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X^OP\de�lVZXQ`�^�[QWSO�Q�TVU]a]WOPa]ZXQ�\^QqOaQR�XVU]c�W]\O[ha]c�qQ\U]ZXQ�^�Z]Zi\Ve�
��Z[ilVO�ZXV`Q]aVPa]m]�\^QqOaQR�UP]^Q�^�Z]Zi\Ve�UPim[]m]�ZOlOaQR�_P]SQ[h�ZU]P]ZXQ�^
]Za]^a]W�Z]]X^OXZX^iOX�_VPVb][QlOZU]Wi�_P]SQ[j�XOlOaQR��iVTOc[R�^RTU]c�qQ\U]ZXQ�Z
\]bV^UVWQ� mVPW]aQlOZU]m]� ^Q\V� ^� TV^QZQW]ZXQ� ]X� PV\QiZV� lVZXQ`���iXOW� ]ZPO\aOaQR� _]
_[]kV\Q�_]_OPOla]m]�ZOlOaQR�Z]Zi\V�_P]^O\OaV�PO\iU`QR�]bkOc�\^iWOPa]c�aOZXV`Q]aVP,
a]c�TV\VlQ�U�]\a]WOPa]c�aOZXV`Q]aVPa]c����Z[ilVO�aOZXV`Q]aVPa]m]�_i[hZ]^]m]�\^QqOaQR
UP]^Q� QZZ[O\iOWVR� WVXOWVXQlOZUVR� W]\O[h� \]_iZUVOX� PVZ_P]ZXPVaOaQO� ^][a*� TVXieVaQO
U]X]Pde� ]biZ[]^[Oa]� UVU� ^[QRaQOW� ^RTU]ZXQ*� XVU� Q� aV[QlQOW� ZXPiUXiPd� UP]^Q� TV� ZlOX
pPQXP]`QX]^�
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�][h�WVXOWVXQlOZU]m]�W]\O[QP]^VaQR�_PQ
QTilOaQQ�ZQZXOWd�UP]^]]bPVkOaQR�Z�UVq\dW
m]\]W�^]TPVZXVOX*� lX]� Z^RTVa]� Z�_]aQWVaQOW
Z[]qa]ZXQ� QZZ[O\iOW]m]� ]brOUXV� Q� b][hgQW
lQZ[]W�TV\Vl*�U]X]PdO�W]qa]��POgQXh�X][h,
U]� _iXOW� WVXOWVXQlOZU]m]� W]\O[QP]^VaQR�
�VT^QXQO�mOW]\QaVWQUQ�_]bi\Q[]�QZZ[O\]^V,
XO[Oc�PVZZWVXPQ^VXh�Z]Zi\d�UVU�i_Pim],ZqQ,
WVOWdO� XPibUQ���]\O[h� ZqQWVOW]c�qQ\U],
ZXQ*� XOUikOc� ^� i_Pim],ZqQWVOWde� Z]Zi\Ve*
_]T^][Q[V� ]_QZVXh� PVZ_P]ZXPVaOaQO� _i[hZ],
^de�^][a�\V^[OaQR�^�UP]^Oa]Zade�Z]Zi\Ve���
U]a`O�G(G,m]�^OUV�����PVaU�_PO\[]qQ[�]\ai
QT�_OP^de�W]\O[Oc*�]_QZd^VjkQe�\^QqOaQO
UP]^Q�^�UPi_ade�Z]Zi\Ve�^�XOPWQaVe�_i[hZ],
^de� ^][a�� �� Z]^POWOaade� PVb]XVe� s�u�*� �t
�� �O\[Q*� �� 	� �][hWQPV*� �� �� 	V^Q`U]m]*
	� �� �OmQPOPV�_PQ^O\Oad�]bgQPadO�QZZ[O\],
^VaQR� _]� QTilOaQj� ZU]P]ZXQ� PVZ_P]ZXPVaO,
aQR�Q�VW_[QXi\d�_i[hZ]^]c�^][ad�UP]^Ra]m]
\V^[OaQR� _PQ� PVT[Qlade� iZ[]^QRe� XOlOaQR
UP]^Q�aV�]Za]^O�[QaOcade�Q�aO[QaOcade�WV,
XOWVXQlOZUQe�W]\O[Oc�ZQZXOWd�UP]^]]bPVkO,
aQR�lO[]^OUV��
ZX]PQlOZUQ�Z[]qQ[]Zh�XVU*�lX]
_PQ�W]\O[QP]^VaQQ�\^QqOaQR�UP]^Q�^�UP]^O,
a]Zade�Z]Zi\Ve�_PO\_][VmV[]Zh*�lX]�UP]^h�R^,
[ROXZR� ^RTU]c� aOZqQWVOW]c�qQ\U]ZXhj���V,
U]O� \]_ikOaQO� _]T^][Q[]� ]_QZVXh� XOlOaQO
UP]^Q�^�UPi_ade�`Q[Qa\PQlOZUQe�Z]Zi\Ve�Q
_][ilQXh�PVZ_PO\O[OaQO�ZU]P]ZXOc�XOlOaQR�_]

