Ev(t) the mathematical expectation of v(f) in
T, M.

Definition 3.23. The curve S(Ev(t)) on M is
said to be the mathematical expectation of the
process Su(t). The function E(Euv(t)—v(t))* is
called the dispersion of Su(t).

It is easy to see that for a system defined in (i)
and, in particular, for (ii) the mathematical
expectation of a solution of (3.8) satisfies (1.2).

Passing to the hodograph equation and
applying the standard results on equations in a
vector space, we obtain the following theorem.

Theorem 3.24. Under the assumptions of
Theorem 3.22, the solutions of

- 5[ rat. &), ) +

+e[ TA(T, 1), &0))du(r) + ec‘*) (3.14)

converge as € — 0 to the solution of (1.2) in the
topology of the space

S(C°([0,1} L,(Q.T, M))).
The mathematical expectation of & uniformly
converges to the solution of (1.2).
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Here [(Q,T, M) is the space of the square
integrable maps from Q to T, M. Note that the
convergence means that the dispersion of &

converges uniformly to zero.

4. SET-VALUED FORCES. LANGEVIN
TYPE INCLUSIONS

In this section we investigate second order
stochastic differential inclusions on Riemannian
manifolds that are set-valued analogues of Lan-
gevin equations from Section 3. The set-valued
force evidently arises in a system with control or
may be obtained from a discontinuous force (for
instance, the dry friction is considered or the mo-
tion takes place in a complicated medium, etc.).
Recall that if the force is discontinuous there are
well-known methods of transition to a set-valued
force (for stochastic differential equations the
pioneering paper was probably [23]). Examples
of systems having discontinuous forces with ran-
dom components of the above-mentioned sort are
rather usual in physics, e.g., they describe the
motion of the physical Brownian particle in a
complicated medium. The use of Riemannian
manifolds allows one to cover the mechanics on
non-linear configuration spaces.

Definition 4.1. A set-valued map
fiRXTM —TM such that for any point
(m,X) e TM (this meansthat X € T M, i.e., X
is a tangent vector to M al the point m € M ) the
relation wf(t,m,X) = n(m,X)=m holds, is called
set-valued vector force field.

A set-valued map a from R X TM tothebundle
of (L1)-tensors over M such that
ma(t,m,X) = n(m,X) =m (m, istheprojection of
the bundle of (1,1) -tensors onto M ) will be called
set-valued lensor force field.

Now let &« and A be set-valued vector force
field and set valued tensor field, respectively. For
a stochastic process &(t) with a.s. C'-smooth
sample paths consider the set-valued maps
Ta(t,&(1),&(7)) and TA(r,&(1),&(7)) sending [0,1]
into 7, M and into the space of linear operators
on T, i and denote by P'a(r,&(t),&(7)) and
PFA(T &(1),&(T)) the sets of their Borel measu-
rable selectors.

The Langevin inclusion is a system of the
form

{Dé(t) € alt,&(t), &) (4.1)

D,E(t) € At E(t), E(t)A (1. E(1).E(t))
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where D and D, are defined in Section 3 by means
of ordinary parallel translation along C" -smooth
curvesand AA" = {AA" | A € A}.Inintegral form
(4.1) is expressed as

£t es [ [Prate, (), &r))dr +

+ j[PFA(r, &(7), (1)) duw(r) + 0)- (4.2)

Definition 4.2. We say that (4.2) has a weak
solution on [0,l]c R with initial conditions
E(0)=m,, &0)=C if there exist a probability
space (Q, F,P), a stochastic process &(t) with a.s.
C" -smooth sample paths, defined on (Q, F,P) and
valued in M with initial condition £(0) =m, and
&(0) = C, a Wiener process w(t) in R", defined on
(Q, F,P) and adapted to &(t), a single-valued
vector field a(t,m,X) on M and a single-valued
(1,1) -tensor field A(t,m,X) such that '

(i) for all t the random vector 0i(t,&(t),&(t))
belongs to ot,&(t),E(t)) P -almost surely (a.s.);

(i) for all t the random tensor A(t,&(t),&(t))
belongs to A(t,&(t),&(t)) P-a.s.;

(iii) the integrals j: ra(t, E(t),&(t))dr and

Jj TA(t,&(7), f(z’))dw(r) are well-posed for &(t),

w(t), & and A
and for all t €[0,1] P -a.s.

