UDC517.982

THE OPTIMAL EMBEDDING FOR THE CALDERON TYPE SPACES
AND THE J-METHOD SPACES

A. Gogatishvili*, V. I. Ovchinnikov

*Mathematical Institute, Czech Academy of Sciences
Voronezh State Universily

New description of the optimal target rearrangement invariant space for embedding of the
Calderon spaces A(F, E) in terms of the J-method interpolation spaces is found. We show that the
corresponding Lorentzspace A, isinvolved rather than the rearrangement invariant space [/ itself.

AMS classification 46 M35, 46 E30, 46 B70. Key words: embedding theorems, optimal spaces
for embedding, interpolation spaces, real method spaces

INTRODUCTION

We consider embeddings of the Calderon spaces
A(E, F) to rearrangement invariant spaces. The
Calderon spaces are defined with the help of the
best approximation e,(f), of fe E by entire
functions of exponential type of degree t"/" in each
variable in the norm of rearrangement invariant
space E. The space A(F,E), where F is a
functional lattice on (0,e0), consists of f € E such
that e,(f), € F with the corresponding norm or
quasi-norm. These spaces are intimately connected
with the Besov spaces and their generalizations.
Thus embeddings A(E, F) c X are studied along
with the study of the embeddings of smooth
function spaces (e.g., see [3,9,6]). M.Goldman and
R.Kermanin [7] found the rearrangementinvariant
space X, which envelope the space A(E,F). In
other words they found the minimal rearrangement
invariant space which contains A(E,F). In the
present paper we give a new description of X in
terms of interpolation spaces. We find that X, is
described as a J -method interpolation space with
a concrete parameter between some Lorentz space
and L_, thus we clarify the position of this space
in the family of rearrangement invariant spaces.
Some conditions added to the conditions of [7]
enable us to give a very transparent description of
the optimal space X .

BASIC DEFINITIONS AND NOTATION

Everywhere below we use notation from [7].
Denote by f* the decreasing rearrangement of a
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measurable function f:R" — C, i.e., f is the
decreasing right continuous function on R,
equimeasurable to |f(£)|, i.e.,

mes{& € R" : () > A} =
=mes{z e R, : f (z) > A},

for all A >0, where mes denotes the Lebesgue
measure on R" oron R, respectively.

A Banach lattice is a space E of measurable
functions with a monotone norm, i.e.

flg, geE=feE |fl, <ldl,-

A Banach lattice E is called a rearrangement
invariant space if

f<g.9eE=fekE|fl, <ld,-

We shall use axioms of the theory of Banach
lattices and the theory of rearrangement invariant
spaces (RIS) given by C. Bennett, R. Sharpley [1]
(Chapters 1—2). In particular the Fatou property
is included in the definition of Banach lattice.
Thus the generalized Minkowski inequality for
infinite sums and integrals is valid in RIS FE .

Recall (see [1], Theorem 4.10), that there is a
RIS E of functions determined on R, , such that

oy = £ 1 -
It will cause no confusion if we use the same
letter E to designate this space on R, .
Let ¢, (t), where ¢ >0, be the fundamental
function of RIS F,i.e.,

(pE<t) = Hl(o,t)HE :
It is easily seen that @, (¢) is quasi-concave,

i.e.,

0o, ()T, te, (1) 1.
We assume without loss of generality that
0 (t) is concave, i.e., it is differentiable almost
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everywhere, and 0< @, (t) T, 0< ¢, ()1 (by
using if necessary an equivalent norm in RIS FE
(see [1] Proposition 5.11). In what follows we
assume that ¢,(+0) = 0. Without serious losses
we assume also that @, (o) = 0.

According to [7] we denote

pp(t) =1/9,(1/1).

