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�]�Wa]mQe�PVT\O[Ve�aViUQ�Q�XOeaQUQ�VU,
XiV[haV�TV\VlV�QTWOPOaQR�']`OaUQ)�_VPVWOX,
P]^�ZQmaV[]^*�QZUVqOaade�Z[ilVcadWQ�_]WO,
eVWQ�� �V_PQWOP*� TV\VlV� ]`OaUQ� _VPVWOXP]^
ZQmaV[]^�^]TaQUVOX�^�PV\Q]SQTQUO*�PV\Q]VZ,
XP]a]WQQ*�mQ\P]VUiZXQUO*�ZOcZW][]mQQ�Q�mO],
[]mQQ*�V�XVUqO�^�PVT[Qlade�_PQ[]qOaQRe�PV,
\Q]p[OUXP]aQUQ�u�^�PV\Q][]UV`QQ�Q�PV\Q],
aV^QmV`QQ*� ^� PV\Q]Z^RTQ*� PV\Q]i_PV^[OaQQ*
XO[OWOXPQQ*� ^� XOeaQlOZU]c�\QVma]ZXQUO*� _PQ
i_PV^[OaQQ�_P]QT^]\ZX^OaadWQ�_P]`OZZVWQ�Q
\P���\aQW�QT�aVQb][OO�U]aZXPiUXQ^ade�WOX],
\]^� ZQaXOTV� V[m]PQXW]^� ]`OaUQ� _VPVWOXP]^
ZQmaV[]^�aV�S]aO�_]WOe�R^[ROXZR�WOX]\�-�+6
*�-�%&!���� ����� �����#�s�u0t���PQWOaOaQO
WOX]\V�WVUZQWV[ha]m]� _PV^\]_]\]bQR� _]T^],
[RX� _][ilQXh� ]Xa]ZQXO[ha]� _P]ZXdO� Q� ^OZh,
WV�pSSOUXQ^adO�V[m]PQXWd�]`OaUQ�_VPVWOX,
P]^� ZQmaV[]^*� XPObijkQO� WQaQWV[ha]m]� U],
[QlOZX^V� V_PQ]Pa]c� QaS]PWV`QQ�� �\aVU]*
]U]alVXO[hadc�^d^]\�]�^]TW]qa]ZXQ�QZ_][h,
T]^VaQR�]`Oa]U�WVUZQWV[ha]m]�_PV^\]_]\]bQR
^� PVT[Qlade� _PQ[]qOaQRe� W]qa]� Z\O[VXh
[Qgh�aV�]Za]^O�QZZ[O\]^VaQR�eVPVUXOPQZXQU
]`Oa]U�� �]pX]Wi� ^Vqa]O� TaVlOaQO� _PQ]bPO,
XVjX� WOX]\d� PVZlOXV� eVPVUXOPQZXQU� ]`Oa]U
_VPVWOXP]^�ZQmaV[]^*�^�X]W�lQZ[O�Q�Z]^WOZX,
ade� ]`Oa]U�WVUZQWV[ha]m]� _PV^\]_]\]bQR�

"O[OZ]]bPVTa]ZXh� _PQWOaOaQR� XOe� Q[Q
Qade�WOX]\]^�PVZlOXV�eVPVUXOPQZXQU�Z]^WOZ,
Xade�]`Oa]U�_VPVWOXP]^�ZQmaV[]^�ZikOZX^Oa,
a]�TV^QZQX�]X�VaV[QXQlOZUQe�Z^]cZX^�POgVj,
kOc�ZXVXQZXQUQ�QZZ[O\iOW]m]�V[m]PQXWV�]`Oa,

UQ�� �� lVZXa]ZXQ*� _PQ� QZZ[O\]^VaQQ� X]la]ZXQ
]`Oa]U�WVUZQWV[ha]m]� _PV^\]_]\]bQR� '���)
ZikOZX^OaadW�R^[ROXZR�Z^]cZX^]�POmi[RPa],
ZXQ� POgVjkOc� ZXVXQZXQUQ� V[m]PQXWV� ]`Oa,
UQ u� []mVPQSWV� SiaU`Q]aV[V� ]Xa]gOaQR
_PV^\]_]\]bQR�'���)�UVU�SiaU`QQ�]`OaQ^V,
OWde�_VPVWOXP]^� ZQmaV[V� s0u5�Q�\P�t�� �ViZ,
Z]^ZUQc�[]mVPQSW�����R^[ROXZR�POmi[RPadW
_]� TV\Vaa]Wi� _VPVWOXPi*� OZ[Q� ZikOZX^ijX*
_]� UPVcaOc�WOPO*� aO_POPd^adO� ^X]PdO� _P],
QT^]\adO� _OP^de� \^ie�W]WOaX]^� []mVPQSWV
���*�^TRXdO�_]�pX]Wi�_VPVWOXPi�s0u5t���V,
PVWOXPd� ZQmaV[V*� \[R� U]X]Pde� iUVTVaadO
iZ[]^QR�POmi[RPa]ZXQ�^d_][aRjXZR*�aVTd^V,
jX�POmi[RPadWQ�s1*�5t��
Z_][hTiR�WOX]\�WV,
[]m]� _VPVWOXPV� '��)� s�*� 0*� 1t*� W]qa]� aVcXQ
VZQW_X]XQlOZUQ�X]ladO�'Z�P]ZX]W�]Xa]gOaQR
ZQmaV[�giW� '�	4))� ^dPVqOaQR� \[R� eVPVU,
XOPQZXQU� *��-"*�!���1�4��"�(%#�!���  �6
��-"����� ZQmaV[V*� aVb[j\VOW]m]� aV� S]aO
_]WOe�

�\aVU]*� ZikOZX^iOX�gQP]UQc� U[VZZ� ZQm,
aV[]^*�aVTd^VOWde�PVTPd^adWQ�s�u5t�Q[Q�aO,
VaV[QXQlOZUQWQ� s8t�� �Z[]^QR� POmi[RPa]ZXQ
[]mVPQSWV����� _]� aOU]X]PdW� _VPVWOXPVW
PVTPd^ade� ZQmaV[]^� aO� ^d_][aRjXZR�� �VUQO
_VPVWOXPd*�Z[O\iR�s5*�6t*�bi\OW�aVTd^VXh�PVT,
Pd^adWQ���P]ZXOcgQWQ� _PQWOPVWQ� PVTPd^,
ade� _VPVWOXP]^� R^[RjXZR� ^POWR� _PQe]\V� Q
\[QXO[ha]ZXh� _PRW]im][hade� ^Q\O],� Q� PV,
\Q]QW_i[hZ]^*� lVZX]XV� iTU]_][]Za]m]� PV\Q],
ZQmaV[V�Z�PV^a]WOPadW�^�]mPVaQlOaa]c�_][],
ZO�lVZX]X�Z_OUXP]W*�^POWR�TV\OPqUQ�aOU]X],
Pde�\QZUPOXade� Z[]qade� ZQmaV[]^�Q� \P�� s5*
8*�� *���t���OX]\����s�*�0*�1t�aO[hTR�QZ_][h,
T]^VXh�\[R�aVe]q\OaQR�eVPVUXOPQZXQU����
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�VZZW]XPOad�VZQW_X]XQlOZUQO�WOX]\d�^dlQZ[OaQR�eVPVUXOPQZXQU�]`Oa]U�WVUZQWV[h,
a]m]�_PV^\]_]\]bQR�_PQ�PVT[Qlade�iZ[]^QRe�POmi[RPa]ZXQ�POgVjkOc�ZXVXQZXQUQ���V�]Z,
a]^O� V\\QXQ^a],Wi[hXQ_[QUVXQ^a]m]� _PO\ZXV^[OaQR�W]WOaX]^�POgVjkOc� ZXVXQZXQUQ�_],
[ilOad�]bkQO�VZQW_X]XQlOZUQO�^dPVqOaQR�\[R�eVPVUXOPQZXQU�Z]^WOZXade�]`Oa]U�_VPV,
WOXP]^�ZQmaV[V�_PQ�lVZXQla]W�Q[Q�_][a]W�aVPigOaQQ�iZ[]^Qc�POmi[RPa]ZXQ�

���PQ^O\OaadO�POTi[hXVXd�_][ilOad�_PQ�_]\\OPq,
UO�%/CA�Q��Qa]bPVT]^VaQR����'_P]OUX�FJ, � , )�
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PVTPd^ade� _VPVWOXP]^*� XVU� UVU� iUVTVaadc
WOX]\�_PO\_][VmVOX�POmi[RPa]ZXh�[]mVPQSWV
�������_P]XQ^a]W�Z[ilVO�_][ilVOW*�aV_PQ,
WOP*�ai[O^]O�TaVlOaQO�\QZ_OPZQQ�]`OaUQ�PVT,
Pd^a]m]� _VPVWOXPV� Q� \PimQO� aOU]PPOUXadO
POTi[hXVXd�

�[R� PVZlOXV� VZQW_X]XQlOZUQ� X]lade� 'Z
P]ZX]W��	4)�^dPVqOaQc�\[R�eVPVUXOPQZXQU
1�4� ������!����  ���-"���� ZQmaV[V� ^� s1
'_� ���)*� 5� 'm[�� 1)t�_PO\[]qOa�WOX]\�[]UV[ha],
WVPU]^ZU]c�V__P]UZQWV`QQ�'���)��
\OR�WO,
X]\V�����Z^]\QXZR�U�V__P]UZQWV`QQ�[]mVPQS,
WV�����Q[Q�Om]�_PQPVkOaQc�WVPU]^ZUQW�Q[Q
[]UV[ha],WVPU]^ZUQW� Z[ilVcadW� _P]`OZZ]W�
�]Z[O\ijkOO�QZ_][hT]^VaQO�WVXOWVXQlOZU],
m]� V__VPVXV� XO]PQQ� WVPU]^ZUQe� _P]`OZZ]^
_]T^][ROX� _][ilQXh� VZQW_X]XQlOZUQ� X]ladO
^dPVqOaQR�\[R�eVPVUXOPQZXQU�����PVTPd^,
a]m]�_VPVWOXPV�ZQmaV[V���\aVU]*�WOX]\����
aO_]ZPO\ZX^Oaa]� _PQWOaQW� X][hU]� \[R� PVZ,
lOXV�eVPVUXOPQZXQU�1�4���!����������!���
 ���-"����*��!�%��_PQ�iZ[]^QQ*�lX]�]ZXV[h,
adO�_VPVWOXPd�V_PQ]PQ�QT^OZXad�

�V�_PVUXQUO�]bPVb]XUV�ZQmaV[]^�_P]QT^],
\QXZR*� UVU� _PV^Q[]*� ^� iZ[]^QRe� V_PQ]Pa]c
aO]_PO\O[Oaa]ZXQ*� U]m\V� UP]WO�QaS]PWVXQ^,
ade�_VPVWOXP]^� ZQmaV[V*� _]\[OqVkQe�]`Oa,
UO*� aOQT^OZXad�Q� \PimQO� 'aOQaS]PWVXQ^adO)
_VPVWOXPd���X]�_PQ^]\QX�U�aO]be]\QW]ZXQ�Z],
^WOZXa]m]�]`OaQ^VaQR�aOZU][hUQe�aOQT^OZXade
_VPVWOXP]^� ZQmaV[V*� aOU]X]PdO� QT� U]X]Pde
W]miX�bdXh�PVTPd^adWQ���OX]\�����s1*�5t�aO,
_PQWOaQW�\[R�PVZlOXV�eVPVUXOPQZXQU�Z]^WOZX,
ade�]`Oa]U�aOZU][hUQe�PVTPd^ade�_VPVWOXP] �̂

��s5*�6t�_PO\[]qOaV�WOX]\QUV�^dlQZ[OaQR
VZQW_X]XQlOZUQ�X]lade�'Z�P]ZX]W��	4)�^d,
PVqOaQc�\[R�eVPVUXOPQZXQU�*��-"*�!���1�4
��!����������!������!"*+�%&+����"�(%#�!��
 ���-"�������\aVU]�POTi[hXVXd� s5*� 6t� Z_PV,
^O\[Q^d�X][hU]�\[R�Z[ilVR�]`OaUQ�_VPVWOX,
P]^�U^VTQ\OXOPWQaQP]^Vaade�ZQmaV[]^���VPVU,
XOPQZXQUQ�Z]^WOZXade�]`Oa]U*�_][ilOaadO�^
pXQe� PVb]XVe� aO_PQWOaQWd� ^� b][OO� ]bkOW
Z[ilVO*� U]m\V� ]bPVbVXd^VOWdc� ZQmaV[� QWOOX
Z[ilVcaij� ZibZXPiUXiPi� s��t�� �P]WO� X]m]*
POTi[hXVXd�s5*�6t�aO_PQWOaQWd�Q�\[R�PVZlO,
XV�eVPVUXOPQZXQU�Z]^WOZXade�����aOZU][h,
UQe�PVTPd^ade�Q�aOZU][hUQe�POmi[RPade�_V,
PVWOXP]^�ZQmaV[V�

�VUQW� ]bPVT]W*� ]bkQO� WOX]\d� PVZlOXV
eVPVUXOPQZXQU�*��-"*�!���1�4�!"*+�%&+��
������!��� ���-"�����ZQmaV[V�^�aVZX]RkOO

^POWR� aO� QT^OZXad�� �O� ZikOZX^iOX� XVUqO
]bkQe�WOX]\]^�PVZlOXV�eVPVUXOPQZXQU�*��-"6
*�!���1�4�!"*+�%&+���������!�������!���
�%��!"*+�%&+����"�(%#�!��� ���-"�����ZQm,
aV[V���VPVUXOPQZXQUQ�Z]^WOZXade�]`Oa]U�aO,
ZU][hUQe�PVTPd^ade�Q�POmi[RPade�_VPVWOX,
P]^�_][ilOad�^�aVZX]RkOO�^POWR�X][hU]�\[R
aOU]X]Pde�lVZXade�_PQ[]qOaQc���XWOXQW�XVU,
qO*�lX]�WOX]\QUV�s5*�6t�^dlQZ[OaQR�eVPVUXO,
PQZXQU� Z]^WOZXade����� ]\a]m]� PVTPd^a]m]
Q�aOZU][hUQe�POmi[RPade�_VPVWOXP]^�XPObi,
OX�\V[haOcgOm]�]b]bkOaQR�aV�gQP]UQc�U[VZZ
ZQmaV[]^�Z]�Z[ilVca]c�ZibZXPiUXiP]c�s��t���ZO
pX]�TVXPi\aROX�VaV[QT�pSSOUXQ^a]ZXQ�PV\Q],
SQTQlOZUQe�QaS]PWV`Q]aade�ZQZXOW�Z�QZ_][h,
T]^VaQOW�PVTPd^ade�W]\O[Oc�ZQmaV[]^�

�UVTVaadO�XPi\a]ZXQ�_PQ�PVZlOXO�eVPVU,
XOPQZXQU�Z]^WOZXade�����PVTPd^ade�_VPV,
WOXP]^� ZQmaV[V�W]qa]� _PO]\][OXh*� OZ[Q�W],
WOaXd�[]mVPQSWV����*�UVU�SiaU`QQ�PVTPd^,
ade�_VPVWOXP]^�ZQmaV[V*�\]_iZUVjX��������6
!�6-(%&�� %�+����!�"�  �"�*���%"!�"�� �
pX]W� Z[ilVO�WVXOWVXQlOZU]O� ]qQ\VaQO*� U]P,
PO[R`Q]aaVR�SiaU`QR�Q�\PimQO�W]WOaXd�[],
mVPQSWV����� ^dPVqVjXZR� ^� ^Q\O� ZiWWd
U]aOla]m]�lQZ[V�Z[VmVOWde*�UVq\]O�QT�U]X],
Pde�R^[ROXZR�_P]QT^O\OaQOW�SiaU`Qc�X][h,
U]� ]\a]m]� _VPVWOXPV���]m\V� \[R� aVe]q\OaQR
VZQW_X]XQlOZUQ�X]lade�'Z�P]ZX]W��	4)�^d,
PVqOaQc�\[R�eVPVUXOPQZXQU�Z]^WOZXade����
PVTPd^ade� _VPVWOXP]^� ZQmaV[V� W]qa]� QZ,
_][hT]^VXh� PVZZWVXPQ^VOWdc� \V[OO� WOX]\
%�+�%&!�6�������!�,��  ��+*�-�3���'���)�
�OX]\�����_]T^][ROX�Z^OZXQ�TV\Vli�aVe]q,
\OaQR�eVPVUXOPQZXQU�*��-"*�!���]`Oa]U�PVT,
Pd^ade�_VPVWOXP]^�ZQmaV[V�U�b][OO�_P]ZX]c
TV\VlO�]XdZUVaQR�eVPVUXOPQZXQU�����"%&!��
]`Oa]U�Z]]X^OXZX^ijkQe�_VPVWOXP]^���PQ�pX]W
\[R� ^dlQZ[OaQR� eVPVUXOPQZXQU� PVT\O[hade
����PVTPd^ade�_VPVWOXP]^�ZQmaV[V�W]qa]*
Z�ilOX]W�aO]be]\QWde�]b]bkOaQc*�QZ_][hT],
^VXh�WOX]\�����


Z_][hT]^VaQO�WOX]\V�����XVUqO�_]T^],
[ROX�]b]bkQXh�WOX]\QUi�s5*�6t�̂ dlQZ[OaQR�eV,
PVUXOPQZXQU�Z]^WOZXade�����]\a]m]�PVTPd^,
a]m]�Q�aOZU][hUQe�POmi[RPade�_VPVWOXP]^�aV
Z[ilVc�*��-"*�!�����3"!���!�#� ������%&!���
)�*%��������!������"�(%#�!��� ���-"����
ZQmaV[V���[R�pX]m]�aO]be]\QW]*�lX]bd�W]WOa,
Xd� []mVPQSWV����*� UVU�SiaU`QQ� PVTPd^,
ade�_VPVWOXP]^�ZQmaV[V*�\]_iZUV[Q��������6
!�6-(%&�� %�+����!�"�  �"�*���%"!�"�
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�XWOXQW*�lX]�V\\QXQ^a],Wi[hXQ_[QUVXQ^,
a]O�_PO\ZXV^[OaQO�W]WOaX]^�[]mVPQSWV����
^]TW]qa]� \[R�gQP]U]m]� U[VZZV� _VPVWOXP]^
PVT[Qlade�SQTQlOZUQe� ZQmaV[]^���V_PQWOP*
_PQ�]`OaUO�_VPVWOXP]^�QW_i[hZV�Z�mViZZ]^Z,
U]c�Z[ilVca]c�ZibZXPiUXiP]c�s��t*�^ZXPOlVj,
kOm]ZR� ^� PV\Q]� Q� mQ\P][]UV`QQ*� ^� Z^RTQ*� ^
PV\Q]VZXP]a]WQQ�Q�\P�*� XVU]O�_PO\ZXV^[OaQO
W]WOaX]^�[]mVPQSWV�����]ZikOZX^[ROXZR�UVU
_]�^POWOaadW*�XVU�Q�_]�lVZX]XadW�_VPVWOX,
PVW�QW_i[hZV����pXQW�_VPVWOXPVW�]Xa]ZRXZR
^POWR� _PQe]\V*� \[QXO[ha]ZXh*� W]WOaXd� _],
R^[OaQR� Q� QZlOTa]^OaQR� QW_i[hZV*� V� XVUqO
`OaXPV[haVR�lVZX]XV�Q�gQPQaV�_][]Zd�lVZX]X
Z_OUXPV[ha]c� _[]Xa]ZXQ� Om]� Z[ilVca]c� Zib,
ZXPiUXiPd�

��_�(�\Vaa]c�PVb]Xd�aV�]Za]^O�WOX]\V���
s�*�0*�1t�_][ilOad�VZQW_X]XQlOZUQ�X]ladO� 'Z
P]ZX]W��	4)�^dPVqOaQR�\[R�eVPVUXOPQZXQU
Z]^WOZXade������"�(%#�!���_VPVWOXP]^�ZQm,
aV[V�� �� _�� ((� aV� ]Za]^O� _PO\[VmVOW]m]� T\OZh
WOX]\V����� Q� WOX]\V����� s1*� 5t� aVc\Oad
VZQW_X]XQlOZUQO�eVPVUXOPQZXQUQ�Z]^WOZXade
����������!���_VPVWOXP]^�ZQmaV[V�_PQ�aV,
[QlQQ� V\\QXQ^a],Wi[hXQ_[QUVXQ^a]m]� _PO\,
ZXV^[OaQR�W]WOaX]^�[]mVPQSWV��������_�(((
^d_][aOa]�]b]bkOaQO�_][ilOaade�POTi[hXV,
X]^�aV�Z[ilVc�Z]^WOZXade�����������!����
�"�(%#�!���  ���-"����� ZQmaV[V� _PQ� aV[Q,
lQQ�V\\QXQ^a],Wi[hXQ_[QUVXQ^a]m]�_PO\ZXV^,
[OaQR�W]WOaX]^�[]mVPQSWV�����_]�PVTPd^,
adW�_VPVWOXPVW�
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_VPVWOXP]^� ZQmaV[V�Q�[]UV[hadO

_PO\ZXV^[OaQR�W]WOaX]^�POgVjkOc
ZXVXQZXQUQ
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 Θ � aVb[j\VOXZR�aV�S]aO�giWV� 'Z[ilVc,
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 � 
= ⊗Θ �ZQm,

aV[V�Q�giWV���V�]Za]^O�POV[QTV`QQ�aVb[j\V,
OWde� \Vaade� �'D)� Q� QWOjkOcZR� V_PQ]Pa]c
QaS]PWV`QQ� aO]be]\QW]� QTWOPQXh� ']`OaQXh)
_VPVWOXPd� ��Θ *� ����
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	]m[VZa]� WOX]\i� WVUZQWV[ha]m]� _PV^\],
_]\]bQR� s�u0t*� \[R� _][ilOaQR� Z]^WOZXade
]`Oa]U� 'QTWOPOaQR)� J� aOQT^OZXade� _VPVWOX,
P]^�

��Θ *�
��Θ *�*�

�	Θ �Z[O\iOX�aV�]Za]^O�aVb[j,
\VOWde�\Vaade��'D)�S]PWQP]^VXh�SiaU`Q]aV[
]Xa]gOaQR� _PV^\]_]\]bQR� '���)� � �� Θ � Q[Q
[]mVPQSW����� � � ,� � �# �=Θ Θ �UVU�SiaU`QQ�J
]`OaQ^VOWde� _VPVWOXP]^� � �� � 


� 	= Θ Θ ΘΘ �
�]m\V� s�u1*� � t*� Z]^WOZXadO� ]`OaUQ� WVUZQ,
WV[ha]m]�_PV^\]_]\]bQR� ��Θ *� ��Θ *��* 	�Θ �_V,
PVWOXP]^� ��Θ *� ��Θ *��*� �	Θ �^dlQZ[RjXZR�UVU
U]]P\QaVXd�_][]qOaQR�VbZ][jXa]m]�'aVQb][h,
gOm])�WVUZQWiWV����� � �� � � � �


� �	� �≡ Θ Θ ΘΘ
Q[Q�[]mVPQSWV����� � �� � � � �


� �	# #≡ Θ Θ ΘΘ
^� _PO\O[Ve� V_PQ]Pa]c� ]b[VZXQ� TaVlOaQc

Θ∈ ℜΘ n

� � � �

� �

� � � 


� � �/- �0� � � �


� �

�/- �0� � � �


� �


� � 	� 	

	

�

#

Θ

Θ

∈ℜ

∈ℜ

Θ Θ Θ = Θ Θ Θ =

= Θ Θ Θ
Θ

Θ

'�V)

�OUX]P�Z]^WOZXade����� � �� � 


�� � � 	�= Θ Θ ΘΘ
_VPVWOXP]^� ZQmaV[V� W]qa]� TV_QZVXh� ^� ^Q\O
s�u0�Q�\P�t

�/- �0� � � �/- �0� � �
� � #
Θ Θ∈ℜ ∈ℜ

= =
Θ Θ

Θ Θ Θ '�b)

�dPVqOaQO� \[R����� '[]mVPQSWV����)
W]qa]�aVcXQ*�QZe]\R�QT�QT^OZXa]m]�^OP]RXa]ZX,
a]m]�'ZXVXQZXQlOZU]m])�]_QZVaQR�ZQmaV[V�Q�giWV�

�iZXh�QWOOXZR�^db]PUV� � �� � 


� �� � � �= *
� �� �� � 
= � QT�aVb[j\VOWde�\Vaade��'D)� ^�W],

WOaXd�^POWOaQ� �
 �= ∆ *�m\O� �� �∆ = �u�^PO,
WOaa]c�gVm� ^db]PUQ���b]TaVlQW� � �2 � Θ �u
iZ[]^aVR� _[]Xa]ZXh� ^OP]RXa]ZXQ� ^db]PUQ� �
_PQ� iZ[]^QQ*� lX]� ^OUX]P� aOQT^OZXade� _VPV,
WOXP]^� _PQaQWVOW]m]� ZQmaV[V� PV^Oa� Θ *� V

�� �2 � �u�_[]Xa]ZXh�^OP]RXa]ZXQ�^db]PUQ� �
_PQ�]XZiXZX^QQ�ZQmaV[V�^�aVb[j\VOWde�\Va,
ade���[]Xa]ZXh�̂ OP]RXa]ZXQ� � �2 � Θ *�PVZZWVX,
PQ^VOWVR� UVU�SiaU`QR�_VPVWOXPV� Θ *� aVTd,
^VOXZR�SiaU`QOc� _PV^\]_]\]bQR*� V� ]Xa]gO,
aQO� �� � � �� � �2 2Π = � �Θ Θ � aVTd^VOXZR� ]Xa],
gOaQOW�_PV^\]_]\]bQR�s�u0t�

�VZZW]XPQW�VaV[QT�ZQmaV[]^�^�aO_POPd^,
a]W�̂ POWOaQ*�U]m\V�]bPVbVXd^VOXZR�aO_POPd^,


*�- ����)"*+�"�����+�"��*��+��*��-"*�!����3"!�+� ���-"�����*��!�%�
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aVR� POV[QTV`QR� �'D)� aVb[j\VOWde� \Vaade�
�]m\V�^WOZX]�]Xa]gOaQR�_PV^\]_]\]bQR�^^],
\RX�_PO\O[

� �� �
� � ,�� � � ,�� 
 � �� � ���

� �

� 2 2
∆ → ∆ →

→∞ →∞

= Π = � �Θ Θ Θ '�)

^dlQZ[ROWdc� _PQ� _]ZX]Raa]W� TaVlOaQQ
� �∆ = ���iaU`Q]aV[� � �� Θ �'�)�aVTd^VjX�Sia,
U`Q]aV[]W�]Xa]gOaQR�_PV^\]_]\]bQR�'���)*
V� Om]� []mVPQSW� � � ,� � �# �=Θ Θ � R^[ROXZR� [],
mVPQSW]W������ 	]m[VZa]� ]_PO\O[OaQj� '�)*
���� � �� Θ �Q�[]mVPQSW����� � �# Θ �eVPVUXO,
PQTijX� _[]Xa]ZXh� ^OP]RXa]ZXQ� TaVlOaQc� Θ
_VPVWOXP]^�_PQaQWVOW]m]�ZQmaV[V�_PQ�TV\Va,
a]c�POV[QTV`QQ�aVb[j\VOWde�\Vaade��'D)�

7���+�"��*��+�� �"��/{",
*����*��+� ��%�����.-���14

�SSOUXQ^a]ZXh�����]_PO\O[ROXZR�ZXVXQ,
ZXQlOZUQWQ�Z^]cZX^VWQ�[]mVPQSWV�������PQ
VaV[QTO�eVPVUXOPQZXQU�����i\]ba]�_PO\ZXV,
^QXh� []mVPQSW����� ^� ^Q\O� ZiWWd� � �# =Θ

� � � �� �= +Θ Θ *� m\O� � � � �� #=Θ Θ �u� ZQmaV[h,
aVR�SiaU`QR� '\OXOPWQaQP]^VaaVR� Z]ZXV^[R,
jkVR)*� V� � � � � � �� # #= −Θ Θ Θ � u� giW]^VR
SiaU`QR� 'S[iUXiV`Q]aaVR� Z]ZXV^[RjkVR�[],
mVPQSWV����)���\OZh� � �]TaVlVOX�iZPO\aOaQO
_]�POV[QTV`QRW�aVb[j\VOWde�\Vaade�'_]�POV,
[QTV`QRW�[]mVPQSWV����)�_PQ�SQUZQP]^Va,
a]W� QZXQaa]W� TaVlOaQQ� � �� �� �� � 


� 	= Θ Θ ΘΘ
]`OaQ^VOWde�_VPVWOXP]^� ZQmaV[V� s0*� 1*� ��t�

�b]TaVlQW� ��� � ��� �= ΘΘ �u�^O[QlQaV�Vb,
Z][jXa]m]�WVUZQWiWV�ZQmaV[ha]c�SiaU`QQ�aV
QaXOP^V[O� Θ∈ ℜΘ *� V� � �

�� �� �σ = ΘΘ �u� \QZ,
_OPZQR� giW]^]c� SiaU`QQ� _PQ� �=Θ Θ �� �O
iWOahgVR� ]bka]ZXQ� POTi[hXVX]^� VaV[QTV*
ZlQXVOW*�lX]� ��� > ���lQXd^VR*�lX]�����Qa,
^VPQVaXaV�]Xa]ZQXO[ha]�a]PWQP]^UQ�[]mVPQS,
WV�����aV�_]ZX]Raaij�̂ O[QlQai*�̂ ^O\OW�a]P,
WQP]^Vaadc�[]mVPQSW����

�� � � �� �# # �=Θ Θ '�)

Q�_PO\ZXV^QW�Om]�^�^Q\O�ZiWWd

� � �� � � � � ��# � �ε= +Θ Θ Θ '0)

m\O� �� ��ε σ= *� V� �� � � �� �� � �=Θ Θ � Q� �� �� =Θ
� �� �� σ= Θ �u� ZQmaV[haVR� Q�giW]^VR�SiaU,

`QQ*� a]PWQP]^VaadO� XVU*� lX]� ���� � � �� =Θ *

�

�
�� � �� =Θ �

	[O\iR�s�u5*�6u���Q�\P�t�bi\OW�ZlQXVXh*
lX]�[]mVPQSW����� � �# Θ �R^[ROXZR�mViZZ]^Z,
UQW�Z[ilVcadW�_][OW�s��*��0t���]m\V�\[R�^d,
lQZ[OaQR�eVPVUXOPQZXQU�Z]^WOZXade�����'�)*

^� ZQ[i� mViZZ]^]ZXQ� []mVPQSWV����*� \]ZXV,
X]la]�]mPVaQlQXhZR�ilOX]W�_]^O\OaQR�_OP^de
\^ie�W]WOaX]^� []mVPQSWV�����u� ZQmaV[h,
a]c�SiaU`QQ� � �� Θ �Q�U]PO[R`Q]aa]c�SiaU`QQ

� � � �� � � � � � �� � �=Θ Θ Θ Θ � giW]^]c� SiaU`QQ
� �� Θ ���\OZh�]b]TaVlOa]� � �� � 


�� � � �	= Θ Θ ΘΘ *
���� = �� �WOZX]� SiaU`Qc� � �� Θ � Q� � �� � �� Θ Θ

W]qa]�PVZZWVXPQ^VXh�a]PWQP]^Vaaij�ZQmaV[h,
aij�SiaU`Qj� �� � � �� �� � �=Θ Θ �Q�U]PPO[R`Q]a,
aij� SiaU`Qj� � � �� � � �� � � � � � �� � �= =Θ Θ Θ Θ

�
� �� � �� �� σ= Θ Θ � a]PWQP]^Vaa]c� giW]^]c

SiaU`QQ�
�iZXh� ZQmaV[haVR�SiaU`QR� � �� Θ � 'Q*� Z[O,

\]^VXO[ha]*� �� �� Θ )�^�_PO\O[Ve�V_PQ]Pa]c�]b,
[VZXQ� Θ∈ ℜΘ �QWOOX�O\QaZX^Oaadc�WVUZQWiW
^�X]lUO� �=Θ Θ �QZXQaade�TaVlOaQc�]`OaQ^VO,
Wde� _VPVWOXP]^� ZQmaV[V*� XVU� lX]

�� � ��� �= >Θ �Q�X]lUV� �=Θ Θ �R^[ROXZR�^aiX,
POaaOc�X]lU]c�]b[VZXQ�]_PO\O[OaQR� Θℜ ��	lQ,
XVOW�XVUqO*�lX]�POV[QTV`QQ�giW]^]c�SiaU,
`QQ� � �� Θ � 'Q*� Z[O\]^VXO[ha]*� �� �� Θ )� aO_PO,
Pd^ad�Z�^OP]RXa]ZXhj�����V�_PVUXQUO�pXQ�iZ,
[]^QR�]bdla]�̂ d_][aRjXZR�s�u5*����Q�\P�t���]m\V
^de]\a]O�]Xa]gOaQO�ZQmaV[�giW�'�	4)�I��\[R
V[m]PQXWV�]`OaUQ�'�)�TV_QgOXZR�^�^Q\O�s0*�1t

�
� �� � � � � �� 
� �' � � � σ ε= = =Θ Θ '�)

�V� _PVUXQUO� [jb]O� iZXP]cZX^]� ]`OaUQ
`O[OZ]]bPVTa]� QZ_][hT]^VXh� X][hU]� ^� iZ[],
^QRe*�U]m\V�^de]\a]O��	4�^O[QU]*�lX]�]bOZ,
_OlQ^VOX�̂ dZ]Uij�pSSOUXQ^a]ZXh�]`Oa]U���PQ
pX]W� �	4� aV� ^e]\O� iZXP]cZX^V� ]bPVb]XUQ
W]qOX� bdXh�WV[]�� �V[OO� bi\OW� ZlQXVXh*� lX]
�	4� '�)� aVZX][hU]� ^O[QU]*� lX]� Va]WV[hadO
]gQbUQ�s0*1t�]XZiXZX^ijX�Q�\]ZXQmVOXZR���*�6
+�#� � �*�"����!�#���)!�*�&� ]`Oa]U� s0*� 1*
5t���PQ�pX]W����� �Θ �'�)�PVZ_][]qOad�^�WV,
[]c�]UPOZXa]ZXQ�X]lUQ� �=Θ Θ �WVUZQWiWV�ZQm,
aV[ha]c�SiaU`QQ*� V� _PQ� ' → ∞ � ]`OaUV� �Θ
Ze]\QXZR�U� �Θ �^�ZPO\aOU^V\PVXQlOZU]W�s0u1t�
�]m\V� \[R� ]_PO\O[OaQR� eVPVUXOPQZXQU����
'�)�\]ZXVX]la]�QZZ[O\]^VXh�_]^O\OaQO�ZQmaV[h,
a]c�SiaU`QQ� �� �� Θ �Q�U]PPO[R`Q]aa]c�SiaU,
`QQ� � � �� � �� Θ Θ � giW]^]c� SiaU`QQ� �� �� Θ � ^
-�%�,��+�"*�!�*���X]lUQ� �=Θ Θ *�_PQlOW�Z
P]ZX]W� �	4� I� ^O[QlQaV� pX]c� ]UPOZXa]ZXQ
iWOahgVOXZR�

�]aUPOXQTQPiOW����������� '^�WV[]c�]U,
POZXa]ZXQ�X]lUQ� �=Θ Θ )�������������������
���� ����� � ������ ��!���" ��#$%�_PQ
]`OaUO� _VPVWOXP]^� ZQmaV[V�� 	lQXVOW*� lX]
_VPVWOXPd� �Θ *� ����

�� 	= �R^[RjXZR���!�����


��4��
��.�!����
��������������
����������&"�
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�� �*� X�O�� W]WOaXd�[]mVPQSWV�����aO_PO,
Pd^a]� \QSSOPOa`QPiOWd� _]� pXQW� _VPVWOX,
PVW� s�*� 0*� 1*� 5*� 6t�� 	[O\]^VXO[ha]*� _PQ

�����

�
��� �� �
� 	

θδ
=

= Θ − Θ → � a]PWQP]^VaadO� ZQm,
aV[haVR�Q�giW]^VR�SiaU`QQ�_PO\ZXV^[RjXZR
^�^Q\O�PVT[]qOaQR�^�J6WOPadc�PR\��Oc[]PVn

��

�

�

�
� � �

� �

� �
�

�
� �

� �

� �

�
� �� � � ��

�

� � � �

�
� �� � � ��

�

	 	

�� � � � �
� �

	

� � �
�

	 	

�� � � � �
� �

�

� �

� � �

�

θ

θ

ο δ

ο δ

= =

=

= =

=

′′= + Θ − Θ Θ − Θ +

′= + Θ − Θ +

′′+ Θ − Θ Θ − Θ +

∑∑

∑

∑∑

Θ

Θ
'1)

m\O� � �ο δ �u�^O[QlQaV� b][hgOm]�_]PR\UV�WV,
[]ZXQ*�lOW� δ *

� �

� �

�

�

�

�

�� �
� �

� �

�

� �� � �� �

� �� � �� �

� �� 


�� � �

� �

�� � �

� � � �

� � � �

� �

=

=

=

= = ∂ ∂Θ ∂Θ

′= = ∂ ∂Θ

′′ = ∂ ∂Θ ∂Θ

Θ Θ

Θ Θ

Θ Θ

Θ Θ

Θ Θ

Θ
'5)

��'1)�ilXOa]*�lX]�ZQmaV[haVR�SiaU`QR� �� �� Θ
aO_POPd^a]� \QSSOPOa`QPiOWV� Q� \]ZXQmVOX
WVUZQWiWV� ^� X]lUO� �=Θ Θ *� _]pX]Wi� �� ′ =

� �
� �� ��� == ∂ ∂Θ =Θ ΘΘ ���]Z_][hT]^V^gQZh�'1)* aO,

XPi\a]� TV_QZVXh� Q� PVT[]qOaQO� U]PPO[R`Q]a,
a]c�SiaU`QQ� � � �� � � �� � � � � � �� � �=Θ Θ Θ Θ � _PQ

�θδ → �

����PQWOaOaQO�WOX]\V�WV[]m]�_VPVWOXPV
\[R�^dlQZ[OaQR�eVPVUXOPQZXQU�Z]^WOZXade

]`Oa]U�POmi[RPade�_VPVWOXP]^
�VZZW]XPQW�VZQW_X]XQlOZUQ�X]ladO�'Z�P],

ZX]W��	4� '�))� ^dPVqOaQR� \[R� eVPVUXOPQZ,
XQU� Z]^WOZXade����� '�)� POmi[RPade� _VPV,
WOXP]^� ��Θ *� ����

�� 	= �

�VU�UVU�POV[QTV`QQ�[]mVPQSWV����� � �# Θ
aO_POPd^a]� \QSSOPOa`QPiOWd� _]� _VPVWOX,
PVW� � ����

�� � 	Θ = *�X]�]`OaUQ� � ����

��� � 	Θ = �PO,
mi[RPade� _VPVWOXP]^� ZQmaV[V� W]qa]� aVcXQ
QT�POgOaQR�ZQZXOWd�iPV^aOaQc�_PV^\]_]\],
bQR�s�* 0* 1t

�� �� �� ����

� �
�

�# � 	
=

∂ ∂Θ = =
Θ Θ

Θ '8)

_PQ�^d_][aOaQQ�iZ[]^Qc� �

� �� �� �
��# =∂ ∂Θ <Θ ΘΘ *

����

�� 	= ��	�ilOX]W�'0)�ZQZXOWi�iPV^aOaQc�'8)
W]qa]�_OPO_QZVXh�^�^Q\O

� �
 � �� � �� � ��

����

� 

�� �� �

� 	

ε =∂ ∂Θ + ∂ ∂Θ =

=
Θ ΘΘ Θ

'6)

�PQb[QqOaa]O� POgOaQO� ZQZXOWd� iPV^aO,
aQc�'6)�_PQ�b][hgQe��	4�I�'�)�W]qa]�aVcXQ

WOX]\]W�WV[]m]�_VPVWOXPV�'��)�s�*�0*�1t���l,
XOW*�lX]�ZQmaV[haVR�SiaU`QR� �� �� Θ �\]ZXQmV,
OX� WVUZQWiWV� ^� X]lUO� �=Θ Θ �� �]pX]Wi� _PQ

�ε = � 'ai[O^]O� _PQb[QqOaQO)� POgOaQO� ZQZ,
XOWd� iPV^aOaQc� '6)� Z]^_V\VOX� Z� QZXQaadWQ
TaVlOaQRWQ� ]`OaQ^VOWde� _VPVWOXP]^*� X�O�

��� �Θ = Θ *� ����

�� 	= �
�PQ�aV[QlQQ�^dZ]U]c�V_]ZXOPQ]Pa]c�X]l,

a]ZXQ�]`Oa]U*�U]m\V��	4�^O[QU]��]`OaUQ� ��Θ *
����

�� 	= �'�)�aVe]\RXZR�^�WV[]c�]UPOZXa]ZXQ

QZXQaade�TaVlOaQc� ��Θ �]`OaQ^VOWde�_VPVWOX,
P]^*�_PQlOW�Z�P]ZX]W��	4�I�̂ O[QlQaV� θδ �pX]c
]UPOZXa]ZXQ� iWOahgVOXZR���]pX]Wi� POgOaQO
ZQZXOWd� '6)�_PQ�b][hgQe��	4�I�W]qa]�QZ,
UVXh� ^� ^Q\O� PR\V� _]� ZXO_OaRW�WV[]m]� _VPV,
WOXPV� �� �'ε = << �s�*0tn

���
� 


� ����

��� � � � � 	ε ε′ ′′Θ = Θ + Θ + Θ + = '� )

m\O� �� � 



�
′ ′′Θ Θ �u�_]_PV^UQ�U�wai[O^]Wix�_PQ,

b[QqOaQj� ��� �Θ = Θ �POgOaQR�ZQZXOWd�'6)���]

X]c�qO�_PQlQaO� \[R� aVe]q\OaQR� VZQW_X]XQ,
lOZUQ�X]lade�'Z�P]ZX]W��	4�I)�̂ dPVqOaQc�\[R
���� '�)� ^� ZQZXOWO� iPV^aOaQc� '6)� W]qa]� QZ,
_][hT]^VXh�PVT[]qOaQR�'1)�a]PWQP]^Vaade�ZQm,
aV[ha]c�Q�giW]^]c�SiaU`Qc�[]mVPQSWV�����

�]\ZXV^[RR�'1)�̂ �ZQZXOWi�iPV^aOaQc�'6)�Q PO,
gVR�pXi�ZQZXOWi�Z�QZ_][hT]^VaQOW�_PO\ZXV^[O,

aQR�'� )����� ��Θ *�aVe]\QW�
�

1 � 2�.
	

� � ��
�

� �
=

′ ′Θ = ∑ �

s0t���\OZh� ���=� �u�WVXPQ`V�PVTWOP]W�	 	×
Z� p[OWOaXVWQ� �� ��� � ′′= − *� � ����

�� � 	= � '5)*
2�.� u�]_PO\O[QXO[h� WVXPQ`d�/*� V� 1

��� �u
V[mObPVQlOZU]O� \]_][aOaQO� WVXPQ`d�/�

�VUQW�]bPVT]W*����� ��Θ *� ����

�� 	= �_PQ
b][hgQe��	4�I�^�_OP^]W�_PQb[QqOaQQ�W]q,
a]�_PO\ZXV^QXh�^�^Q\O

�
�

1 � 2�. 

	

�� � � ��
�

� �ε
=

′Θ = Θ + ∑ � '��)

��ZQ[i�mViZZ]^]ZXQ�[]mVPQSWV����*�Z[ilVc,
adO� ^O[QlQad� �� ′ � R^[RjXZR� mViZZ]^ZUQWQ� Q
QT� '��)�_][ilVOW*�lX]�Z]^WOZXadO����� � ��Θ

� � 


�� 	�Θ Θ � '�)� ^� _OP^]W� _PQb[QqOaQQ� R^[R,
jXZR� mViZZ]^ZUQWQ� Z[ilVcadWQ� ^O[QlQaVWQ�
	]^WOZXaVR�_[]Xa]ZXh�̂ OP]RXa]ZXQ�XVUQe�]`O,
a]U�]_PO\O[ROXZR�UVU

�

�
� �

�
�

� �

� � � 

 � 2�.� �
�� �

��� � � � � �
�

	
�

� � 	� 	

� �
� �

'
2

'

π
−

−

Θ Θ Θ = ×

 × − − − 
 

�� �

�� �Θ Θ Θ Θ
'��)
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m\O� ���=� �u�WVXPQ`V�PVTWOP]W�	 	× �Z�p[OWOa,
XVWQ� � � � �

�
� � � �
 � � �� � ��� � � � �� � � � = =′ ′= = ∂ ∂Θ ∂Θ Θ Θ ΘΘ Θ

� ����

�� � 	= *�V�w�x�Q�wy�x�]TaVlVjX�]_OPV`QQ
XPVaZ_]aQP]^VaQR�Q�]bPVkOaQR�WVXPQ`d�Z],
]X^OXZX^Oaa]�


Z_][hTiR� _[]Xa]ZXh� ^OP]RXa]ZXQ� '��)*
aVe]\QW� iZ[]^adO� '_PQ�SQUZQP]^Vaa]W� �Θ )
^OUX]P� ZWOkOaQc� �+=� � Q�WVXPQ`i�PVZZOR,
aQc� 'U]PPO[R`Q]aaij�WVXPQ`i� ]gQb]U� ]`O,
a]U)� ���=� � Z� p[OWOaXVWQ� �� �� �+ = Θ − Θ � Q

� �� �� ��� �� � �� �� = Θ − Θ Θ − Θ *� � ����

�� � 	= n

�

�

� � �

� �

� �

�� � � � �

1 1�� � �2�. � 


�

	 	

� �� �� �� ��
� �

'

+ � � � � '

− −

= =

= =

= = ∑ ∑

� � �� �

�
'��)

�VUQW� ]bPVT]W*� Z]^WOZXadO� ���� POmi[RP,
ade� _VPVWOXP]^� R^[RjXZR� VZQW_X]XQlOZUQ
aOZWOkOaadWQ���PQ� �	 = �QT�'��)�aVe]\QW�iZ,
[]^a]O�PVZZORaQO�� �

�� � ��� ��� �≡ = Θ − Θ �]`Oa,
UQ� ]\a]m]� POmi[RPa]m]� _VPVWOXPV� s�*� 0tn

� �

�� �� ��

�� �
�� ��

��
�� ��

� � � � � �
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'
Θ=Θ =Θ =Θ

  ∂ Θ Θ ∂ Θ =   ∂Θ ∂Θ ∂Θ   
  '�0)

��Z[ilVO� �	 = �Z]^WOZXa]c�]`OaUQ�\^ie�POmi,
[RPade�_VPVWOXP]^�ZQmaV[V�QT�'��)�_][ilVOW

� � �

� � �

� � �

� � �� �
� �

� � � � 	 	 	 	

��� � �

� � �
� � � �

� � � � � � �

� � � � � ��
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� � � � � � � �

� � �
�

� � �

'

= = − − − −

−

= = =

∂ ∂ ∂= ×
∂Θ ∂Θ ∂Θ ∂Θ ∂Θ ∂Θ

  ∂ ∂ ∂× −  ∂Θ ∂Θ ∂Θ ∂Θ   

∑ ∑

Θ Θ Θ Θ

Θ Θ Θ Θ

Θ Θ Θ

'��)

�dPVqOaQR� '��)u'��)� \[R� eVPVUXOPQZXQU
Z]^WOZXade�����'�)�POmi[RPade�_VPVWOXP]^
R^[RjXZR� VZQW_X]XQlOZUQ� X]ladWQ*� Qe� X]l,
a]ZXh�^]TPVZXVOX�Z�i^O[QlOaQOW��	4�I�'�)�

,,G�B�	�$&'	"�&"$"��?D%'�&��B
?Z'�?$�	�#	�D��B�E�	�%'&	?D

�"R��
��E	"��AA"&"D�?b
%�
Q&"E
"$�&"D�?%

E	'A�&�D
'�""�%?%'�&?D
	'd�OP'���&�&"�&"$"

����]UV[hadO�_PO\ZXV^[OaQR�W]WOaX]^
POgVjkOc� ZXVXQZXQUQ�_PQ� ]`OaUO

PVTPd^ade� _VPVWOXP]^
�iZXh�^WOZX]�POmi[RPade�_VPVWOXP]^� �Θ

aOQT^OZXad�Q�_]\[OqVX�]`OaUO�B�PVTPd^ade
_VPVWOXP]^� � �� �� �� � 


� �� � �=	 � ZQmaV[V� �� � �� 
 	 *

_PQlOW�^OUX]P�_VPVWOXP]^� �	 �_PQaQWVOX�TaV,
lOaQR�QT�TV\Vaa]c�B6WOPa]c�V_PQ]Pa]c�]b[V,
ZXQ�]_PO\O[OaQR� �ℜ ���V�]Za]^O�aVb[j\VOWde
\Vaade� �� � � � � � �� 
 � 
 � 
= ⊗	 �Q�QWOjkOcZR�V_PQ,
]Pa]c�QaS]PWV`QQ�aO]be]\QW]�QTWOPQXh�']`O,
aQXh)�_VPVWOXPd� ��� *� ����

�� �= �_PQaQWVOW],
m]� ZQmaV[V�

�b]TaVlQW� � �� � � � �


� ��# # � � �≡	 �u�[]mVPQSW
����UVU�SiaU`QR�B� ]`OaQ^VOWde�_VPVWOX,
P]^� � �� � 


� �� � �=	 ���aV[]mQla]�'�)*�Z]^WOZXadO
���� � �� �� �� � � 


� ��� �_VPVWOXP]^� �� �� �� � 


� �� � � �R^,
[RjXZR�U]]P\QaVXVWQ�_][]qOaQR�VbZ][jXa],
m]�'aVQb][hgOm])�WVUZQWiWV�[]mVPQSWV����

� �� � � 


� ��# � � � � ^� _PO\O[Ve� ]b[VZXQ� TaVlOaQc

�∈ ℜ	 �� �]m\V� ^OUX]P� Z]^WOZXade� ���

� �� � 

�� � � ��� � �=	 � _VPVWOXP]^� ZQmaV[V� W]q,
a]�TV_QZVXh�^�^Q\O� s�u0t

�/- �0� � �
�

� #
∈ℜ

=
	

	 	 � '�1V)

�OP]RXa]ZXadO�eVPVUXOPQZXQUQ�����'�1)
]_PO\O[RjXZR� ZXVXQZXQlOZUQWQ� Z^]cZX^VWQ
POgVjkOc� ZXVXQZXQUQ� V[m]PQXWV� ]`OaUQ�u
[]mVPQSWV����� � �# 	 ���VZZW]XPQW�eVPVUXOPQ,
ZXQUQ�POgVjkOc�ZXVXQZXQUQ�V[m]PQXWV�]`Oa,
UQ�'�1)�

�PO\ZXV^QW�SiaU`Q]aV[� � �# 	 �^�^Q\O�ZiW,
Wd� � � � � � �# � �= +	 	 	 �ZQmaV[ha]c�SiaU`QQ�'\O,
XOPWQaQP]^Vaa]c�Z]ZXV^[RjkOc)� � � � �� #=< >	 	
Q�giW]^]c�SiaU`QQ�'S[iUXiV`Q]aa]c�Z]ZXV^,
[RjkOc)� � � � � � �� # #= −	 	 	 ���\OZh� � �]TaVlV,
OX�iZPO\aOaQO�_]�POV[QTV`QRW�aVb[j\VOWde
\Vaade�'_]�POV[QTV`QRW�[]mVPQSWV����)�_PQ
SQUZQP]^Vaade�QZXQaade�TaVlOaQRe� �	 �]`O,
aQ^VOWde�_VPVWOXP]^�ZQmaV[V� s0*� 1*� ��t�

�VU�Q�^�Z[ilVO�]`OaUQ�POmi[RPade�_VPV,
WOXP]^*� bi\OW� ZlQXVXh*� lX]� []mVPQSW����
� �# 	 �R^[ROXZR� mViZZ]^ZUQW�Z[ilVcadW�_][OW

s��*��0t���]m\V�\[R�VaV[QTV�Z]^WOZXade����
'�1)*� ^� ZQ[i� mViZZ]^]ZXQ� []mVPQSWV����*
\]ZXVX]la]�]mPVaQlQXhZR�PVZZW]XPOaQOW�ZQm,
aV[ha]c� SiaU`QQ� � �� 	 � Q� U]PPO[R`Q]aa]c
SiaU`QQ� � � � �� � � � � � �� � �=	 	 	 	 �giW]^]c�SiaU,
`QQ� � �� 	 *� m\O� ]b]TaVlOa]� � �� � 


�� � � ��� � �=	 *

���� = �� �XWOXQW*� lX]� \]bV^[OaQO� Z[ilVca]c
^O[QlQad�U�[]mVPQSWi�����aO�QTWOaROX�TaV,
lOaQO������	[O\]^VXO[ha]*�]`OaUi�'�1)�W]q,
a]�_PO\ZXV^QXh�^�^Q\O

�/- �0� � ��
�

�
∈ℜ

= ∆
	

	 	 '�1b)

m\O� � �� � � � �


� � � � � ��� � � # # ∗∆ ≡ ∆ = −	 	 	 �u�mViZZ]^Z,
UQc� SiaU`Q]aV[� _PQPVkOaQc� []mVPQSWV
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��.�!����
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���*�V� + + +
� �� � 


� �� � �∗ =	 �u�SQUZQP]^Vaa]O�TaV,

lOaQO�̂ OUX]PV�_VPVWOXP]^�\���]pX]Wi�_PQ�VaV,
[QTO�Z]^WOZXade�����'�1)*�^WOZX]�U]PPO[R,
`Q]aa]c�SiaU`QQ� � �� � �� 	 	 � []mVPQSWV����*
W]qa]�PVZZWVXPQ^VXh�U]PPO[R`Q]aaij�SiaU,
`Qj� � � � � � �� � � 
 � � � � �
 � � � � ��∆ = ∆ − ∆ ∆ − ∆	 	 	 	 	 	 �Om]
_PQPVkOaQc� � �∆ 	 �

�iZXh�ZQmaV[haVR�SiaU`QR� � �� 	 � ^�_PO\O,
[Ve�V_PQ]Pa]c�]b[VZXQ� �∈ ℜ	 �QWOOX�O\QaZX^Oa,
adc�WVUZQWiW�^�X]lUO� �=	 	 �QZXQaade�TaVlO,
aQc� ]`OaQ^VOWde� _VPVWOXP]^� ZQmaV[V*� _PQ,
lOW� �� � ��� �= >	 �Q�X]lUV� �=	 	 �R^[ROXZR�̂ aiX,
POaaOc�X]lU]c�]b[VZXQ� �ℜ ��	lQXVOW�XVUqO*�lX]
POV[QTV`QQ�giW]^]c�SiaU`QQ� � �� 	 �aO_POPd^,
ad�Z�^OP]RXa]ZXhj�����V�_PVUXQUO�pXQ�iZ[],
^QR�]bdla]�^d_][aRjXZR�s�u5*����Q�\P�t���]m,
\V� ^de]\a]O� ]Xa]gOaQO� ZQmaV[�giW� '�	4)
\[R�V[m]PQXWV�]`OaUQ�'�1)�TV_QgOXZR�^�^Q\O

�
� �� � � � � �� �' � � � σ= =	 	 '�5)

m\O� � �
�� �� �σ = 	 �u�\QZ_OPZQR�giW]^]c�Sia,

U`QQ�_PQ� �=	 	 ��
i\OW�ZlQXVXh*�lX]��	4�'�5)
aVZX][hU]� ^O[QU]*� lX]� Va]WV[hadO� ]gQbUQ
s0t�]XZiXZX^ijX�Q�\]ZXQmVOXZR���*�+�#�� �*6
�"����!�#���)!�*�&� ]`Oa]U� s0*� 1*� 5t�� �PQ
pX]W����� �	 �'�1)�PVZ_][]qOaV�^�WV[]c�]UPO,
ZXa]ZXQ� X]lUQ� �=	 	 � WVUZQWiWV� ZQmaV[ha]c
SiaU`QQ*�V�_PQ� ' → ∞ �]`OaUV� �	 �Ze]\QXZR�U

�	 �^�ZPO\aOU^V\PVXQlOZU]W� s0u1t���]m\V�\[R
]_PO\O[OaQR�eVPVUXOPQZXQU�����'�1)�\]ZXV,
X]la]�ilOZXh�_]^O\OaQO�ZQmaV[ha]c�SiaU`QQ
� �� 	 �Q�U]PPO[R`Q]aa]c�SiaU`QQ� � �� � ��∆ 	 	 �_PQ,

PVkOaQc�[]mVPQSWV����� � �# 	 �^�WV[]c�]UPO,
ZXa]ZXQ�X]lUQ� �=	 	 *�_PQlOW�Z�P]ZX]W��	4�I
^O[QlQaV�pX]c�]UPOZXa]ZXQ�iWOahgVOXZR�

�]pX]Wi� U]aUPOXQTQPiOW� ���������� '^
WV[]c�]UPOZXa]ZXQ�X]lUQ� �=	 	 )������������
���� ������� �����  � ������ ��!���" �

#$%�_PQ�]`OaUO�PVTPd^ade�_VPVWOXP]^�ZQm,
aV[V�

�VZZW]XPQW�U[VZZ�PVTPd^ade�_VPVWOXP]^*
\[R�U]X]Pde�ZOlOaQR��

� � ����

 �� � � �
� �� � � � � � � �� � � = = ≠= 	 *

����

�� �= � ZQmaV[ha]c�SiaU`QQ� _]� UVq\]Wi
QT�_VPVWOXP]^�̂ �]UPOZXa]ZXQ�X]lUQ� �=	 	 �WVU,
ZQWiWV�ZQmaV[ha]c�SiaU`QQ�\]_iZUVjX�VZQW,
_X]XQlOZU]O� _PO\ZXV^[OaQO

����

����

� � �

� � �

� � �� "
� �

� � �� "

� � � � � �

� � �
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ο δ

ο δ

− − + <= 
− − + ≥

_PQ� � ��� � �� �δ = − → '�8)

V� Z]]X^OXZX^ijkQO� ZOlOaQR� � �� � �� � �� � �∆ =
�� � � ����

� � � ���� � �

�� �� � � � � � ��∆ = = ≠ == 	 	 � U]PPO[R`Q]aa]c
SiaU`QQ� � �� � ��∆ 	 	 � _PQPVkOaQc� []mVPQSWV
����_PQ� + +

� � � � ����� � � � ��� � � � � � �� � � � � �δ = − − − →
_PO\ZXV^[RjXZR�^�^Q\O
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
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�\OZh�
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��*

_PQlOW�U]aZXVaXd� ��" �W]miX�TV^QZOXh�]X�^db,
PVaade�TaVlOaQc� +

�� *�V� � �ο δ �u�^O[QlQaV�b][h,
gOm]� _]PR\UV� WV[]ZXQ*� lOW� δ �� 
T� '�8)*� '�6)
^Q\a]*�lX]�W]WOaXd�[]mVPQSWV�����aO�\QS,
SOPOa`QPiOWd� _]� PVTPd^adW� _VPVWOXPVW� ^
X]lUO� �=	 	 *� XVU� UVU� _P]QT^]\adO�SiaU`Qc
'�8)*�'�6)�^�pX]c�X]lUO�QWOjX�PVTPd^d�_OP^],
m]� P]\V�� �X]� aO� _]T^][ROX� ^]Z_][hT]^VXhZR
WOX]\]W����s�*�0*�1t�\[R�^dlQZ[OaQR�eVPVU,
XOPQZXQU�]`Oa]U�PVTPd^ade�_VPVWOXP]^�ZQm,
aV[V�

�OU]X]PdO�_PQWOPd�U]PPO[R`Q]aade�Sia,
U`Qc*� i\]^[OX^]PRjkQe� ^dPVqOaQj� '�6)*
_PQ^O\Oad�^�s��t�

�[R�_PQWOaQW]ZXQ�WOX]\V�����_][VmVOW*
lX]�ZQmaV[haVR�SiaU`QR� � �� 	 �Q�U]PPO[R`Q]a,
aVR�SiaU`QR� � �� � �� 	 	 �[]mVPQSWV�����^�]U,
POZXa]ZXQ� X]lUQ� �=	 	 � \]_iZUVjX� ��������
��� ����������������� �������������
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� � �αθ +< < = ���\OZh�_P]QT^]\adO�SiaU`Qc

� ��� �� � *� � �� � ��� � �! � � *� ����

�� �= �aO_POPd^ad�Z[O,
^V�Q�Z_PV^V�]X�X]lUQ� ��� *�a]�W]miX�QWOXh�PVT,
Pd^d�_OP^]m]�P]\V�^�pX]c�X]lUO�

��lVZXa]W�Z[ilVO� �� �� α= = �QT�'� )�_][i,
lVOW
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�Z[Q� �� �� α= = �Q� �� υ= = *�X]�W]WOaXd�'� )
SVUX]PQTijXZR�_]�]`OaQ^VOWdW�_VPVWOXPVW
ZQmaV[V� Q� \]_iZUVjX�-(%&�� %�+����!�"
 �"�*���%"!�"
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lOaQR�ZQmaV[ha]c�SiaU`QQ�Q�U]PPO[R`Q]aa]c
SiaU`QQ�giW]^]c�SiaU`QQ�[]mVPQSWV�����
�VU]aO`*� _PQ� � �� �α= = � V\\QXQ^a],Wi[hXQ,
_[QUVXQ^a]O�_PO\ZXV^[OaQO�'� )�W]WOaX]^�[],
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����PQWOaOaQO�WOX]\V�[]UV[ha],V\\QXQ^a]c
V__P]UZQWV`QQ�\[R�^dlQZ[OaQR

eVPVUXOPQZXQU�Z]^WOZXade�]`Oa]U
PVTPd^ade� _VPVWOXP]^

�Vc\OW�VZQW_X]XQlOZUQ�X]ladO�'Z�P]ZX]W
�	4�'�5))�^dPVqOaQR�\[R�eVPVUXOPQZXQU�Z],
^WOZXade�����'�1)�PVTPd^ade�_VPVWOXP]^� �� *
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�� �= � _PQ� aV[QlQQ� V\\QXQ^a],Wi[hXQ,
_[QUVXQ^a]m]� _PO\ZXV^[OaQR� '� )� W]WOaX]^
[]mVPQSWV������ 
i\OW� ZlQXVXh*� lX]� �	4
'�5)�aVZX][hU]�^O[QU]*�lX]�\]ZXQmVOXZR�^dZ],
UVR� V_]ZXOPQ]PaVR� X]la]ZXh� ]`Oa]U� s0*� 1t� Q
\[R�PVZlOXV�eVPVUXOPQZXQU�����'�1)�\]ZXV,
X]la]�ilQXd^VXh�[]UV[ha]O�_]^O\OaQO�W]WOa,
X]^�[]mVPQSWV����� � �# 	 �^�WV[]c�]UPOZXa]Z,
XQ� X]lUQ� �	 �� �VT[]qQW� SiaU`QQ� � ��� �� � � Q

� �� � ��� � �! � � �^�PR\��Oc[]PV�Z[O^V�Q�Z_PV^V�]X�X],
lOU� ��� ���]\ZXV^[RR�pXQ�PVT[]qOaQR�^� '� )�Q
ilQXd^VR�[Qgh�Z[VmVOWdO*�QWOjkQO�_OP^dc
_]PR\]U�WV[]ZXQ�_]� � �� ��δ δ *� _][ilVOW
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�VUQW�]bPVT]W*�W]WOaXd�[]mVPQSWV����
� �# 	 � \]_iZUVjX� []UV[ha],V\\QXQ^a]O� _PO\,

ZXV^[OaQO�'��)�^�]UPOZXa]ZXQ�X]lUQ� �	 �
�b]TaVlQW� � �� �� � *� ����

�� �= �u�ZXVXQZXQ,

lOZUQ� aOTV^QZQWdO� Z]^WOZXa]� mViZZ]^ZUQO
Z[ilVcadO� _P]`OZZd*� WVXOWVXQlOZUQO� ]qQ,
\VaQR� � ��� �� � � Q� U]PPO[R`Q]aadO� SiaU`QQ

� �� � ��� � �� � � �U]X]Pde�^�]UPOZXa]ZXQ�X]lOU� �� �� �=
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�\OZh�SiaU`QQ� � �� �� � �Q� � �� � �� � �� � � �i\]^[OX,
^]PRjX� iZ[]^QRW� '�8)*� '�6)�� �]m\V*� Z]m[VZa]
'��)*� Z[ilVca]O� _][O� � �# 	 � Ze]\QXZR� _]� PVZ,

_PO\O[OaQj� U� ZiWWO�
�

� � � �
�

� �
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� � �
=

= ∑	 � ZXVXQZ,

XQlOZUQ� aOTV^QZQWde� Z[ilVcade� _P]`OZZ]^
� �� �� � �_PQ� �δ → ���VU�]XWOlV[]Zh�^dgO*�eV,

PVUXOPQZXQUQ�����'�1)�_PQ�b][hgQe��	4�I
]_PO\O[RjXZR� _]^O\OaQOW� []mVPQSWV����
� �# 	 � ^� WV[]c� ]UPOZXa]ZXQ� X]lUQ� �=	 	 *� _PQ,

lOW� _PQ� ' → ∞ � ^O[QlQaV� pX]c� ]UPOZXa]ZXQ
ZXPOWQXZR�U�ai[j��
i\OW�ZlQXVXh*�lX]��	4
I� aVZX][hU]� ^O[QU]*� V� ^O[QlQad� �δ � iUVTVa,
ade� ]UPOZXa]ZXOc� X]lOU� �� �� �= � aVZX][hU]
WV[d*� lX]� aV� QaXOP^V[Ve�
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_[]Xa]ZXh� ^OP]RXa]ZXQ� � �� � � 
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�� �� �= *� _PQlOW� ��δ → � _PQ� ' → ∞ �� �]la]ZXh
_PO\ZXV^[OaQR� '�0)*� '��)� _PQ�SQUZQP]^Vaa]W

�δ �^]TPVZXVOX�Z�i^O[QlOaQOW��	4�I�
�VUQW� ]bPVT]W*� eVPVUXOPQZXQUQ� Z]^WOZX,

ade����� ��� � '�1)�PVTPd^ade�_VPVWOXP]^� ���
VZQW_X]XQlOZUQ�'Z�P]ZX]W��	4)�Z]^_V\VjX�Z
Z]]X^OXZX^ijkQWQ� eVPVUXOPQZXQUVWQ� PVT,
\O[hade�]`Oa]U� ��� �'��)�pXQe�qO�_VPVWOXP]^�

�[R�aVe]q\OaQR�eVPVUXOPQZXQU�PVT\O[hade
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P]^�ZQmaV[V�QZ_][hTiOW�WOX]\�����s1*�5t���^O,
\OW�̂ �PVZZW]XPOaQO�mViZZ]^ZUQO�Z[ilVcadO�_P],
`OZZd� +� � � � � �� � � � � �� � � � �∆ = − *� +