&= ( [rae. &), &) +

t
+ [PA(.&(x).8(2))du(r) + 0). (4.3)
0

Definition 4.3. We say that (4.2) has a strong
solution on [0,l]c R with initial conditions
E(0)=m,, &O)=C if on any probability space
(Q, F,P), such that it admits a Wiener process, and
for any Wiener process w(t) in R", defined on
(Q, F,P), there exist: a stochastic process &(t) with
a.s. C'-smooth sample paths in M , defined on
(Q, F,P) and non-anticipating with respect to w(t)
with initial condition &(0) =m, and §0)=C, a
single-valued vector field a(t,m,X) on M and a
single-valued (1,1)-tensor field A(t,m,X) such
that )

(i) for all t the random vector af(t,&(t),&(t))
belongs to a(t,&(t),E(t)) P-a.s.; .

(i) for all t the random tensor A(t,&(t),&(t))
belongs to A(t,&(t),&(t)) P-a.s.;
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(iii) the integrals '[Of ro(t,é(r),E(t))dr and

J: TA(t,&(7),E(7))dw(t) are well-posed for &(t),

w(t), a and A and P-a.s. (4.3) holds for all
t €[0,1].

As well as in Section 3 one can easily prove
that &(t) as above satisfies (4.3) if and only if its
velocity hodograph o(t) (i.e., &(t) = Suv(t))
satisfies the velocity hodograph equation of the
form

o(t) = jr& (r, Su(e), % Sv(r)) it +

+jr.4 (r, Su(t), diT Sv(r)) dw(t)+C  (4.4)

thatis an equation of diffusion type in the tangent
(i.e., linear) space at m, and so it is more
convenient for investigation. Below, we shall find
o and A as in Definitions 4.2 and 4.3 and
corresponding v(t), being a solution of (4.4) in
weak or strong sense, and then obtain &(t) = Su(t)
satisfying (4.3).

If both &« and A have continuous selectors
satisfying Itd condition (see (4.5) below), the
existence of weak solution trivially follows from
that for Langevin equation obtained in Section 3.
If it is not the case the existence problem for
Langevin inclusions requires special constuc-
tions.

We present the following modification of the
notion of €-approximation for set-valued map-
pings.

Definition 4.4. A continuous single-valued force
field ¢ (t,m,X) is called €-approximation of the
set-valued force field o(t,m, X) on M ifits graph
(t,m, X, ae(t,m, X)) lies in the € -neighbourhood
of (t,m,X,a(t,m,X)) (the graph of a) in
[0,]]x TM & TM where @ denotes the Whitney
sum. For (L1)-tensor fields the definition is
analogous.

In [3] the following statement is proved.

Theorem 4.5. Let @ :R" — R" be an upper
semi-continuous set-valued map with convex closed
bounded values. For a sequence €, — 0 there exists
a sequence of continuous €; approximations for ®
that point-wise converges to a Borel measurable selec-
torof ®. If @ takesvaluesin a convex set Z in R",
those € -approximations lake values in Z as well.

One can easily see that the natural analogue
of Theorem 4.5 holds for both vector and (1,1) -ten-
sor force fields on a manifold.
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We say that a and A satisfy the [t6 condition
if they have linear growth in velocities, i.e., there
exists a certain ® >0 so that the following
inequality:

lex(t, m, X)| +[|A(t, m, X)| < ©1 +|X]) (4.5)
holds.

Theorem 4.6. Let the set-valued vector force
field F(t,m,X) and set-valued (1,1)-tensor force
field A(t,m,X) be upper semi-continuous with
convex bounded closed values and satisfy It6
condition (4.5) for a certain © .

Then for any m, € M and C € T,, M the Lan-
gevin inclusion (4.2) has a weak solution with
initial conditions &£(0) = m,, £(0) = C', well-posed
forall t €10,).

Proof. Specify [ > 0. Denote by B the Borel
o -algebraon [0,!] and by A the normalised Lebes-
gue measureon it. Consider Q = C°([0,1], T, M), the
Banach space of continuous curves z : [0, l] > T, M
with usual uniform norm, and F, the o -algebra
generated by cylindrical sets on Q. By P we
denote the o -algebra, generated by cylinder sets
with bases over [0,].

We shall use several measures on (€, F) and
on the product space [0,1] x Q we shall introduce
the corresponding product measures.