PV\QiZi*� UVU� \[R� ZXV`Q]aVPa]m]*� XVU� Q� \[R
aOZXV`Q]aVPa]m]� XOlOaQR�� �PQ� pX]W� _][VmV,
[]Zh*�lX]�UP]^h�R^[ROXZR�ahjX]a]^ZU]c�qQ\,
U]ZXhj���]�WOPO�aVU]_[OaQR�pUZ_OPQWOaXV[h,
ade� \Vaade� ]�SQTQlOZUQe� Z^]cZX^Ve� UP]^Q*
V� XVUqO� a]^de� pSSOUX]^*� aVb[j\VOWde� ^
UP]^]X]UO*� bd[]� _PO\[]qOa]� aOZU][hU]� a],
^de�W]\O[Oc� \[R� Qe� ]_QZVaQR�� �� lVZXa]ZXQ*
bd[]�iZXVa]^[Oa]*� lX]� UP]^h� ]b[V\VOX� ^aiX,
POaaOc� ZXPiUXiP]c*� _PO\ZXV^[RR� Z]b]c� ZiZ,
_OaTQj�pPQXP]`QX]^�^�_[VTWO���X]X�SVUX�iUV,
Td^VOX� aV� X]*� lX]*� W]\O[QPiR� XOlOaQO� UP],
^Q*�Z[O\iOX�ilQXd^VXh�ZXPiUXiPi�UP]^Q���QqO
_PQ^]\QXZR�QZZ[O\]^VaQO�WVXOWVXQlOZU]c�W],
\O[Q*� ilQXd^VjkOc� WQUP]ZXPiUXiPi� UP]^Q*
XOUikOc�^�i_Pim],\OS]PWQPiOWde�Z]Zi\Ve�
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�VZZWVXPQ^VOXZR�̂ RTUVR�qQ\U]ZXh�Z�aV_][,
aQXO[OW� QT� X^OP\de� lVZXQ`*� W]\O[QPijkVR
UP]^h�Z�ilOX]W�pPQXP]`QX]^���PO\_][VmVOXZR*
lX]� X^OP\dO� lVZXQ`d� PVZ_PO\O[Oad� ^�qQ\,
U]ZXQ�PV^a]WOPa]*�]bPVTiR�^�aOc�WQUP]ZXPiU,
XiPi�Z�WVZgXVb]W�, �'PQZ���)���O[QlQaV�, �ZlQ,
XVOXZR�WV[]c�_]�ZPV^aOaQj�Z�PVTWOPVWQ�]b,
[VZXQ�XOlOaQR�Q�]_PO\O[ROXZR�UVU�eVPVUXOP,
a]O� PVZZX]RaQO� WOq\i� Z]ZO\aQWQ� X^OP\dWQ
lVZXQ`VWQ�

��UVlOZX^O�PO][]mQlOZU]m]��iPV^aOaQR�ZPO,
\d�QZ_][hT]^Va]�iPV^aOaQO�Z]ZX]RaQR�[QaOc,
a],ZqQWVOW]c�^RTU]c�qQ\U]ZXQn