� �
 " �� � � � �� � �δ δ∈ − +
Z� WVXOWVXQlOZUQWQ� ]qQ\VaQRWQ� +� � � �� � � �� � � �−
Q�U]PPO[R`Q]aadWQ�SiaU`QRWQ� � �� � �� � �� � �∆ ��
T
'�6)�Z[O\iOX*�lX]�]XPOTUQ�POV[QTV`Qc�Z[ilVc,
ade�_P]`OZZ]^� � �� ��∆ �aV�QaXOP^V[Ve� +
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 " �� � �� �δ−

Q� +
�
 " �� � �� � δ+ �aO�U]PPO[QP]^Vaad�Q*�^�ZQ[i�mV,

iZZ]^]ZXQ�_P]`OZZ]^� � �� ��∆ *�ZXVXQZXQlOZUQ�aO,
TV^QZQWd�� �]m\V� SiaU`Qj� PVZ_PO\O[OaQR
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aQR� '�8)*� '�6)� ZOlOaQc� W]WOaX]^� []mVPQSWV
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 " �� � �� � δ+ �R^[RjXZR
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PVZ_PO\O[OaQR� � � ��1 � *� � � ��1 � ���]\ZXV^[RR�pXQ
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�PQ�pX]W�^�ZQ[i�VZQW_X]XQlOZU]c�ZXVXQZ,
XQlOZU]c� aOTV^QZQW]ZXQ� ]`Oa]U� ��� � '�1)*� _],
[ilVOW� � �� �� � ��� �� � �� �� � � � �= − − = �� �]la]ZXh
S]PWi[�'� )�^]TPVZXVOX�Z�i^O[QlOaQOW��	4
I�'Z�i^O[QlOaQOW� �� ��� �' ' )�


T� '��)� Z[O\iOX*� lX]� PVZ_PO\O[OaQO� Z],
^WOZXade����� '�)� POmi[RPade� _VPVWOXP]^
ZQmaV[V�R^[ROXZR�VZQW_X]XQlOZUQ�mViZZ]^ZUQW
_PQ� ' → ∞ ��
T�'�6)�^Q\a]*�lX]�VZQW_X]XQlOZ,
U]O�PVZ_PO\O[OaQO�����'�1)�PVTPd^ade�_V,
PVWOXP]^�ZQmaV[V�ZikOZX^Oaa]�]X[QlVOXZR�]X
mViZZ]^ZU]m]�

�XWOXQW*� lX]�W]WOaXd� Z[ilVcade�_P]`OZ,
Z]^ +� � � � � �� � � � � �� � � � �∆ = − �̂ �]UPOZXa]ZXQ�X]lOU��
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PVkOaQc� +� � � � � �# #∆ = −	 	 	 � []mVPQSWV����
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�3"!�+� ��� � '�f)� �� *��-"*�!���1�4� ��� � 'ir)
�*�- ����)"*+��'*���*��-�1�z�I)�*�� ���6
/��*�����+�"��*��+�-������"%&!���1�4

�� � ����

� ��/- �0� � �
� �

�

�� � � � � � �
�

� # = = ≠= 	

_VPVWOXP]^� ��� �ZQmaV[V���\OZh�_]\�PVT\O[ha]c
]`OaU]c� _]aQWVOXZR� ���*� aVc\OaaVR� _PQ
iZ[]^QRe*�U]m\V�^ZO�_VPVWOXPd�ZQmaV[V*�UP],
WO� ]`OaQ^VOW]m]*� V_PQ]PQ� QT^OZXad�

,,,G�B�	�$&'	"�&"$"��?D%'�&��B
?Z'�?$�	�#	�D��B�"�	'R�
N	��B

E�	�%'&	?D

����`OaUQ�WVUZQWV[ha]m]�_PV^\]_]\]bQR
Q�[]UV[hadO�_PO\ZXV^[OaQR�W]WOaX]^

POgVjkOc� ZXVXQZXQUQ
�iZXh� aOQT^OZXad� Q� _]\[OqVX� Z]^WOZX,

a]c� ]`OaUO� �	 ≥ � POmi[RPade� _VPVWOXP]^

� �� �� �� � 


� 	= Θ Θ ΘΘ �Q� �� ≥ �PVTPd^ade�_VPV,
WOXP]^� � �� �� �� � 


� �� � �=	 �ZQmaV[V� � �� � � �� 
 	 Θ ���b],
TaVlQW� � Θℜ = ℜ ℜ� �u�V_PQ]PaVR�]b[VZXh�̂ ]T,
W]qade�TaVlOaQc� � �� � �	 Θ �]`OaQ^VOWde�_VPV,
WOXP]^*� m\O� �ℜ � Q� Θℜ �u� V_PQ]PadO� ]b[VZXQ
^]TW]qade� TaVlOaQc� PVTPd^ade� �	 � Q� POmi,
[RPade� �Θ �_VPVWOXP]^�ZQmaV[V�

�^O\OW�[]mVPQSW����� � �� � � � � � 


� ��# # � � �≡	 Θ
� �� �

� �	Θ Θ Θ �UVU�SiaU`Qj�̂ OUX]P]^� � �� �


� �� � �=	

Q� � �� � 


� 	= Θ Θ ΘΘ �PVTPd^ade�Q�POmi[RPade
_VPVWOXP]^� ZQmaV[V�� 	]^WOZXadO� ���

� �� � 

�� � ��� � � �Q� � �� � 

�� � 	�Θ Θ Θ �PVTPd^ade�Q�PO,
mi[RPade� _VPVWOXP]^� ZQmaV[V� R^[RjXZR� U],

]P\QaVXVWQ�_][]qOaQR�VbZ][jXa]m]�WVUZQWi,
WV� []mVPQSWV����� � � � �� � � 

� � � � 

� �� 	# � � � Θ Θ Θ � ^
_PO\O[Ve� V_PQ]Pa]c� ]b[VZXQ� ℜ �� �]m\V*� VaV,
[]mQla]� '�)*� '�1)*� ^OUX]Pd� Z]^WOZXade����

� �� � 

�� � � ��� � �=	 �Q� � �� � 

�� � � 	�= Θ Θ ΘΘ �PVT,
Pd^ade� Q� POmi[RPade� _VPVWOXP]^� ZQmaV[V
W]qa]�_PO\ZXV^QXh�^�^Q\O� s�u0t

� � � �
� � � �/- �0� � � � �/- �0� � � �


�

� � # #
Θ∈ℜ ∈ℜ ∈ℜ

= =
	 	

	 	 	
Θ Θ

Θ Θ Θ '��)

�Z[Q� POmi[RPadO� _VPVWOXPd� �Θ � V_PQ]PQ
QT^OZXad*� X]� Z]^WOZXadO� ���� �� =	

� � � � �� � 

�� � ��� � �= � PVTPd^ade� _VPVWOXP]^� �	
ZQmaV[V�TV_QgiXZR�UVU�s�u0t

� � ��/- �0� � � � �/- �0� � ��
� �

� # #
∈ℜ ∈ℜ

= =
	 	

	 	 	Θ '��)

m\O� � �� � � � �� �# # �=	 	 Θ �u�a]PWQP]^Vaadc� [],
mVPQSW�����_PQ� �=Θ Θ ���`OaUQ�'��)�Z]^_V,
\VjX� Z� Z]^WOZXadWQ����� '�1)*� PVZZW]XPOa,
adWQ� ^� _�((�� �]m\V� eVPVUXOPQZXQUQ� Z]^WOZX,
ade�����'��)�PVTPd^ade�_VPVWOXP]^� �	 �_PQ
V_PQ]PQ� QT^OZXade� POmi[RPade� _VPVWOXPVe

�Θ �W]qa]�aVcXQ���_]W]khj�WOX]\]^�����Q
���*� UVU� pX]� Z\O[Va]� ^� _�((�� �� POTi[hXVXO
VZQW_X]XQlOZUQO�eVPVUXOPQZXQUQ�Z]^WOZXade
����'��)�]_PO\O[RjXZR�QT�'�0)*�'�5)u'� )�

�Z[Q� PVTPd^adO� _VPVWOXPd� �	 � V_PQ]PQ
QT^OZXad*� X]� Z]^WOZXadO� ���� �� =Θ

� � � � �� � 

�� � 	�= Θ Θ Θ � POmi[RPade� _VPVWOXP]^

�Θ �]_PO\O[RjXZR�UVU

� ��/- �0� � � �
� #
Θ∈ℜ

= 	
Θ

Θ Θ '��)

�`OaUQ� '��)� Z]^_V\VjX� Z� Z]^WOZXadWQ����
'�)*� PVZZW]XPOaadWQ� ^� _�� (�� �VPVUXOPQZXQUQ
Z]^WOZXade�]`Oa]U�'��)�POmi[RPade�_VPVWOX,
P]^� �Θ � _PQ� V_PQ]PQ� QT^OZXade� PVTPd^ade
_VPVWOXPVe� �	 �W]qa]�aVcXQ�Z�_]W]khj�WOX],
\V���� s�*� 0*� 1t*� UVU� pX]� Z\O[Va]� ^� _�� (�� �
POTi[hXVXO� VZQW_X]XQlOZUQO� eVPVUXOPQZXQ,
UQ� Z]^WOZXade� ���� '��)� ]_PO\O[RjXZR� QT
'��)u'��)�

�\aVU]*� WOX]\���� Q� WOX]\����� aO_]Z,
PO\ZX^Oaa]� aO_PQWOaQWd� \[R� aVe]q\OaQR
eVPVUXOPQZXQU�Z]^WOZXade����� � � �� �	 Θ �'��)
PVTPd^ade�Q�POmi[RPade�_VPVWOXP]^�ZQmaV[V�
�][ilQW�\V[OO�VZQW_X]XQlOZUQ�X]ladO�'Z�P]Z,
X]W��	4�I)�^dPVqOaQR�\[R�eVPVUXOPQZXQU�Z],
^WOZXade����� '��)�  ������%&!���� )�*%��PVT,
Pd^ade�Q�POmi[RPade�_VPVWOXP]^�ZQmaV[V�

�[R�VaV[QTV�eVPVUXOPQZXQU�����'��)�_PO\,
ZXV^QW�[]mVPQSW�����^�^Q\O�ZiWWd� � � �# =	 Θ

� � � � � �� �= +	 	Θ Θ � ZQmaV[ha]c� � � � � � �� #=	 	Θ Θ
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Q�giW]^]c� � � � � � � � � �� # #= −	 	 	Θ Θ Θ �SiaU`Qc�
�aV[]mQla]� _�� (*� ((� _][VmVOW*� lX]� []mVPQSW
���� � � �# 	 Θ �R^[ROXZR�mViZZ]^ZUQW�Z[ilVcadW
_][OW�s��*��0t����ZQ[i�mViZZ]^]ZXQ�[]mVPQSWV
���*� ]mPVaQlQWZR� PVZZW]XPOaQOW� ZQmaV[h,
a]c�SiaU`QQ� � � �� 	 Θ *� U]PPO[R`Q]aa]c�SiaU,
`QQ� � � � � � � � �� � � � � � � � � � �� � �=	 	 	 	Θ Θ Θ Θ � giW],
^]c�SiaU`QQ� � � �� 	 Θ *� V� XVUqO� U]PPO[R`Q]a,
a]c� SiaU`QQ� � � � � � �� � � � � 
 � � ��∆ = ∆ −	 	 	Θ Θ Θ

� � � � � �� � � �
 � � � � � � �− ∆ ∆ − ∆	 	 	Θ Θ Θ � _PQPVkOaQc
� � � � � � � � �# # ∗ ∗∆ = −	 	 	Θ Θ Θ �[]mVPQSWV�������\OZh

]b]TaVlOa]n� � �� �


� �� � �∗ ∗ ∗ ∗=	 �Q� � �� �


� 	
∗ ∗ ∗ ∗= Θ Θ ΘΘ u

SQUZQP]^VaadO�TaVlOaQR�PVTPd^ade�Q�POmi,
[RPade�_VPVWOXP]^�ZQmaV[V�

�aV[]mQla]�_��(*�((�_][VmVOW*�lX]�ZQmaV[h,
aVR�SiaU`QR� � � �� 	 Θ � ^� _PO\O[Ve� V_PQ]Pa]c
]b[VZXQ� ℜ � QWOOX� O\QaZX^Oaadc�WVUZQWiW�^
X]lUO� �=	 	 *� �=Θ Θ *�_PQlOW�pXV�X]lUV�R^[R,
OXZR�^aiXPOaaOc�X]lU]c�]b[VZXQ� ℜ *�V�POV[Q,
TV`QQ�giW]^]c�SiaU`QQ� � � �� 	 Θ �aO_POPd^ad
Z� ^OP]RXa]ZXhj� ��� �]m\V� ^de]\a]O��	4�\[R
V[m]PQXWV�]`OaUQ�'��)�TV_QgOXZR�^�^Q\O�s�*�0t

�
� � � �� � � � � � � �� �' � � � σ= =	 	Θ Θ '�0)

m\O� � �� � � ��� �= >	 Θ *� V� � �
� �� � �� �σ = 	 Θ � u

\QZ_OPZQR� giW]^]c� SiaU`QQ� _PQ� �=	 	 *

�=Θ Θ �� 	lQXVOW*� lX]��	4� I� '�0)� aVZX][hU]
^O[QU]*� lX]� \]ZXQmVOXZR� ��*�+�#� � �*�"��6
��!�#���)!�*�&�]`Oa]U�s0*1*5t���PQ�pX]W�Z],
^WOZXadO����� �	 *� �Θ � '��)� PVZ_][]qOad� ^
WV[]c�]UPOZXa]ZXQ�X]lUQ� �=	 	 *� �=Θ Θ �WVU,
ZQWiWV� ZQmaV[ha]c�SiaU`QQ*� V� _PQ� ' → ∞
]`OaUQ� �	 �Q� �Θ � Ze]\RXZR�U�TaVlOaQRW� �	 �Q