Take a sequence ¢ — 0 and construct
sequences f(t,m, X) and a,(t,m, X) of continuous
g, -approximations of F(t,m,X) and A(t,m,X),
respectively, as in Theorem 4.5. Namely, denote
by W, (t,m, X) a continuous set-valued force field
with convex closed values whose graph belongs to
the g, -neighbourhood of the graph of F(t,m, X)
and such that for all (¢,m,X) the inclusion
F(t,m,X) c ¥,(t,m,X) holds (the existence of
such ¥, (t,m, X) follows from [24]). Then as well
the minimal selectors f(t,m,X) of ¥,(t,m,X)
point-wise converge to the minimal selector
f(t,m, X) of F(t,m,X) as i > o and f(t,m, X)
is Borel measurable as a point-wise limit of
continuous mappings. In complete analogy with
these arguments we introduce a continuous
(1,1) -tensor field g (t,m, X) whose graph belongs
to the g, -neighbourhood of the graph of A(t, m, X)
and such that for all (¢,m,X) the inclusion
A(t,m, X) c ,(t,m, X) holds. The minimal selec-
tors a,(t,m, X) of y (t,m, X) point-wise converge
to the minimal selector a(t,m, X) of A(t,m,X) as
i — o and a(t,m, X) is Borel measurable.

Taking into account Definition 4.4 and
inequality (4.9) it is evident that
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[t X0 + o (2, X < QL+ [l
for a certain Q > © and for all 7.

Pass from the sequences f(t,m, X) and a,(t,m, X
to the sequences f.:[0,]]xQ — TM and g, : [0, ]
X Q — TM , where f (t,2()) = f.(t, Sz(t), & Sz(t)
and ,(t,z()) = a,(t, Sx( ), % Sx(t)). Introduce als
Fta()) = f(t,Su(t) £ 8a(t)) and a(t,a())
= alt, Sa(t) £ Sat)).

Consider the maps T'f (¢,2()) from [0,]]x Q
into T, M and Tg(t,z()) from [0,/]xQ into
linear endomorphisms on T, M .

Since 4 Sz(t) is by the construction parallel
to z(t) along Sz(-) and the parallel translation
preserves the norms, we get

[T7 (&, 2] + [Tt ()] < QQL+ Q). (4.6)

By the construction, T'f (¢,z()) and Tg,(t, 2())
are continuous on [0,/] X Q (this follows from the
continuity of I', see [11, 12, 13, 14]) and
measurable with respect to the o -subalgebra 7,
in F generated by cylindrical sets with bases over
[0,¢]. Since it also satisfies (4.6), there exists a
weak solution v,(t) of the equation

~

X

o ~—

= [T (r0,()de + [Tazo,0)dult) + C (4.7)

0 0
(see Theorem I11.2.4 of [21]). Denote by u, the
measure on (Q,F) corresponding to v,. Recall
that v,(t) is represented as the coordinate pro-
cess v,(t,z(-)) = z(t) on the probability space
(QF, ).

By routine method (see, e.g., [21]), since all
Tf(t,z()) and Tg,(t,z()) satisty (4.6) with the
same (), one can show that the set of measures {u, }
is weakly compact and so there exists a subsequen-
ce converging weakly to a certain probability
measure g on (Q,F). For the sake of convenience
we do not change the notations and say that u,
itself is that converging subsequence. Denote by
v(t) the coordinate process on (€, F, u).

Introduce measures v, on (Q,F) by the
relations dv, = (1+ ||x || )du, . They weakly conver-
geto v defmed by the relation dv = (1+ ||m || NNdu
(see, e.g., [3,21]).

As TF (t,z()) converge to Tf(t,z()) point-
wise, they converge a.s. with respect to all A x u,,
L fy(ta() Tf(ta()

ROl L]
with respect to all A xv,. Specify 6 > 0. By Ego-
rov’s theorem (see, e.g., [25]) forany 7 there exists
a subset 5 0,/]xQ such that (A xv, )(f(’g)

S (ta() ()
Lt ()] 1+H )

and so the functions —4——~

converge to a.s.

> 1-9,and the sequence converges to £
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uniformly on . Introduce ( _f{5 =JK3) - The
=0
IJ(tz()

L)l
Ks and (AxV,)(K;) >
all i =0,...,. B
Notice that T'f(¢,z(-)) is continuous on a set of
full measure A xv on [0,/]x Q. Indeed, consider
asequence 8, — 0 and the corresponding sequen-
ce K from Egorov’s theorem. By the above
construction Tf(¢,z(-)) is a uniform limit of conti-
nuous functionson each g . Thusitiscontinuous

()

1+H l

(A xv,)([0,]x Q) -

sequence uniformly on

o for

converges to

n
on each s and so, on every finite union U Ks -
i=1

Evidently lim(A x v) U Ks)=Axv)([0,I]x Q).

n—eo
i=1

T . 9
Hence {JEH ol is continuous on a set of full

measure A XV on [0,/]x Q.