Denote by M, ,(R") the subspace of RIS E,
consisting of all entire functions of exponential
type of degree v >0 in each variable whose
restrictions on R" belong to £ . By the Paley—
Wiener theorem

M, ;(R") ={g € E(R") : suppg < (-v,v)"}, (1)
where ¢ denotes the Fourier transform of ¢ in R".
The best possible approximation of f by

functions ¢e M, (R"), where ¢ >0, is by
definition

e,(f)p = inf{”f - (J”E qeM,, E<R )} (2)

We omit £ and ¢ in notation in what follows
when we consider the corresponding function
t—e(f)y-

Let us denote by F the lattice which is
obtained from F by the following change of
variables. We put by definition that

geF if glp,(1/t)eF
or in other words

geF if  g(1/u,(0)e F.
According to Sharply denote by A, the
Lorentz space corresponding to the concave

function ¢,(t), i.e.,

{f [ (@)do, (z) < oo}

with the correspondlng norm.

Consider the couple {A;, L_} . The key role in
what follows is played by the J-method applied
to the couple {A, L.} with the parameter space
F . Recall that by definition of the J-method,
f € (Ag, L)% means that there exists a measurable
Vector—valued function u(s) e A, N L_, where
0 < 8 < e, such that

J(s,u(s),{A,,L.}) e F

= Iu(s) @
. $
Recall also that the J -functional is defined on
the intersection of spaces of a couple {X,,X,}, and

J(t,u {X,, X, }) = max(”u”xo ,t||u||X1) for t > 0.

and
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The space (A, L)% is well defined if

o/ F
F < L,(min(1,1/t)[dt/1], (3)
where L,(min(1,1/¢t)[dt/t] denotes the weighted
L, space with respect to the Haar measure on
(0,00) and the weight min(1,1/¢). Thus we
suppose in what follows that (3) is fulfilled.

2. DOMINATING ELEMENTS IN (A, L)’

We intend to find the simplest elements
generating (Ay, L)% .

The following proposition is well-known for
power functions @(s) as a particular case of the
Holmstedt formula.

Proposition 2.1. Let ¢ be positive concave
Junction on [0,%0) ; then for any x € A, and any
t>0

t

{ap L) =o'

K(op(t), (s)dop(s).  (4)

Proof. Let x =z, + z,,where , € A,
then

t t 3

[(@, +2,) (s)d(s) < [a; (s)dep(s) + [, (s)dep(s) <

0 0 0

< ng (s)do(s) + (1) ”%”Lw :

, T, €L,

Hence
t
[ ©)dols) < K(p(), =.{A
0
From the otherside if we consider the expansion
of the form z'(s) = min(z", &) + (¢ — min(z", @)),
then
||.T* - min(x*,a)"% + () "min(x*,a)”Lm <

oL}

< ||£E* - min(:z:*,(x)”% +o(t)o

forany a > 0.
Let us choose the greatest o such that the

measure of the set {s : min(z(s), &) = a} is greater

orequal to ¢t. Then

(z (s) =

[Ea min(x*,(x)”% = a)de(s).

O ——y

Hence
t
”w* - min(ac*,a)"% +o(t)a = J‘x*(s)dgo(s),
0
and

K(o(t),2.{A, L.}) < [z (s)do(s).

BECTHUR BI'Y, CEPUST: DUSUKA. MATEMATHRA, 2006, Na 1



The optimal embedding for the Calderon type spaces and the J-method spaces

Proposition is proved.

Let 9t and 91 be two measure spaces, let f
and g be two measurable functions on 9t and N
respectively. We write

[=g
@

[[f @do) < [ (@)do(z)

forall £ > 0. We also say that f is dominated by

g.
In view of Proposition 2.1 f<g is equivalent
4

if

to
K(o(t), f{A,, L.} (M) < K(o(t), 9, {A,, L.} ().

As it is shown in [4] f<Cqg is equivalent to
4

the existence of a linear bounded operator
T :{A,, L.} (O) = {A,, L.} (M),
such that Tg = f.

This yields that for each interpolation space
X between A, and L, if f—<g and g € X, then

f € X .Inparticular,if f<g and g€ (A(p,Lw);ﬁ(m)’

then f e (A,,L.)L(9M).

Evidently each fe(A,,L.)L(9M) isdominated
by f e (A(p,Lm) (0,°0). We intend to show that
actually each f e (A, L_)2(9M) is dominated by a
rather simple g € (A, L, )%(0,00).