�Θ �^�ZPO\aOU^V\PVXQlOZU]W�s0u1t���]m\V�\[R
]_PO\O[OaQR�eVPVUXOPQZXQU�����'��)�\]ZXV,
X]la]�ilQXd^VXh�_]^O\OaQO�ZQmaV[ha]c�Sia,
U`QQ� � � �� 	 Θ � Q� U]PPO[R`Q]aa]c� SiaU`QQ

� � � �� � � � �� 	 	Θ Θ �Q[Q� � � � �� � � � ��∆ 	 	Θ Θ �^�WV[]c�]U,
POZXa]ZXQ�X]lUQ� �=	 	 *� �=Θ Θ *�_PQlOW�Z�P]Z,
X]W��	4�I�̂ O[QlQaV�pX]c�]UPOZXa]ZXQ�iWOah,
gVOXZR�

�]aUPOXQTQPiOW����������� '^�WV[]c�]U,
POZXa]ZXQ�X]lUQ� �=	 	 *� �=Θ Θ )������������
���� ������� �����  � ������ ��!���" �

#$%� _PQ� Z]^WOZXa]c� ]`OaUO� PVTPd^ade� Q
POmi[RPade�_VPVWOXP]^�ZQmaV[V�

�iZXh�������!�"� ���-"����\�_PQaV\[O,
qVX� U� U[VZZi� _VPVWOXP]^*� Z^]cZX^V� U]X]Pde
PVZZW]XPOad� ^� _�� ((�� �]m\V� ZOlOaQR� � �� �� � =

�� � ����

 �� � �
� �� � � � � �� = = ≠= 	 Θ *� ����

�� �= � ZQmaV[ha]c

SiaU`QQ� � � �� 	 Θ � _]� UVq\]Wi� QT� PVTPd^ade
_VPVWOXP]^� �� �^�]UPOZXa]ZXQ�X]lUQ� �=	 	 �QWO,

jX�VZQW_X]XQlOZU]O�_PO\ZXV^[OaQO� '�8)��	OlO,
aQR�

�� � � � � � � ����

� � � ���� � � � � � � �
�� �� � � � � � � � � �� � � �∆ ∆ = = ≠ == 	 	Θ Θ

U]PPO[R`Q]aa]c�SiaU`QQ� _PQPVkOaQc� []mV,
PQSWV����� �� � �# 	 Θ �̂ �]UPOZXa]ZXQ�X]lUQ� �=	 	
\]_iZUVjX� VZQW_X]XQlOZU]O� _PO\ZXV^[OaQO
'�6)��
T�'�8)*�'�6)�Z[O\iOX*�lX]�W]WOaXd�[]mV,
PQSWV����� � � �# 	 Θ �aO�\QSSOPOa`QPiOWd�_]
PVTPd^adW�_VPVWOXPVW�̂ �X]lUO� �=	 	 *� �=Θ Θ �
�X]� aO� _]T^][ROX� ^]Z_][hT]^VXhZR� WOX]\]W
WV[]m]� _VPVWOXPV� s�*� 0*� 1t� \[R� ^dlQZ[OaQR
eVPVUXOPQZXQU�Z]^WOZXade�����'��)�PVTPd^,
ade�Q�POmi[RPade�_VPVWOXP]^�ZQmaV[V�

	[O\iR�_�((*�XVUqO�_][VmVOW*�lX]�ZQmaV[h,
aVR�SiaU`QR� �� � � � �� �=	 	 Θ �Q�U]PPO[R`Q]aaVR
SiaU`QR� � � � � � �� � � � � � � �� �=	 	 	 	Θ Θ � []mVPQSWV
���� �� � �# 	 Θ � ^� ]UPOZXa]ZXQ� X]lUQ�  =	 	 � \],
_iZUVjX�V\\QXQ^a],Wi[hXQ_[QUVXQ^adO�_PO\,
ZXV^[OaQR�'� )�

�[R�PVZZW]XPOaQR�[]UV[hade�_PO\ZXV^[O,
aQc� W]WOaX]^� []mVPQSWV����� _]� �"�(%#�6
!�-� ���-"���-� Θ �^^O\OW�a]PWQP]^Vaadc
[]mVPQSW����

�� � � � � �� 
�# # �=	 	Θ Θ '��)

�iaU`Q]aV[�'��)�_PO\ZXV^QW�^�^Q\O�ZiWWd

� � �� � � � � � � � ��# � �ε= +	 	 	Θ Θ Θ '�1)

m\O� � ��� �� 'ε σ= = *� V� �� � � � � �� �� � �=	 	Θ Θ �Q

�� � � � � �� �� � σ=	 	Θ Θ �u� ZQmaV[haVR� Q�giW],
^VR� Z]ZXV^[RjkQO*� a]PWQP]^VaadO� XVU*� lX]

���� � � � �� =	 Θ *� �

�
� �� � � �� =	 Θ �� 	]m[VZa]� ]_,

PO\O[OaQj� POmi[RPade� _VPVWOXP]^� s�*� 0*� 1*
5*� 6t*� W]WOaXd� a]PWQP]^Vaa]m]� []mVPQSWV
���� �� � �# 	 Θ �aO_POPd^a]�\QSSOPOa`QPiOWd
_]� _VPVWOXPVW� �Θ *� ����

�� 	= �� 	[O\]^VXO[h,
a]*� \[R� ^ZOe� �∈ ℜ	 � Q� �����

�

��� �� �
� 	

θδ
=

= Θ − Θ →
a]PWQP]^VaadO�ZQmaV[haVR�Q�giW]^VR�Z]ZXV^,
[RjkQO�_PO\ZXV^[RjXZR�^� ^Q\O�PVT[]qOaQR
^�J6WOPadc�PR\��Oc[]PVn
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θ
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m\O� �� �� � � � �� �=	 	 Θ � Q� �� �� � � � �� �=	 	 Θ �u� ZQm,
aV[haVR� Q�giW]^VR� Z]ZXV^[RjkQO� a]PWQP],
^Vaa]m]�[]mVPQSWV����� � �� � � � �� �# # �=	 	 Θ *
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	[O\iR� s5*� 6t*� ]mPVaQlQWZR� PVZZW]XPOaQOW
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��������

�

���

�� ��

��

� �
� � � �

�����


�

� � � � � � � � � �

��� ��

� �� ��

� �
� �

� � � � �

� �

φ φδ δ

δ
=

′ ′′ ′′= = +

= − →

	 	 	

'�6V)

  �

���



	

�

� � � � � �

� � � � � �

� � � �����

�

� � � � � � � �

� � � � � � � �

��� � � � �


� � �

�� �� �

� � � � �
� �

� �

� �

� � � �

φ

φ

ο δ

ο δ

δ
=

′ ′= +

′′ ′′= +

= − − →

	 	 	 	

	 	 	 	 '�6b)

�\OZh� � �� � 


�� � � ��� � �=	 *� � �� � 


�� � � ��= Θ Θ ΘΘ *
���� = �u� ^OUX]Pd�PVTPd^ade�Q�POmi[RPade

_VPVWOXP]^*� V� �φ *� ���� 	� �� = �u� _]ZX]RaadO
^O[QlQad*�i\]^[OX^]PRjkQO�iZ[]^Qj� ����φ > �

�PO\ZXV^[OaQR�'�6)�Z_PV^O\[Q^d�\[R�gQ,
P]U]m]�U[VZZV�POmi[RPade�_VPVWOXP]^�PV\Q],
SQTQlOZUQe�ZQmaV[]^�s�u� �Q�\P�t����lVZXa],
ZXQ*�\[R�PVZZWVXPQ^VOWde�^�s0*�1*�5*�6�Q�\P�t
POmi[RPade� _VPVWOXP]^� U^VTQ\OXOPWQaQP],
^Vaade� ZQmaV[]^*� V� XVUqO� \[R� POmi[RPade
_VPVWOXP]^�QW_i[hZadc�ZQmaV[]^�Z]�Z[ilVc,
a]c� ZibZXPiUXiP]c� s��t*� iZ[]^QR� '�6)� ^d_][,
aRjXZR�� �P]WO� X]m]*� \[R� U^VTQ\OXOPWQaQP],
^Vaade�ZQmaV[]^*�̂ �ZQ[i�QT^OZXa]c�Z^RTQ�WOq,
\i�ZQmaV[ha]c�Z]ZXV^[RjkOc�Q�U]PPO[R`Q]a,
a]c�SiaU`QOc�giW]^]c� Z]ZXV^[RjkOc� []mV,
PQSWV�����s0*�1*�5t*�\]ZXVX]la]�PVZZWVXPQ,
^VXh� X][hU]� iZ[]^QR� '�6V)� \[R� _P]QT^]\ade

� � ��� ′ 	 �Q� � � ���� ′′ 	 *�UVU�pX]�\O[VOXZR�^�s5*�6t���PQ
^d_][aOaQQ�'�6V)�iZ[]^QR�'�6b)�\[R�_P]QT^]\,
ade� � � �� � ��� ′ 	 	 �Q� � � �� � ���� ′′ 	 	 �^�Z[ilVO�]bPVb]XUQ
U^VTQ\OXOPWQaQP]^Vaade�ZQmaV[]^�XVUqO�̂ d,
_][aRjXZR�

��s5*�6t�_PO\[]qOaV�WOX]\QUV�^dlQZ[OaQR
VZQW_X]XQlOZUQ�X]lade�'Z�P]ZX]W��	4)�^d,
PVqOaQc�\[R�eVPVUXOPQZXQU�*��-"*�!���1�4
��!����������!������!"*+�%&+����"�(%#�!��
 ���-"�����U^VTQ\OXOPWQaQP]^Vaade�ZQmaV,
[]^*� i\]^[OX^]PRjkQe� iZ[]^QRW� '�6V)�� �^O,
\OaQO� \]_][aQXO[ha]� U� s5*� 6t� iZ[]^Qc� '�6b)
_]T^][ROX�]b]bkQXh�WOX]\QUi�s5*�6t�aV�b][OO
gQP]UQc�U[VZZ�PV\Q]SQTQlOZUQe�ZQmaV[]^*�V
XVUqO�aV�Z[ilVQ�aO]_XQWV[ha]m]�_]ZXP]OaQR
V[m]PQXW]^�]`OaUQ����lVZXa]ZXQ*�_][ilOaadO
\V[OO� POTi[hXVXd*� _PQWOaQWd� \[R� Z]^WOZX,
ade� ]`Oa]U� PVTPd^ade� Q� POmi[RPade� _VPV,
WOXP]^�ZX]eVZXQlOZUQe�QW_i[hZade�ZQmaV[]^
Z� mViZZ]^ZU]c� Z[ilVca]c� ZibZXPiUXiP]c� s��t*
^U[jlVR� U^VTQ_PV^\]_]\]badO� ]`OaUQ� _VPV,
WOXP]^�pXQe�ZQmaV[]^�


Z_][hTiR� ]b]bkOaQO� WOX]\QUQ� s5*6t� aV
b][OO�gQP]UQc�U[VZZ�ZQmaV[]^�Q�PVZZW]XPOa,
adc�^�_��((�WOX]\����*�aVc\OW�VZQW_X]XQlOZ,
UQ�X]ladO�'Z�P]ZX]W��	4�I)�^dPVqOaQR�\[R
eVPVUXOPQZXQU� Z]^WOZXade�����  ������%&6
!����)�*%��B�������!����� ������%&!����)�*6
%�� J� �"�(%#�!��� _VPVWOXP]^� ZQmaV[V*� i\]^,
[OX^]PRjkQe� iZ[]^QRW� '�8)*� '�6)*� '� )*� '�6)�

����VPVUXOPQZXQUQ�Z]^WOZXade�]`Oa]U
PVTPd^ade�_VPVWOXP]^�ZQmaV[V

_PQ�aOQT^OZXade�POmi[RPade�_VPVWOXPVe
�][ilQW�^aVlV[O�VZQW_X]XQlOZUQ�X]ladO

'Z�P]ZX]W��	4�I)�^dPVqOaQR�\[R�eVPVUXOPQ,
ZXQU����� �	 �'��)�PVTPd^ade�_VPVWOXP]^�ZQm,
aV[V���[R�pX]m]�Z�ilOX]W�'��)�_OPO_QgOW�]`Oa,
Ui� �	 �^�^Q\O

��/- �0� � �� � � �0� � � �

�

� � �# # #
Θ∈ℜ∈ℜ

= =
	

	 	 	 	
Θ

Θ '0 )

�XWOXQW*� lX]� ^�iZ[]^QRe�^dZ]U]c�V_]ZXOPQ,
]Pa]c� X]la]ZXQ� ]`Oa]U*� U]m\V��	4� I� ^O[Q,
U]*�Z]^WOZXadO������ � �� �	 Θ �_VPVWOXP]^�ZQm,
aV[V�PVZ_][]qOad�^�WV[]c�]UPOZXa]ZXQ�X]l,
UQ� � �� � �	 Θ *�V�_PQ� ' → ∞ ����� �	 �Q� �Θ �Ze],
\RXZR�U�TaVlOaQRW� �=	 	 �Q� �=Θ Θ �^�ZPO\aO,
U^V\PVXQlOZU]W���]m\V�\[R�]_PO\O[OaQR�VZQW,
_X]XQlOZUQe�eVPVUXOPQZXQU�����'0 )�\]ZXV,
X]la]� ilQXd^VXh� _]^O\OaQO� SiaU`Q]aV[]^

�� � �# 	 Θ �Q� � ��# 	 �^�WV[]c�]UPOZXa]ZXQ�TaVlOaQc

�=	 	 *� �=Θ Θ �


��4��
��.�!����
��������������
����������&"�
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�PQ� SQUZQP]^Vaa]W� \� Q� �→Θ Θ � ' θδ =