Let g,(z()) beabounded (say, |g,(z(-))| < E for
all z(-)e Q) and continuous P -measurable
function on Q.

Because of the above uniform convergence on
K for all £ and boundedness of g, we get that
for k large enough

Jgfﬂwmwm—Wmmmmmumwk=

AL Ff T, 2(- FJ?(Ty ()
J.Kg J 1+ "$ i dt)g,(z())dv,| < 6.
Since (A X u,)(Ks) >1-6 forall k, rlfiH;x - H

for all k=0, 1 ,eo (i.e., Tf is included) and
| g,(z()) 1< 2 (see above) we get

J.Q\Kb LﬁA rf T, 2(- Ff(f,l‘(-)))d’[)gt(x(.))d'uk -

tﬂtrfgfﬂmq>—r?(uw(»
Joe T+ 0]

< 2QZ=0.

dr)g,(x())dv, | <

From the fact that 6 is an arbitrary positive
number it follows that
lim

koo Q(Jtt+Atrfk(Ta x())df —

_J-HAtl"f (, .’E('))df)gt<x(.))d“k -0.

Tf(,

The function )

IAH is A X v-a.s. continuous

(see above) and bounded on [0,1]x Q. Hence by
Lemma in section VI.4 of [26] from the weak
convergence of v, to v it follows that

lim

k—>oo

Q(J-:+Atrf(f, 2()d7)g, (z(-))du, =

([ HEI) g (o av, =

= lim
L+ 2]

- [ I g oy -

L+ [0

= ([T a()dnyg (o). (48)

Obviously

lim [(a(t + At) - a(t) )y, =
z(t + At) — z(t) &y =

Ll v e e

J z(t + At) — x(t

o0l dv—j(a:(t+At)—

Q

o(t))du. (4.9)

Q
Notice that

[ (ot +At) - x(t) -

~["TF (. 2()dn)g, (2())dp, =0 (4.10)

[ (alt + At) ~ 2(0))g, ()i, =
= E[(v,(t + At) = v,())g, (v, ()],

[ T a0)dn)g, (o) du, =
= B[([ " TF (2. 0,(0)d0)g, (v, (1))]

and v,(t) is a solution of (4.7).
From (4.8), (4.9) and (4.10) it follows that
(

[ia(t + At) - a(t)) -

— [ TJ(s.2()dslg,(x())du = 0. (4.11)

From
u(t) -

with respect to P

Specify a certain orthonormal basis in T, M .
Then the vectors in T M are considered as
coordinate columns. If X is such a vector, the
transposed row vector is denoted by X*. Notice
that for a column X and a row Y~ the product
XY™ with respect to matrix multiplication, is a
matrix. Linear operators from T, M to T, M are
represented in coordinates as n X n matrices, the

—

4.11) it evidently follows that the process

I'f(s,v(s))ds is a martingale on (Q, F, u)

C)'—.:*s
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symbol * means transposition of a matrix (pass
to the matrix of conjugate operator).

Consider the sequence a,(t,m, X) of g -ap-
proximations of A(t,m, X), thatpoint-wise conver-
ges to the Borel-measurable selector a(t,m, X) (see
the beginning of this proof). One can easily see
that a,(t,m, X)(a,(t,m, X))" point-wise converges
to a(t,m, X)(a(t,m, X)) . Thenin complete analogy
with the above argument one can show that

[[(at + At) = (1)) (a(t + At) - 2(t))" -

= [ Ta(s,20)) (Ts, () dslg, (x())dp = 0 (4.12)

with the same ¢, as above.

Using standard Girsanov technique one can
derive from (4.11) and (4.12) that on (Q,F, u)
there exists a Wiener process w(t), adapted to 7,
such that v(t) on (Q, F, u) satisfies the equality

u(t) = C + [Tf(s,0())ds + [Ta(s,v(-))du(s) (4.13)

(see [21]). Then, taking into account the const-
ruction of f and operators & and I', one can
easily see that the process &(t) = Su(t) satisfies
the equation

&(t) = S(T(s.&(s), % £(s))ds +

+_[Fa(3, &(s)
0
Since f(t,m,X)e€ F(t,m,X) and a(t,m,X)e
€ A(t,m, X) and [ > 0 is an arbitrary number, this
completes the proof. B

In some cases we can prove existence of strong
solution of Langevin inclusion (4.2). Let us
present an example of such existence theorem.

In what follows we use [0,{], B, Q, F and B,
introduced in the proof of Theorem 4.6. By B, we
denote the Borel o -algebra on [0,¢] for ¢ €[0,(].