��1

��	��
�����*�	OPQR�SQTQUV*�WVXOWVXQUV*� �  �*�Y��

�� �� � � ���� 	�� ��� �� ��

�
� � . � � �δ µ

ρ
= − + = = '�)

m\O� ��� *� ��δ *� ��. �u�U]W_]aOaXd�XOaT]PV�aV_PR,
qOaQc*�O\QaQla]m]�XOaT]PV�Q�XOaT]PV�ZU]P],
ZXOc� \OS]PWV`Qc� Z]]X^OXZX^Oaa]z� � �u� mQ\,
P]\QaVWQlOZU]O� \V^[OaQOz� µ �u� \QaVWQlOZ,
UQc�U]pSSQ`QOaX�^RTU]ZXQz� ρ �u�_[]Xa]ZXhz
� �u�U]pSSQ`QOaX�ZqVXQR�

�[R�ilOXV�WQUP]ZXPiUXiPd�^^O\Oa�U]aOl,
a],PVTa]ZXadc�XOaT]P�ZU]P]ZXOc�\OS]PWV`Qc*
U]X]Pdc� eVPVUXOPQTiOX� UQaOWVXQlOZU]O� Z],
ZX]RaQO� _PO\ZXV^QXO[ha]m]� p[OWOaXV� ZPO\d*
QWOjkOm]� U]aOladO� PVTWOPd� , n
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�Z[Q�iZXPOWQXh� , �U�ai[j*�X]�^dPVqOaQR�'�)
\[R� ��. � _OPOe]\RX� ^� Z]]Xa]gOaQR��]gQ*� aO
ilQXd^VjkQO�WQUP]ZXPiUXiPi� ZPO\d*� U]m\V
[QaOcadO� PVTWOPd� _PO\ZXV^QXO[ha]m]� p[O,
WOaXV� bOZU]aOla]�WV[d�

�PV^aOaQR� \^QqOaQR�qQ\U]ZXQ� ^� aV_PR,
qOaQRe�^�\OUVPX]^]c�ZQZXOWO�U]]P\QaVX�QWO,
jX�^Q\n
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m\O� �$ �u�U]W_]aOaXd�^OUX]PV�_[]Xa]ZXQ�WVZ,
Z]^]c�ZQ[d�

�[R�TVWdUVaQR�ZQZXOWd�iPV^aOaQc�'�)*�'�)*
'0)�\]bV^QW�iPV^aOaQO�aOPVTPd^a]ZXQn
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��UVlOZX^O�_P]ZX]m]�_PQWOPV�XOlOaQR�WQU,
P]ZXPiUXiPa]c�qQ\U]ZXQ*� aQqO� PVZZW]XPOa]
iZXVa]^Q^gOOZR�[VWQaVPa]O�\^QqOaQO�̂ �UPim,
[]c�XPibO�
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�VZZW]XPQW�\^QqOaQO�QZZ[O\iOW]c�ZPO\d
^� UPim[]c� XPibO� s0t*� ^dT^Vaa]O� _]ZX]RaadW
aV�_P]QT^][ha]W�ilVZXUO�\[Qad�# �XPibd�mPV,
\QOaX]W�\V^[OaQR� ∂ ∂ = −∆� �� ' � # �'PQZ���)�

ϕ≡ ≡ =���� � �
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	^RTh�WOq\i� UVZVXO[hadW�aV_PRqOaQOW� 	'�
Q� ZU]P]ZXhj� \OS]PWV`QQ� Z� ilOX]W� ^O[QlQa
_]PR\UV� �, �_PO\ZXV^QW�^�^Q\On
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�PV^aOaQO� PV^a]^OZQR�qQ\U]m]� p[OWOaXV� ^
aV_PRqOaQRe�^�]ZOZQWWOXPQla]W�Z[ilVO�\VOX
]bdUa]^Oaa]O� \QSSOPOa`QV[ha]O� iPV^aOaQO
\[R� 	'� n
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aXOmPQP]^VaQO� '8)� \VOXn
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m\O�_]ZX]RaaVR�" �PV^aV�ai[j�^�ZQ[i�]mPVaQ,
lOaa]ZXQ�aV_PRqOaQR� 	'� �aV�]ZQ�XPibd�

�VUQW�]bPVT]W*�\QSSOPOa`QV[ha]O�iPV^,
aOaQO�\[R�ZU]P]ZXQ�QWOOX�^Q\n

��*�� i�� 	eOWVXQlOZU]O� QT]bPVqOaQO� _PO\ZXV,
^QXO[ha]m]� p[OWOaXV� ZPO\d

��*������OlOaQO�^�UPim[]c�XPibO
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�[R�]_PO\O[OaQR�_]ZX]Raade� �" * �" * 	" �\]ZXV,
X]la]� XPOe� mPVaQlade� iZ[]^Qc*� ^� UVlOZX^O
U]X]Pde� ^]ThWOW�u�iZ[]^QO� _PQ[Q_VaQR� aV
mPVaQ`O*�iZ[]^QO�ZQWWOXPQQ�\^QqOaQR�]Xa],
ZQXO[ha]� ]ZQ� XPibd� Q� iZ[]^QO� Z]^_V\OaQR
ZU]P]ZXQ�qQ\U]ZXQ�Z]�ZU]P]ZXhj�X^OP\de�lV,
ZXQ`�_PQ�Qe�UVlOaQQ�_]�ZXOaUO�XPibdn
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\de�lVZXQ`�


Ze]\R� QT� '��)u'�0)*� aVc\OW� ^dPVqOaQO
\[R�ZU]P]ZXQn
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�dPVqOaQO� '��)�\[R�ZU]P]ZXQ�ZPO\d�^�UPim,
[]c� XPibO� _PQ� �, → � \VOX� PVZ_PO\O[OaQO
�iVTOc[R�ZU]P]ZXQ�_P]\][ha]m]�XOlOaQR�]bdl,
a]c� 'bOT� WQUP]ZXPiUXiPd)�qQ\U]ZXQ�� �VlO,
ZX^Oaa]O�ZPV^aOaQO�^[QRaQR�aV_][aQXO[R�aV
ZU]P]ZXh� XOlOaQR�qQ\U]ZXQ� ^� UPim[]c� XPibO
Z[O\iOX�QT�mPVSQU]^*�_]ZXP]Oaade�^�bOTPVT,
WOPa]W� ^Q\O� \[R� Z[ilVO^� ]bdla]c� ^RTU]c
qQ\U]ZXQ�Q�qQ\U]ZXQ�Z�ilOX]W�aV_][aQXO[R
'PQZ���)�

�PQ^O\OW� ^dPVqOaQO� \[R� PVZe]\V� PVZ,
ZWVXPQ^VOW]c�ZPO\d�^�UPim[]W�ZOlOaQQ�XPi,
bdn

     −    ∆      = + +         +       
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	]^WOZXa]O� \^QqOaQO�qQ\U]ZXQ� ^� Z]Zi\O
Q� ZXOa]U� Z]Zi\V� ]_QZd^VjXZR� iPV^aOaQRWQ
XQ_V��V^hOy	X]UZV*�aOPVTPd^a]ZXQ�Q�\^QqO,
aQR�ZXOaUQ�Z]Zi\V�^�`Q[Qa\PQlOZUQe�U]]P\Q,
aVXVe*�U]X]PdO�Z^RTVad�WOq\i�Z]b]c�Z]^WO,
ZXadWQ�mPVaQladWQ�iZ[]^QRWQ��	S]PWi[QPi,
OW�Z]^WOZXadO�iPV^aOaQR�\^QqOaQR�^�bOTPVT,
WOPa]W�^Q\O�s5u8t���[R�pXQe�iPV^aOaQc�^^O,
\OW� Z[O\ijkQO� eVPVUXOPadO� ^O[QlQadn

µ µρ ρ

∗ ∗

∗ ∗

= = = =

= = =
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' ' 	 	
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#

# # � # �

 
 � �
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'�5)

m\O� # �Q� � �u�eVPVUXOPadO�\[QaV�Q�PV\QiZ
Z]Zi\Vz� �" �u�ZU]P]ZXh�T^iUV�̂ �qQ\U]ZXQz��∗ u
eVPVUXOPaVR�]ZO^VR�ZU]P]ZXh*�
 �u�^POWR���V,
PVUXOPaVR� ZU]P]ZXh� _]_OPOla]m]� \^QqOaQR

� ��� � #∗ �_][ilOaV�QZe]\R�QT�X]m]*�lX]�eVPVU,
XOPa]O� ^POWR� �� ∗ � iZXVa]^[OaQR� _]_OPOla]m]
\^QqOaQR�Z^RTVa]�Z�Z]]X^OXZX^ijkQW�^POWO,
aOW�iZXVa]^[OaQR�_P]\][ha]m]�\^QqOaQR�Z],
]Xa]gOaQOW� �� #� � � #∗ ∗= �

��*��g���[QRaQO�WQUP]ZXPiUXiPd�aV�ZU]P]ZXh
XOlOaQR�^RTU]c��qQ\U]ZXQ�^�UPim[]c�XPibO
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�iZXh��∗ �u�eVPVUXOPa]O�PV\QV[ha]O�ZWO,
kOaQO�ZXOaUQ�Z]Zi\V*�% �u�X][kQaV�ZXOaUQ�
�^O\OW� Z[O\ijkQO� bOTPVTWOPadO� _OPOWOa,
adO�\[R�iPV^aOaQc�\^QqOaQR�WVXOPQV[V�ZXOa,
UQ�Z]Zi\Vn

λ µ
ρ
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'�8)

m\O� 	� *� '� �u�PV\QV[ha]O�Q�]ZO^]O�ZWOkOaQO
ZXOaUQz� �λ *� �µ �u� _VPVWOXPd� �VWOz� )ρ �u
_[]Xa]ZXh�WVXOPQV[V�ZXOaUQ�Z]Zi\V�

	� ilOX]W� '�5)� iPV^aOaQR� \^QqOaQR�qQ\,
U]ZXQ�QWOjX�^Q\n

 ∂ ∂ ∂+ + = ∂ ∂ ∂ 
 ∂ ∂ ∂= − + + + + ∂ ∂ ∂ 

   ∂ ∂+ + + + −   ∂ ∂ ∂   
    ∂− + + + +    ∂   
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ρ δ α δ α δ α

λ δ δ
µ

λ λδ δ
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λ λδ δ β
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δ β ∂+ +
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λ δ β δ β
µ

 ∂ ∂ ∂+ + = ∂ ∂ ∂ 
 ∂ ∂ ∂= − + + + + ∂ ∂ ∂ 

   ∂ ∂ ∂+ + + + + +   ∂ ∂ ∂ ∂   
  ∂ ∂+ + + +  ∂ ∂ 

∂+
∂

� �� � �
� � �

� � �

� �
�� � �

� �
� � �

�
	 	� � �

� � � � � �

� �
� � �� �

� �
� �

�
	 � �

�

� �
� �

�
�

�

' ' '
	 '

' '

	 ' 	

' '

	

� � �
� �


 	 '

� � �

' 	 '

� � �

	 ' 	 	 	 '

� �

	 '

�

	

ρ α δα α

λ δ
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'�6)

�PV^aOaQO� aOPVTPd^a]ZXQn
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ρ δα ρ α ρ∂ ∂ ∂+ + =

∂ ∂ ∂
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'� )

�[R�iPV^aOaQc�\OS]PWQP]^VaQR�ZXOa]U�Z]Zi,
\V�_][ilQWn

∂ ∂ ∂ − + + − +  ∂ ∂ ∂ ∂ 
∂ ∂+ =
∂ ∂

 ∂ ∂ ∂ − + + +   ∂ ∂ ∂ ∂   
 ∂ ∂ ∂+ + = ∂ ∂ ∂ 
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δγ

δ δ

δ δ γ

γ δ γ

'��)

m\O� �% �γ = *� �� #δ = *� ��� "α ∗= *� �
� � )+ µ ρ= �

�PVaQladO�iZ[]^QR�aV�^aiXPOaaOc�ZXOaUO
Z]Zi\V�'_PQ� ε == +� � � �

� 	 	
	 � )*�^�U]X]Pde�aV_PR,

qOaQR�^dPVqOad�lOPOT�_OPOWOkOaQR�Z]�ZX],
P]ad� ZXOaUQ� Q� lOPOT� ZU]P]ZXQ� Z]� ZX]P]ad
qQ\U]ZXQ*� XVUqO� TV_QgOW� ^� bOTPVTWOPa]W
^Q\On

λ δγ
µ

λ λδ δ δ
µ µ

λ λδ β δ β
µ µ

 ∂ ∂ ∂+ + + = ∂ ∂ ∂ 
    ∂ ∂= − + + + + +    ∂ ∂   

   ∂ ∂+ + +    ∂ ∂   
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γ δ

δ δ δ β δβ
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m\O� µ µ∗ ∗= ��- � # � � *� �� �ε ∗= �

�V�^aiXPOaaOc�mPVaQ`O�XVUqO�QWOjX�WO,
ZX]�UQaOWVXQlOZUQO�iZ[]^QR�Z]^_V\OaQR�\^Q,
qOaQR�qQ\U]ZXQ�Q�ZXOaUQ�Z]Zi\Vn

δα ε α δεγ∂ ∂= =
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�PVaQladO�iZ[]^QR�aV�^aOgaOc�ZXOaUO�Z]Zi,
\V�'_PQ� γγ ε = += + +� � � �

� 	 	
	 � )�QWOjX�^Q\n

 ∂ ∂ ∂+ + + = ∂ ∂ ∂ 
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∂ ∂+ =
∂ ∂

� �

� �

�
' 	� �

	 '
γ δ '�0)

�VWOXQW*� lX]� ^� _][ilOaade� iPV^aOaQRe� ^O,
[QlQad� δ *�α *� β �Q� ε �ZlQXVjXZR�WV[dWQ�_]
ZPV^aOaQj�Z�O\QaQ`Oc���[R�POgOaQR�Z]^WOZX,
a]c� ZQZXOWd�iPV^aOaQc� \^QqOaQR�qQ\U]ZXQ
Q� ZXOa]U� Z]Zi\V� aO]be]\QW]� \]bV^QXh� OkO
mPVaQladO� iZ[]^QR� aV� X]P`Ve� �' = *� ' #= *
U]X]PdO� ]_PO\O[RjXZR� QZe]\R� QT� eVPVUXOPV
U]aUPOXa]c�TV\VlQ���VlV[hadO�iZ[]^QR�Z]ZX],
RX� ^� TV\VaQQ� ZU]P]ZXQ� \^QqOaQR�qQ\U]ZXQ*
\V^[OaQR�Q�_OPOWOkOaQR�ZXOa]U�Z]Zi\V�^�aV,
lV[hadc�W]WOaX�^POWOaQ��	�X]lUQ�TPOaQR�ZQ,
ZXOW�iPV^aOaQc�^�lVZXade�_P]QT^]\ade�iPV^,
aOaQR�'�6)u'��)�R^[RjXZR�ZikOZX^Oaa]�aO[Q,
aOcadWQ*� _]pX]Wi� VaV[QXQlOZU]O� Qe� POgO,
aQO� aO� _PO\ZXV^[ROXZR� ^]TW]qadW�� �[R� _],
ZXP]OaQR� _PQb[QqOaa]m]� POgOaQR� VaV[QXQ,
lOZUQW� Z_]Z]b]W*� ^]Z_][hTiOWZR� V__VPVX]W
XO]PQQ�WV[]m]� _VPVWOXPV�

"��
'A?D��"'�E�
Q�?D�B
AD"�'�"��$	?D"�D��?��A�B

�][VmVR�WV[dWQ�_VPVWOXPd�δ *�α *� β �Q� ε
_P]^O\OW�QZZ[O\]^VaQO�]bkOc�TV\VlQ�^�ai[O,
^]W�Q�_OP^]W�_PQb[QqOaQRe�s5t�

�U��JI��K
� ��h�M��G�	lQXVR�^�iPV^aO,
aQRe�'�6)u'�0)�PV^adWQ�ai[j�^ZO�l[Oad*�Z],
\OPqVkQO� iUVTVaadO� _VPVWOXPd*� _][ilQW
Z]]X^OXZX^Oaa]n
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_PQ� � �	 = n

  ∂ ∂+ + = − =  ∂ ∂ 
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'�8)

_PQ� � �	 γ= + n

  ∂ ∂+ + = =  ∂ ∂ 
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'�6)

��ai[O^]W�_PQb[QqOaQQ�qQ\U]ZXh�\^QqOXZR
^�_P]\][ha]W�aV_PV^[OaQQ� �

� �'� ≠ �� �V^[OaQO
aO�QTWOaROXZR�_]�PV\QiZi*�V�TV^QZQX�]X� �' �Q

�
 z�_[]Xa]ZXh�qQ\U]ZXQ�_]ZX]RaaV�_]�^POWO,
aQ���[R�Z[ilVR�TV\VaQR�^�ZOlOaQQ�mPV\QOaXV
\V^[OaQR� ∂ ∂ = −∆�

� �� �� ' � # � _][O� ZU]P]ZXOc
WOaROXZR�_]� �	 �XVU�qO�UVU�^�XOlOaQQ��iVTOc,
[R�'ZW��PQZ���)�

∆= −
�

� �
� � �� � 
� �
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� 	 	

#µ
'� )

��PVZZWVXPQ^VOW]W�U^VTQZXVXQlOZU]W�_PQb[Q,
qOaQQ� �δ = *� �α = �ilOX�^O[QlQa�_]PR\UV� �β
_PQ^]\QX� U� _][ilOaa]Wi� PVaOO� PVZ_PO\O[O,
aQj�'��)�ZU]P]ZXQ�^�ZOlOaQQ�Z]Zi\Vn

=

   
−   ∆     = − +    

+    
     
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m\O� � �
 
 �= �
�� ai[O^]W� _PQb[QqOaQQ� ZXOaUV� Z]Zi\V

\OS]PWQPiOXZR�Z[O\ijkQW�]bPVT]W���P]\][h,
a]O� _OPOWOkOaQO� ]_PO\O[ROXZR� POgOaQOW
^X]P]m]�QT�iPV^aOaQc�'�5)n

= +� �
� �
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'��)

_PQ� mPVaQlade� iZ[]^QRe� '�8)u'�6)� XVU*� lX]

� �" = �Q� �
�'� " *���
= = ���VUQW�]bPVT]W*�̂ �_P],

\][ha]W�aV_PV^[OaQQ� ZXOaUV� Z]Zi\V�Q[Q�_],
U]QXZR� =� ��" � Q[Q�_OPOWOkVOXZR�UVU�qOZX,
U]O� `O[]O�� �X]X�SVUX� Z]]X^OXZX^iOX� QT^OZX,
a]c� mQ_]XOTO� _[]ZUQe� ZOlOaQc*� Z]m[VZa]� U],
X]P]c�ZXOaUQ�Z]Zi\V�^�aOU]X]P]W�ZOlOaQQ�PVZ,
gQPRjXZR�Q[Q�ZqQWVjXZR�^�PV\QV[ha]W�aV,
_PV^[OaQQ� aOTV^QZQW]� ]X� Z]ZO\aQe� ZOlOaQc�
��PV\QV[ha]W�aV_PV^[OaQQ�ZXOaUQ�Z]Zi\V�_O,
POWOkVjXZR�U^VTQZXVXQlOZUQ�_]�TVU]ai*�]_PO,
\O[ROW]Wi�POgOaQOW�_OP^]m]�QT�iPV^aOaQc�'�5)n

= +� �
� � �

�
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"
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'��)

lX]� _]T^][ROX� ^dlQZ[QXh� QTWOaOaQO� ]brOWV
p[OWOaXV�Z]Zi\V�^�aOU]X]P]W�ZOlOaQQ�TV�ZlOX
Wma]^Oaa]� _PQ[]qOaa]m]� \V^[OaQR� �

�� �
E�
JI�� K
� ��h�M��G� �� _OP^]W� _PQb[Q,

qOaQQ�QZZ[O\]^VaQO�Z]^WOZXa]c�aOZXV`Q]aVP,
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a]c�TV\VlQ�XOlOaQR�qQ\U]ZXQ�Z�ilOX]W�WQU,
P]ZXPiUXiPd�^�i_Pim],\OS]PWQPiOW]W�Z]Zi,
\O�_PQ^]\QX�U�ZQZXOWO�iPV^aOaQc�^�lVZXade
_P]QT^]\ade� _]� �
 *� �	 *� �' � \[R� \V^[OaQR� Q
U]W_]aOaX�ZU]P]ZXQn
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ρ δα ρ α ρ '��)

V�XVUqO�\[R�U]W_]aOaX�_OPOWOkOaQR�ZXOa]U
Z]Zi\Vn
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� � � �
� � �

� �
� � � �

�
��	 	 	� � �

	 	 	 	

 ∂ ∂ − + +   ∂ ∂ ∂   
 ∂ ∂+ + = ∂ ∂ 
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δ