�����

�
��� �� �
� 	=

= Θ − Θ → )�V__P]UZQWQPiOW�a]PWQ,

P]^Vaadc� []mVPQSW����� '��)� ]XPOTU]W� Om]
J6WOPa]m]�PVT[]qOaQR�^�PR\��Oc[]PV��	]m[VZ,
a]� '�1)*� '�5)� _][ilVOW

��

� � � � �
�

� � �
� �

�
� �

� � � � � � � 
 � � � ��

� � 
 � � � ��

� �� ��� � �


	

� �
�

	 	

� � �� ��
� �

� � � �

# � � � �

� �

θ

ε ε

ε

ο δ

=

= =

′ ′= + + + ×

′′ ′′× Θ − Θ + + ×

× Θ − Θ Θ − Θ +

∑

∑∑

	 	 	 	 	

	 	

Θ

'0�)

�PQ�SQUZQP]^Vaa]W�\�U]]P\QaVXd� � �� � 

�� � 	�Θ Θ Θ
_][]qOaQR�aVQb][hgOm]�WVUZQWiWV�[]mVPQS,
WV�����'0�)�_]�_OPOWOaadW� � �� � 

� 	Θ Θ Θ �R^,
[RjXZR�POgOaQRWQ�ZQZXOWd�iPV^aOaQc

��� � � ����

�
 � � �� � �� ����

� 

� ��� � 	# � 	Θ =Θ =∂ ∂Θ = =	 Θ '0�)

�mPVaQlQ^VRZh�^�'0�)�R^a]�^d_QZVaadWQ�l[O,
aVWQ�PR\V�Q�_]\ZXV^[RR�V__P]UZQWV`Qj�'0�)
^�'0�)*�_][ilVOW�ZQZXOWi�iPV^aOaQc

� � �
�

� �

� � � � � �

� � � ��

����

� 


	

�� �� �� �
�

� �

� �

� �

� 	

ε

ε
=

′′ ′′ − + Θ − Θ = 

′ ′= +

=

∑ 	 	

	 	 '0�)

�aV[]mQla]� s5*� 6t� aVc\OW�POgOaQO� ZQZXO,
Wd�iPV^aOaQc� '0�)���PQ� �ε = � 'ai[O^]O�_PQ,
b[QqOaQO)�_][ilVOW� �� ��

∗Θ = Θ � s0*� 1*� 5t*� m\O

+
� �

�

1� � � ��2�. � ��

����

� �

	

�� � � ��
�

� �

� 	

=

′Θ = Θ +

=

∑ 	 	 � 	
'00)

� � � ����=� 	 	 �u�WVXPQ`V�PVTWOP]W�	 	× �Z�p[O,
WOaXVWQ� �� � � ��� ��� � ′′= −	 	 *� � ����� � = 

�	 � '�8)*
2�. � �� 	 � u� ]_PO\O[QXO[h� WVXPQ`d� � �� 	 *� V
1 � ���� 	 u�V[mObPVQlOZU]O�\]_][aOaQO�WVXPQ`d
� �� 	 ���PQ�b][hgQe��	4�I�^O[QlQaV� �� 'ε =

R^[ROXZR�WV[dW�_VPVWOXP]W�Q�POgOaQO�ZQZ,
XOWd�iPV^aOaQc� '0�)� ^� ]bkOW�Z[ilVO�W]qa]
QZUVXh�^�^Q\O�PR\V�_]�ZXO_OaRW� ε �s�*�0*�1*�5
Q�\P�tn

�� 


� ����

� 
�� �� � � � 	ε ε∗ ′ ′′Θ = Θ + Θ + Θ + = '0�)

��ZQ[i�WV[]ZXQ�_VPVWOXPV� ε *�]mPVaQlQWZR�^
'0�)�_OP^dWQ�\^iWR�Z[VmVOWdWQ�'_OP^]O�_PQ,
b[QqOaQO�_]� ε )�Q�_]\ZXV^QW�'0�)�^�'0�)���PQ,
PV^aQ^VR�U]pSSQ`QOaXd�_PQ�]\QaVU]^de�ZXO,
_OaRe� ε *� VaV[]mQla]� s�*� 0*� 1*� 5*� 6t� aVe]\QW

� � �
�

1
 � � � �� � �� 2�. � �

	

�� � � � ��
�

� � �ε
=

′ ′Θ = Θ + +∑ 	 	 	 � 	 '01)

�]\ZXV^[RR�'01)�^�'0�)�Q�_POaObPOmVR�Z[VmVO,
WdWQ�b][hgOm]�_]PR\UV�WV[]ZXQ*�lOW� ε *�aV,
e]\QW�_PO\ZXV^[OaQO�SiaU`Q]aV[V� � ��# 	 �'0 )
^�_OP^]W�_PQb[QqOaQQ�_]� ε n

� � �
� �

� � � �
� � � �

� � �
� �

� �
�

1� � � � � � � � � �� 2�. � �

1 1� � � �
� � � � � �

�
2�. � ��

1� � � � � � � � �� 2�. � �


 � � � � �

	 	

� � � ��
� �

	 	 	 	
�� ��

�� � �
� � � �

	 	

� � ��
� �

	

�� �
�

# � � � �

� �
� � �

� � � �

� �

ε

= =

= = = =

= =

=

′ ′= + +

′′ ′ ′+ +


′ ′+ + +



′′ ′ ′+ +

∑∑

∑∑∑ ∑

∑∑

∑

	 	 	 	 	 � 	

	 	
	 	 	

� 	

	 	 	 	 � 	

	 	

}
� �

� � �

�
�

� � � ��

1 1� � � � � ���
2�. � �� 


	 	 	

�� �
� � �

� �� ��

� �

� � �

= = =

′ ′ ×

′×

∑∑∑ 	 	

	 	 	 � 	

'05)


ZZ[O\iOW� XO_OPh� _]^O\OaQO�SiaU`Q]aV,
[V� � ��# 	 �'05)�_PQ� �→	 	 ���[R�pX]m]�SiaU`Q],
aV[� � ��# 	 �_PO\ZXV^QW�^�^Q\O�ZiWWd

� � � � � ��� � �# � �ε= +	 	 	 '08)

m\O� � � � �� �� #=	 	 �u� ZQmaV[haVR*� V� � ��� =	

 � � � � ��� �# # ε= −	 	 �u� a]PWQP]^VaaVR�giW],

^VR�Z]ZXV^[RjkQO��
T�'05)�Z�ilOX]W�'�6)�aVe],
\QW�VZQW_X]XQlOZUQO�V__P]UZQWV`QQ�ZQmaV[h,
a]c� Q�giW]^]c� Z]ZXV^[RjkQe�SiaU`Q]aV[V
'05)�_PQ� �����

�

��� �� �
� �

� �δ
=

= − → n

�

� � �
� �

� � � �
� � � �

� � � � � ��

1� � � � � � � � � �� 2�. � �

1 1� � � �
� � � � � � � �



2�. � ��

�

	 	

� � � ��
� �

	 	 	 	
�� ��

�� � �
� � � �

� �

� � � � �

� �
� � �

ο δ

ο δ

= =

= = = =

= +

′ ′= + +

′′ ′ ′+ +

∑∑

∑∑∑ ∑

	 	

	 	 	 	 	 � 	

	 	
	 	 	

� 	
'06)


T� '06)� Z[O\iOX*� lX]�SiaU`Q]aV[� � ��# 	 *
^� ZQ[i� mViZZ]^]ZXQ� a]PWQP]^Vaa]c�giW]^]c
Z]ZXV^[RjkOc� �� �� 	 *�R^[ROXZR�VZQW_X]XQlOZ,
UQ�'_PQ� ' → ∞ *� �ε → �Q� �δ → )� mViZZ]^ZUQW
Z[ilVcadW� _][OW� Z� WVXOWVXQlOZUQW� ]qQ\V,
aQOW� � ��� 	 � '06)�Q�U]PPO[R`Q]aa]c�SiaU`QOc

� � � �� � � � � � �� � �� � �=	 	 	 	 *� \]_iZUVjkOc�VZQW_,
X]XQlOZU]O� _PO\ZXV^[OaQO

� � � � � � � �
� �

� � � � � �

� � � � � � � � �

1
 � � � �� � �� 2�. � �

	 	

� �
� �

� � ��

� � �

� � �

= =

′= + ×

′ ′× + +

∑∑	 	 	 	 	 	

	 	 	 � 	


*�- ����)"*+�"�����+�"��*��+��*��-"*�!����3"!�+� ���-"�����*��!�%�
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���



� � � � � � �
� � � �

�
� � � � � � �

� � � �����

�

� � �
 � � � �

1 1� � � �� � � � ��
2�. � �� � �

��� � � � �


	 	 	 	

� �� �
� � � �

�� � �� �� �

� � � � �
� �

� � �

� � � �

� � � �

ο δ

δ

= = = =

=

′ ′′ ′+ +

′′ ′+ +

= − − →

∑∑∑ ∑ 	 	 	 	

	 	 	 	 � 	

'� )

�\OZh� � � � � � � �� � � � � � �� � �=	 	 	 	 �,�U]PPO[R`Q]aaVR
SiaU`QR�giW]^]c�Z]ZXV^[RjkOc� �� �� 	 SiaU`Q,
]aV[V� � �� � �# 	 Θ *� V� � � � � � � �� � � � � � �� �� � �′ ′=	 	 	 	 �u
U]PPO[R`Q]aaVR�SiaU`QR�giW]^]c�Z]ZXV^[R,
jkOc� Q� OO� _P]QT^]\a]c*� i\]^[OX^]PRjkVR
iZ[]^Qj� '�6b)�� �]m\V� SiaU`Q]aV[� � ��∆ =	

� � � �� �# # ∗= −	 	 *� +
�∈ ℜ	 � XVUqO�R^[ROXZR� mViZ,

Z]^ZUQW� Z[ilVcadW� _][OW*� WVXOWVXQlOZU]O
]qQ\VaQO� � ��� ∆ 	 �Q�U]PPO[R`Q]aaVR�SiaU`QR

� �� � ��� ∆ 	 	 �U]X]P]m]*�Z]m[VZa]�'06)*�'� )*�\]_iZ,
UVjX� VZQW_X]XQlOZUQO� _PO\ZXV^[OaQR

�

���



���



� �

+ +
� �����

�

� � � � � � �

� � �

+
� � � � �����

�

� � � � � � � �

��� � � � ��

� � � � � � � � �

� � � � � � � �

��� � � � � �


�

� � � �
� �

�

�

� � � � � � �
� �

� � �

� � � �

� � �

� �

� � � � � �

ο δ

δ

ο δ

δ

∗ ∗
∆

=
∗

∆

∗ ∗ ∗ ∗

∗

=

= − +

= − − →

= − −

− + +

= − − − →

	 	 	

	 	 	 	 	 	

	 	 	 	 '��)


T�'��)�Z[O\iOX*�lX]�WVXOWVXQlOZU]O�]qQ,
\VaQO� Q� U]PPO[R`Q]aaVR�SiaU`QR� _PQPVkO,
aQc� � ��∆ 	 �SiaU`Q]aV[V� � ��# 	 �'0 )�VZQW_X]XQ,
lOZUQ�'_PQ�' → ∞ *� + �δ → )�Z]^_V\VjX�Z�WVXO,
WVXQlOZUQW� ]qQ\VaQOW� Q� U]PPO[R`Q]aa]c
SiaU`QOc�_PQPVkOaQc� +

� � �� � � � � �# #∆ = −	 	 	 �mV,
iZZ]^ZU]m]�SiaU`Q]aV[V�

�� �� � � � �# #=	 	 Θ �� �]m,
\V�SiaU`Q]aV[�_PQPVkOaQc� � ��∆ 	 �POgVjkOc
ZXVXQZXQUQ� � ��# 	 � QZZ[O\iOW]m]� V[m]PQXWV
]`OaUQ�'0 )�Ze]\QXZR�_]�PVZ_PO\O[OaQj�'�_PQ
' → ∞ *� �δ ∗ → �)�U�SiaU`Q]aV[i�_PQPVkOaQc

�� �∆ 	 � POgVjkOc�ZXVXQZXQUQ� �� �# 	 � V[m]PQXWV
'��)�Z]^WOZXade�]`Oa]U� ��	 �PVTPd^ade�_VPV,
WOXP]^�ZQmaV[V�_PQ�V_PQ]PQ�QT^OZXade�POmi,
[RPade�_VPVWOXPVe��	[O\]^VXO[ha]������+�"6
��*��+��*��-"*�!���1�4� �	 �'��)*�'0 )����6
���!��� ���-"����� �	 �*��!�%�� ���!"���"*6
�!����"�(%#�!��� ���-"����� �Θ ��*�- ��6
��)"*+��'*���*��-�1�z�I�)�*�� ���/��*���6
��+�"��*��+�-��*����"�*��(/{���*��-"6
*�!���1�4� ��	 �'��)�������!��� ���-"����
 ��� � ������ ���"*�!��� �"�(%#�!���  ���6
-"�����*��!�%��

�dPVqOaQR�\[R�eVPVUXOPQZXQU�Z]^WOZXade
����PVTPd^ade� _VPVWOXP]^� ��	 � W]qa]� TV,

_QZVXh*� ^]Z_][hT]^V^gQZh� POTi[hXVXVWQ� _�((�
�VUQW� ]bPVT]W*� VZQW_X]XQlOZUQ� X]ladO� 'Z
P]ZX]W��	4�I)� ^dPVqOaQR�\[R�eVPVUXOPQZ,
XQU�Z]^WOZXade����� �	 �'��)*�'0 )�]_PO\O[R,
jXZR�QT� '�0)*� '�5)u'� )�
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