Introduce the notation compZ for the space of
compact subsets in the metric space Z. Thus, we
say that the set-valued vector field B(t,m,X)
sends [0,/]]xTM into compTM if for any
(t,m, X) €[0,l]x TM theimage B(t,m,X)c T M
is compact.

Recall several definitions.

Definition 4.7. A single-valued map
B:[0,l]xQ — R" is called {R} -progressively
measurable if for every t il is measurable with
respectto B, X F,.

,%é(s)ﬂw(s) +C).  (4.14)
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Definition 4.8. A set-valued map
B :[0,l]x Q — compR" is called { R} -progressively
measurable if {(t,m) € [0,]]xQ|B(t,0)nC =} e
€ B, x B, for every closed set C < R".

Definition 4.9. We say that a set-valued vector
field B :[0,l]x TM — compTM

(i) is dissipative if for all t €[0,l], me M,
X,YeT M and U e B(t,m,X), V € B(t,m,Y)
the inequality (X —Y,U-V) <0 holds.

(it) is maximal if for t, m, X, Y and V as
in (i) theinequality (X — Y, U = V) £ 0 isequivalent
to the assumption that U € B(t,m, X) .

Denote by w(t) a certain one-dimensional
Wiener process. Let F(t,m,X) and G(t,m, X) be
set-valued vector force fieldson M asabove. Then
we can consider the stochastic differential
inclusion of Langevin type

&(t) e S(JTF(z,&(7),(v))d +

t

+ [T G, &(7),&(x))du(T) + ).

0

(4.15)

Inclusion (4.15) is a particular case of (4.2) since
I'G(t,&(7),E())dw(tr) can be represented as
I'G(t,&(7),E(7))(PdW (1)) where P is the ortho-
gonal projection onto the linear span of vector
I'G(1,8(1).¢(7)).-

Theorem 4.10. Let the set-valued vector fields
F(t,m,X) and G(t,m,X), F,G:[0,l|]xTM —
— compTM , be Borel measurable, uniformly
bounded, dissipative and maximal. Then there
exists a strong solution of (4.15), well posed for
t €[0,], with initial conditions &0)=m, and
§(0)=C forany my, € M and C €T, M.

Proof. Let (Q,F,P) be a probability space
admitting a one-dimensional Wiener process
w(t). Denote by B the o -subalgebra of F
generated by all w(s) for 0 < s <t and completed
by all sets of zero probability. Let Y : Q — Q be
a measurable map. From the properties of parallel
translation and the assumed hypothesis one can
easily derive that the coefficients

TF(t,0,Y) = TF(, SY()(¢), % SY (@) ()
and

TGt ,Y) = TGt SY(0) (1), % SY(@)(1))

for w € Q satisfy all conditions of Theorem 1 [27]
and so on (Q,F,P) there exists a continuous
P" -progressively measurable process v(t)
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in T_M and I’ -selectors f(t,) of

my

(v(0)
t and g(t ) of T'G(t,m,v) such that

TF( ,a), )
a.S.

= j f(z, w)dz + j 9(7, ®))dw(t) + C. (4.16)

Consider the M -valued process &(t) = Sv(t) with
v(t) satisfying (4.16). In the same manner as in
the proof of Theorem 4.6 we can construct Borel
measurable selectors f(t,m, X) of F(t,m,X) and
g(t,m, X) of G(t,m,X) such that a.s.

jrf 7, &(1),&(t))dT +

t

+[Tg(z,&(7),(7))du(z) + C).

0

9. SYSTEMS WITH RANDOM
PERTURBATION OF VELOCITY

In previous two sections we dealt with equations
obtained from the ordinary Newton’s law by a
stochastic perturbation of vertical component of
right-hand side, i.e., of the force field (see the
Introduction). Here we investigate the systems, in
which the horizontal part is subjected to stochastic
influence. This means that a random perturbation
of velocity arises. Such a situation can appear, e.g.,
if a particle, subjected to a deterministic force,
moves in addition with arandom media. Note that
in this model example the perturbation would be
independent of the particle velocity.

Taking into account the above model example,
we investigate system (1.1) with & independent
of velocity, i.e., it turns into

{ﬂf(t) = () 5.1)
o(t) = o(t, z(t)).

A particular example of such a force is —grad U
in a conservative mechanical system where U is
the potential energy.