Recall that practlcally we are interested in
studying of A, . From now on we consider

A, = A'PE only,Eand denote for brevity f<g by
f=<g. "
E
Let f e (Ay,L.)L(9). By definition

/= J

for some measurable Vector valued function u(s)
on (0,%0) with values in L, " A, such that
J(s,u(s),{A, L.}) € F . Withoutloss of generality
we assume that u(s) > 0.

We intend to transform f . First we increase

u(s) such that || u(s) HA = s u(s) [|,_ forall s >0,

while the Correspondlng f remainsin (A, L)%
Then we change u(s) by u(s)". The COI‘IeprIldng
integral is a function in (Ay, L. )%(0,%0), and we
denote it by fi(z), where z € (0,e). We conclude
=k

Indeed,

s)ds/ s

K(@p(t), fi{Ag, L.}) <
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< [K (@0 (8),u(s). {A s, L Vds/ s =

~

(Juls) (2)dpy(2))ds/s =

Il
—3

(Juls) ds/s)(x)dey(z) =

= K(9,(t), £, {A,, L}).

cte— =~ ©
S8 o

And finally we change u(s)" by Xoan(8)/s,
where h(s) = J(s,u(s), {Ay, L. })andoc( )= ¢,
Thus h € F'. Denote

M—pm Vk—

Again the K -functional of f. is greater than
the K-functional of f., since for any u(s)e A, N L,

K(@y(t), uls), {Ap, L.}) <
< min(|| u(s) [l e () | uls) ;) =

= muin(] ), 22 o) ) =
- min[l,(pET(t)) I u(s) Iy, =

= K(0u (), Xp.aropo 10p L) [ 0s) Ly, /5

Hence
K((pE(t)7ﬁv{AE7Lm}) =

TK(%( t),u(s) , {Ay, L. })ds | s <

< [K(@p(0), Loy h(5) /5, 1Ap L })ds /5 =

= K(gp(t), fos{Ap, L. })
in view of integral form of the K -functional.
Thus we see f<f... At the same time
E

”xw,a@))h(s)/ SHLOO -

[xo0acrn(e)/5], = @x(es)ils)/s = his)
Hence
J(s, X(O,a(s))h’(s)/87 {Ag, L.}) = h(s),

which means f.. € (Ay, L.)%.

These elements f. and the corresponding
integrals are intimately connected with the Hardy
operator, considered in [7]. Indeed,
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oo

£ = [Xiout

0

( /3—: Th

If we naturally transform (5) we obtain

oo -1
h(S) 1/a " (t)

eop®)

= [ w/s)ds= [ h(1/s)ds =

0

(=]

1/t 1/t
- | h(ul(f)]dum): [ s/ o)ans (1) =
1/t
= [9(0)du,(2),

0

where g € F', since hekF.
Thus we obtain that for each function
g € F(0,o0) the integral
1/t
[9(®)du, (z) (6)
0

is a function from (A, L_)%(0,
[7] we introduce the operator
1/t

H:g [g(t)du,(v),

which is called the Hardy operator. Thus we see
that

). Following to

H : F(0,00) > (AE,Lw)‘;(O,oo).
3. EMBEDDING TO THE J-METHOD
SPACES

It is more convenient now to consider the
Hardy operator (6) in the form
1t

Joteiius (€)= fo1/0)d |
where t > 0.

Recall that

1 t
t)= Z-!f (x)dz
Proposition 3.1. Let E = E(R") be a RIS and

T > 0. There is a constant c independent of T,
such that forall f € E and t € (0,T)

. 1
(@ SC[%(T) 1/ 1l +H(6(f))(t)} (7)

where e(f) is defined by (2).
Proof. Fix t€(0,T). Let N e N be such
that
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2N+1

2% pp(t) < @p(T) < 2" 0y (8).
Define the sequence t,,t,,t,,...,ty by
(pE(ti) = 2i(pE(t)' (8)
For each i=0,1,2,....N -1 there is a

decomposition f = b, + g,, where g, € M such
that

,1/ E

b, < 2e, (), (9)

g by
G, 1=0,1,...,N —

Define a; e M

a’z = bz _bl :gz 2) (10)

Then f =15, + zgzai + gy, and

(11)