γ
'�1)

�PQ�ilOXO�mPVaQlade�iZ[]^Qc�_PQ� � �	 = �Q

� �	 γ= + �aO]be]\QW]�_PQaQWVXh�^]�^aQWVaQO
]bkQc�_]PR\]U�X]la]ZXQ�^dlQZ[OaQc�^�iPV^,
aOaQRe*�lX]�_PQ^]\QX�U�ilOXi�mPVaQlade�iZ,
[]^Qc�^�ai[O^]W�_PQb[QqOaQQ����ZVW]W�\O[On

+ = + + + + =

∂= + + +
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δξ δξ δ δξ δ

δξ δ δ

'�5)


T�'�1)�Z[O\iOX*�lX]�^�_OP^]W�_PQb[QqO,
aQQ�ZXOaUV�Z]Zi\V�\OS]PWQPiOXZR�^�PV\QV[h,
a]W� aV_PV^[OaQQ� U^VTQZXVXQlOZUQ*� UVU� Q� ^
ai[O^]W�_PQb[QqOaQQ����_P]\][ha]W�aV_PV^,
[OaQQ�_]R^[ROXZR� _OPOWOkOaQO� �

�'� *� ]_PO\O,
[ROW]O�PVZ_PO\O[OaQOW�\V^[OaQR� �

� �� �� ' �Q�aO
TV^QZRkOO� ]X� PV\QiZV� �	 �� �VUQW� ]bPVT]W*� ^
_OP^]W� _PQb[QqOaQQ� _]� δ *� �β � \[R� \OS]P,
WQP]^VaQR�ZXOa]U�Z]Zi\V�^d_][aROXZR�U^VTQ,
ZXVXQlOZUVR�mQ_]XOTV�_[]ZUQe�ZOlOaQc*�Q�XOW
ZVWdW� mPVaQladO� iZ[]^QR� \[R� ZU]P]ZXQ� XO,

lOaQR�qQ\U]ZXQ�_PQaQWVOX�^Q\�iZ[]^Qc�_PQ,
[Q_VaQRn
_PQ� � �	 = n

= =��� �
� ��� ��	 '� � * '�8)

�[R�QZZ[O\]^VaQR�_][R�ZU]P]ZXOc� �
�	� *� �

�'�
XOlOaQR�qQ\U]ZXQ� ^� Z]Zi\O�i_P]ZXQW� ZQZXO,
Wi� iPV^aOaQc� '�0),'��)� _iXOW� OO� ]ZPO\aOaQR
_]� _[]kV\Q� _]_OPOla]m]� ZOlOaQR�� �[R� pX]m]
_P]QaXOmPQPiOW� iUVTVaadO� iPV^aOaQR� _]� �	
^� _PO\O[Ve� ]X� ai[R� \]� O\QaQ`d�� �O\i`QP],
^VaaVR�ZQZXOWV�iPV^aOaQc�QWOOX�^Q\n
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 ∂ ∂ ∂Λ− = + +  ∂ ∂ ∂ 
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m\O� = �/ � *� = �� �π �u�_[]kV\h�_]_OPOla]m]
ZOlOaQRz�) �u�ZPO\aRR�_]�ZOlOaQj�ZU]P]ZXhn
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�
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 � 	 ' 
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=� )�ρ �u�WVZZ]^dc�PVZe]\�^�ZOlOaQQz�Λ �u
U]pSSQ`QOaX� mQ\PV^[QlOZU]m]� Z]_P]XQ^[O,
aQRz� * �u�ZU]P]ZXh�PVZ_P]ZXPVaOaQR�_i[hZ],
^de�^][a�^�Z]Zi\O�

	QZXOWV� iPV^aOaQc� ^� lVZXade� _P]QT^]\,
ade�'�6)�\[R�\V^[OaQR� �

�� �qQ\U]ZXQ�^�Z]Zi\O
Q�WVZZ]^]m]�PVZe]\V� �

�� �QWOOX�mQ_OPb][QlOZ,
UQc� XQ_� Q� \]_iZUVOX� PVZ_P]ZXPVaOaQO� ^][a
PVZgQPOaQR,ZqVXQR� Z]Zi\]^�

= + + −�
� � � � � � �� � � �
� � ' *
 � ' *
 '0 )
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