Now suppose that in system (5.1) the right-
hand side of horizontal (i.e. the first) equation is
subjected to random perturbation of the form
A(t,z(t))w(t) where w(t) is white noise. Note that
this perturbation is independent of velocity of the
particle. In appropriate terms this means that the
process &(t) describing the motion of particle

)=&+ ] (s

dw(s) where the vector field v(t, )

satisfies the equality &(%) ))ds +

+I0As
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satisfies the relation Du(t,&(t)) = a(t,&(t)). The
formal equation of motion in terms of forward
mean derivatives then takes the form

DE(t) = u(t, &(t))
Dy&(t) = A(t, () A"(1, &(1))
Do(t,&()) = a(t, &(t))

where Du(t,&(t)) is given by formula (2.6).

We also suppose that A(t,z) and oft,z))
satisfy the It6 condition

JAGE )]+ (e, =) < K1+ ol

(5.2)

(5.3)

for some K >0.

Theorem 5.1. Let A(t,z) and a(t,x) be jointly
continuous in t,x and satisfy (5.3). Then for every
couple &, v, € R" there exists a weak solution of
(5.2) with initial conditions &(0) = &, and v(0) = v,.

Proof. In C°(]0,1], R") introduce the o -algebra
F generated by cylindrical sets. By P, denote
the o -algebra generated by cylindrical sets over

[0,¢] = [0,1].
Consider the map v : [0,1]x C°([0,], R") — R"
defined by the formula
z() = v, + J.Ot o(t,x (5.4)

By the construction this map is continuous jointly
in t€[0,]] and z(-) € C°([0,1,R"). In addition it
is obvious that if z,(-) and z,(-) coincide on [0, ]
then v(t,z,(-)) =v(t,z,(-)). This means that
v(t,z(-)) is measurable with respect to P,. (see,
e.g., [21]).

Taking into account (5.3) one can easily derive
the inequality

[o(t, ()| = “It&(f, z(-)))dt|| <

|dr<Kj (1 +||=(z)|)dz

<f||arx

<K j0(1 + [2()o s < K+ ()

)

where |||, is the norm in C°([0,1],R").

Introduce A(t,z() as A(t,z(-) = A(t,z(t)) .
Notice that A(t,z(-)) is measurable with respect
to P, and that from (5.3) it follows that
AR 2())| < K@ +||=(: || ). So, both v(t,z(:)) and
A(t, () satisfy the It condition in the form

[ot, 2()] + At 2()| < KA +]|z()]|.)

with K = maz(K,IK).

Now the couple v(t,z(-)) and A(t, z()) satisfies
all conditions of theorem I11.2.4 from [21], hence,
the stochastic differential equation
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1(t) = 2, + [ 0(s,2())ds + [ Als, 2())du(s) (5.5)

has a weak solution on [0,]. This means that there
exist a probabilistic measure u on (C°([0,1,R"),
F) and a Wiener process in R", given on
(C°([0,1),R™), F, 1) and adapted to B, such that
the coordinate process z(t) on (C°([0,1, R"), F, u)
and w(t) satisfy (5.9). Introduce v(t,z)A as the
regression v(t,z) = E(W(t,z()) | z(t) = z) . This
together with construction of process v(t,z(:))
completes the proof of Theorem. B

The simple construction used in proof of
Theorem 5.1, can be generalized to be applicable in
more complicated situation. First we consider the
case where the force field is set-valued, lower semi-
continuous but not necessarily has convex values.

Let F(t,z) be a lower semi-continuous set-
valued map F: RxXR" —o R" with closed images
and A(t,z) : R" — R" be a field of single-valued
linear operators jointly continuous in parameters
teR and z € R". We suppose that F(t,z) and
A(t, z) satisfy It condition, i.e., that there exists
a constant ® > 0 such that

[F(t.2)] +]AG @) < @A+ fal) - (5.6)
for all te R and z € R" where ||A(t,z)| is the
operator norm and |F(t,z)| = SUD, e i) Y]] -

Equation (system) (5.3) now is replaced by
the following inclusion

Dg(t) = u(t,&(1))
D,g(t) = A(t, 5()A™(, 6(1)) (5.7)
Du(t, 5(t)) € F(t,5(t)).

In what follows we consider R" and R with
their Borel o -algebras B" and B, respectively.
Let z(-) be a continuous curve. Consider the set-
valued vector field F(¢,z(t)) along z(-) and denote
by PF(-,z(-)) the set of all measurable selectors
of F(t,z(t)), i.e., the set of measurable maps
{f:R > R": f(z(t)) € F(t,z(t))}. It is obvious
that since condition (5.6) is satisfied, all those
selectors are integrable on any finite interval in
R with respect to Lebesgue measure. Denote by
['PF(-,2(-)) the set of integrals with varying upper
limits of those selectors.