N-2
Fro <t @+ Xlal. +lorl.
i=0

Using the well-known inequality of different
metrics for entire functions of exponential type
(see [2], Theorem 1), together with (10), (9) and
(8), we obtain

ledl. < 5"l <

(Ilb,ﬂ I + 1o, <

2c
(pE(tz) (et,lﬂ(f)E i el(f)E] : (PE(TZ) ei(f)E ) (12)

t/,

1
< 16¢[ e fgld—.
Jien (1)
By same way we deduce
gv |l < In-illp =
” N 1”“, (pE(tN—l ” N 1||E
< fl. +o
%( PLUAMER
(13)
+ e, (f)p <
¢E( ¢E(tN—1) i ’
4c l 1
—|fll. +2¢| Ve, (f)y|d ‘
E(T) ” ”E J‘t‘“"’l %< )E ¢E(T)

On the other hand, an application of the well-
known estimate for rearrangements (see [1],
Proposition 5.9) give%

2
coE(t)
1
<4
J <pE o:()]
Substituting thls estimate, (12) and (13) into

(11), we obtain the desired conclusion (7).
Proposition is proved.
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Corollary 3.1. If ¢, (o) = oo then

f < cH(e(f)).
Proof. Take alimitin (7) as T — oo.
Corollary is proved.
Corollary 3.2. The Calderon type space A(E, F)
is contained in (A, L)% .
Proof. Since f < f, we conclude
f* < cH(e(f))
on (0,) by (14). If e(f) e F, then H(e(f)) e
€ (Ay, L)L, and thereby f e (A, L.);.
COIollaIy is proved.
By definition A(E,F) c E, hence
A(E,F)c (Ay, L), N E. (15)
As we see below (A, L)% N E sometimes is
the smallest RIS which contains A(E, F).

(14)

4. OPTIMALITY OF THE SPACE (A, L)’

The above mentioned optimality is based on
the results of [7]. First we study the condition
which was used in the paper [7].

The following Proposition is a consequence of
the change of variables and definition of the space
F.

Proposition 4.1. The operator

Glol(t) = fo(r) el
D Hg(7)
is bounded from F to F if and only if the
operator
~ 0 ds
Gl = [1(5)—
0
is bounded from F to F .

Theorem 4.1. If G : F — F', then the smallest
RIS X,, which contains A(E,F') coincides with
(Ag, L)% on any finite interval (0,T,).

Proof. In view of Corollary 3.2 it is necessary
to prove the inclusion (A, L.); < X, since the
reverse inclusion is already proved

The existence of the optimal space X, was
proved in [7] under condition G : F — F', and it
was shown that || f ||X0 is equivalent to

=

sup J- — @' (t)f(t)dt + (T;»)HF )
Qi 0 B
for arbitrary T, where
B(t)

£o(t) = wp(t) [ £ (), (x) =
= (DK (@5 (B®), f{Ag L. }).
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The nature of the set Q7. and the function 8
is of no importance in what follows.
We see that the norm is equivalent to

SUPJ‘ o’(t)f5(t)dt

QeQyy 0

on the interval (0,7}). Thus we see that the norm
in X, on theinterval (0,7}) is K -monotone with
respect to the couple {AE,Lm} Hence X, is an
interpolation space between A, and L_ on the
interval (0,7;).

Let f be an arbitrary element of (A, L_)% on
(0,7;,) and f. be the corresponding dominating
element. Ifwefind y € A(E, F) suchthat f = fr =,

then fe X, on (0,7;), and Theorem will be
proved.

Indeed, by definition y € X, . The interpolation
property of the space X, between A, and L_ on
(0,7,) and f<y implies that fe X,. Hence

(A, L)% < X, on (0,T;).
Thu% we return to

= [l T

$
where u(s) = ¥ q(s)/s and h € F . Wecan take
finite T' because L_ < A, on (0,7}).
Recall (e.g., see [2]) that for z € R
, sin’*(27'va)

Xicijvapw(T) S OV S

where C is a universal constant. Hence for
EeR"

HX ]/tl/ ]/fl/

sin2(2_1t1/"§j)

)< C't?
J=1 &]2

= %‘,(é)?

where ¢,(&) is an entire function of exponential
type t >0.