Recall some facts and notions involved in
further considerations. Specify /> 0. In what
follows we denote by A the normalized Lebesgue
measure on [0,[], i.e., such that A([0,1])=1.

Lemma 5.2. Let (E,d) be a separable metric
space, X be a Banach space. Consider the space
Y =L'(([0,1], B, A), X)) of integrable maps from [0, ]
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into X . If a set-valued map G :E —Y is lower
semicontinuous and has closed decomposable
images, it has a continuous selector.

Thisis a particular case of Bressan—Colombo
Theorem (see, e.g., 28, 29]).

Denote by C°([0,{, R") the Banach space of
continuous maps from [0,!] to R" (i.e., continuous
curves in R", given on [0,1]).

Theorem 5.3. Let, as mentioned above, F(t,x)
be a lower semi-continuous set-valued map
F:RxR"—oR" with closed values and
A(t,z) : RxR" = R" be a field of single-valued
linear operators jointly continuous in parameters
teR and x € R". Letalso (5.6) be fulfilled. Then
for any specified 1 >0, x,,v, € R" inclusion (5.7)
has a solution on [0,1] with initial position z, and
initial velocity v, .

Proof. In C°([0,1], R") introduce the o -algebra
F generated by cylindrical sets. By P, denote
the o -algebra generated by cylindrical sets over
[0,t] < [0,1].

Consider the set-valued maping B sending
z(-) € C°([0,1,R") into PF(-,x(-)). Since under
condition (5.6) all selectors from PF(-,z(-)) are
integrable (see above), B takesvaluesin the space
L'(([0,1, B, 2),R"). Tt is known (see, e.g., Sec-
tion 5.5 from [29]) that under the above-mentioned
conditions B:C"([0,/, R") — L'(([0,1], B, A),R")
is lower semicontinuous and for any z(-) €
e C°([0,1, R") the set PF(-,z(-)), i.e., the image
B(z(-)) is decomposable and closed. Thus, by Lem-
ma 5.2 B hasacontinuous selector b : C°([0,l, R") —
b:C°([0,1,R") = L'(([0,1}, B,A), R").

For any te€0,]] introduce the map
£ :C([0,1, R") = C°([0,1, R") thatsends a curve
z(-) € C°([0,1, R") into the curve

z(7) for 7 € [0, ]

Ji(®:20) = {x(t) for T e [t,1]’
Obviously the map f, is continuous. Since f (7, z(-))
belongs to C’([0,/,R"), the curve b(f(t,z(-)) €
e L'(([0,1), B, 1),R") is well-posed. By construction
b(f.(t,2(-))) € F(z,z(t)) foralmostall 7 € [0,¢] and
this selector continuously depends on ¢ in
L'(([0,1], B, A),R").

Consider the map v : [0,1]x C°([0,1,R") — R"
defined by the formula

t
o(t,x()) = v, + [ b (T E())dT. (5.8)
By construction this map is continuous jointly in

t €[0,1] and z(-) € C°([0,1},R"). In addition it is
obvious thatif z,(-) and z,(-) coincide on [0,%] then
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v(t,z,(-)) = v(t,z,(-)) . This means that v(¢,z(-)) is
measurable with respect to P, . (see, e.g., [21]).

Taking into account (5.6) one can easily derive
the inequality

ot = |35

< [ bt oz de < [ (e, a(2))] de <
< o[ 1+ |x(v))dz < ©f (1 + ()
<101+ |()] )

where |- ”c“ is the norm in C°([0,{],R").

Introduce A(t,z(-)) as A(t,z(")) = A(t, 2(t)) .
Notice that A(t,z(-)) is measurable with respect
to P, and that from (5.6) it follows that ||A(t, 2())| <
< O +|[z(-)] ). So, both v(t, () and A(t,a(-))
satisfy the 1t6 condition in the form

Joct, =0 + At 20)] < € + 2] )
with © = maz(0,10).
Now the couple v(t,z(-)) and A(t,z()) satisfies
all conditions of theorem II1.2.4 from [21], hence,
the stochastic differential equation

z(t) =z, + j:v(s, z(+))ds + J.:A(s, z(+))dw(s) (5.9)

has a weak solution on [0,]. This means that there
exist a probabilistic measure u on (C°([0,1,R"),
F) and a Wiener process in R", given on
(C°([0,1,R™), F, 1) and adapted to P, such that
the coordinate process z(t) on (C°([0,1, R"), F, u)
and w(t) satisfy (5.9). Taking into account (5.8)
and (5.9), one can easily check that this solution
satisfies (5.7). B

Forinvestigating such a problem on manifold
the assumptions are more restrictive than in the
case of Euclidean space.

Let M be a stochastically complete Rieman-
nian manifold (see, e.g., [13, 14]), on which a
certain vector force filed &(t,m) independent of
velocities, is given. Thus the Newton’s law of the
mechanical system takes the form

<

0 )ds <

D . _

% m(t) = a(t,m(t)).

We suppose that the random perturbation of velo-
city takes the form A(m)w(t) where A(m): R" —
— T M is a smooth field of linear operators
sending a certain Euclidean space R" to the
tangent spaces to M . We suppose in addition that
A(m)A*(m) =1 where I is the unit operator in
T M . This assumption can be interpreted as the
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fact that the Riemannian metric on M is deter-
mined by diffusion coefficient generated by A(m).
In particular it means that we can apply the
machinery of equations with unit diffusion
coefficient on manifolds from [13, 14].

The equation of motion for the system with
random perturbation of velocities is given here
in terms of covariant mean derivative D on
manifold introduced in the same manner as in
formula (3.4) but with the use of parallel
translation along stochastic processes (see,e.g.,
[13, 14]). We keep the notation I',, for operator
of such stochastic parallel translation and so
3.4) can be considered as definition of D. As
well as above we denote '), by I'". Taking into
account this modification of mean derivatives we
introduce the equation of motion for the above
system in the form

DE(t) = v(t,&(t))
Dzé(t) =1

Do(t,&(1)) = alt, (t)).

Theorem 5.4. Let the force field o(t,m) be
jointly continuous in t,m and uniformly bounded,
i.e., |a(t,m)| < K forallm e M and t €[0,]]c R
and some K > 0. Then for every couple m, € M ,
v, € T, M lhere exisls a solution of (5.10) with
initial conditions &(0) = m,, v(0) = v, that is well
defined on the entire interval t € [0,1].

Proof. The idea of proof is analogous to that
for Langevin equations. We reduce (5.10) to
equation of velocity hodograph type in a single
linear space. Then we show that the latter has a
weak solution and that its [td6 development (see
[13, 14]) satisfies (5.10). The difference is that
here we use the velocity hodograph equation in
terms of stochastic parallel translation (unlike the
case of Langevin equation where the ordinary
parallel translation was applied).

Consider the space Q= C°([0,1],T, M) with
the o -algebra F generated by cylinder sets and
Wiener measure v onit. On the probability space
(Q, F,v) the coordinate process @(t, z(-)) = z(t) is
a Wiener process adapted to the family of o -
subalgebras P that for each specified t is
generated by cylinder sets with bases on [0, ¢] and
completed by all sets with v -measure zero.

Since M is stochastically complete, the Itd
development R,w(t), i.e., the Wiener process on
M ,is well defined on the entire [0,(] for v -a.s. all
curves in Q and the parallel translation along
v -almost all sample paths of R,w(t) is also well-

—_

(5.10)
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posed (see [13, 14]). Thus we can apply the
operator I' of parallel translation along R, (")
from R,w(t) to R,w(0)=m,.
Introduce the process B(tz())=
= Lt Ta(s, Ryx(s))ds in T, M . From the properties

of parallel translation and of R, it follows that
B(t) is uniformly bounded by the constant [K and
that it is non-anticipative with respect to B. In
addition the density

pla()) =

= exp ( [} (Bt (). da() - %Ljﬁ(t, x(->)2dtj. (5.11)
satisfies the equality

IQ pdv =1,

and so the measure u on (Q,F), introduced by

the relation du = pv is a probability measure.
Then the coordinate process v(t) on the

probability space (Q, F, u) satisfies the equation

5(t) = v, + [ BlsT(s))ds +u(s)  (5.13)

(5.12)

where w(t) isa Wiener processin T, M, given on
(Q, F, u) that is non-anticipative with respect to
B . The Ité development &(t) = R,u(t) has the
same sample paths as R,w(t) and so it is well-
defined on the entire interval [0,1].

Introduce the vector field v(t,m) as the
regression v(t,z) = E(T'y,B(t) | R,v(t) = z) Where
I',, is the operator of parallel translation along
R0(:) from R,v(0)=m, to R,v(t). Taking into
account the properties of 1t6 development and of
parallel translation as well as the construction of
covariant mean derivatives, one can easily show
that &(¢) and v(t,m) satisfy (5.10). H
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