Thereby
Xoin S Q:~ (16)
Let

y = qu(b >/s—

Because of (16) we evidently have f., =Y. Let
us show that y € A(E, F).
Recall that

=[]

H%w,lm HE

(see [2]).
First we get y € F/, since
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Il < IH%/a

(5)/s 2 <
S

< cj [0y, 25) /s— = cjh = <o
0

in view of h € F < L (min(1,1/t) [dt/t] see (3)).
It is easily seen that for sufficiently large

t>0
J. ql/oc

1/ug(t

/s—eM

L/n B’

since for s >1/u,(t), which is equivalent to

t>1/a(s), we have g, € M_,, ..
Furthermore '
1/ pg(t dS
e <ly-uvl,=| | ql/a5> /S; <
0 E
1/ ug(t) 1/ up(t)
< _[ “QI/a(s) /5_< j h(s
0 0

W1/ (1) 22D g0,

1 (7)
where g(t ) = h(1/1(t)).

Hence e,(y) € F' since h(1/u,(t) € F. Thus
ye AE,F).

Theorem is proved.

Corollary 4.1. If G : F — F, then the smallest
RIS containing A(E, F) is equal to (Ay,L.); N E.

Proof. In view (15) we have to prove
(A, L)L N E c X,. Recall (e.g., see [2]) that the
smallest RIS containing M, , is EN L. This
yieldsthat EN L, < X, Thusif f € (Ay,L.)s N E,
then f Xor € Xo by Theorem 4. 1 and
f}( eEmL c X,. HencefeX and we
conclude (Ap,L.)i N E c X,.

Corollary is proved.

Now we try to find an explicit description of
the optimal space X, .

The following Proposition is similar to
Proposition 4.1 and we also leave the proof to the
reader, since it may be obtained by direct change
of variables.

Proposition 4.2. The operator

*"—.8

is bounded from F to F if and only if the
operator

is bounded in F'. B .
The sum of the operators G and G, is equal
to the Calderon operator

— ]:f(s) min(l,é)% = jf(s)%+ tTf(s)d—f

0
Corollary 4.2. The Calderon operator

J'f ) min( t>d8

s S

is bounded from F to F ifand onlyif G and G,
are bounded in F'.

Recall thatif the Calderon operator S maps the
parameter space F into itself, then the J -method
space (X, X, )% coincides with the K -method space
with the same parameter space (e.g. [1]).

Hence

(A L.);

which means that

(AEVLm)% = {f : K(t7f’{AE7Loo}) € F}

This formula gives us opportunity to calculate
the space (A, L_)% in terms of the K -functional

of the couple {A,,L_}.
If we combine (17) and (4), we conclude that

feAyL)5(0,0),

= (Ap, L)%, (17)

1

oz (t)

K f A L= [ 1

0

(s)doy(s) € F,

and
1/t
[ ()dg,(s) € F.
0

are equivalent.

Weintend to apply these considerations to the
restriction of spaces A, and L_ onto a finite
interval (0,7;). In this case identity (17) takes
place if the Calderon operator S is bounded in the
space F'(0,T) for some finite T'. The operator S
is bounded in F(0,T) if G and G, are bounded in
F(T,,) forsome 0 < T, <oo.

Thus we obtain a new description of the
optimal target space for embedding of the Calderon
type spaces.

Theorem 4.2. [ffor some T, the space F(T,,)
is invariant under the operalors

o A (T)
Glgl(t) = !g(f) 0, (1)
and
Golg)(H) = —— [o(e)d, (7).

:uE (t> 0

BECTHUR BI'Y, CEPUST: DUSUKA. MATEMATHRA, 2006, Na 1



The optimal embedding for the Calderon type spaces and the J-method spaces

then the optimal RIS X, for the embedding
A(E,F) c X consists of f such that

1/t

Jf*(s)l(o,T)(s)d(PE(5> € F and f*%(T,w) €k
0

for some 7' > 0.

V. I. Ovchinnikov expresses his gratitude to
the Mathematical Institute of the Czech Academy
of Science for its kind hospitality during the
preparation of this work.
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