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�VZZWVXPQ^VOXZR� ]PmVaQTV`QR� _P]`O\iP� _P]ma]TQP]^VaQR� TaVlOaQR� m[]bV[ha]m]� pUZX,
POWiWV�^�V\V_XQ^ade�V[m]PQXWVe�_]QZU]^]c�]_XQWQTV`QQ�aV�]Za]^O�WOX]\V�Ψ ,_PO]bPVT],
^VaQc�� �bZiq\VjXZR� ^]_P]Zd� QZ_][hT]^VaQR� PVT[Qlade� ZXPVXOmQc� _P]ma]TQP]^VaQR� _PQ
POgOaQQ�Z[Vb]S]PWV[QT]^Vaade�]_XQWQTV`Q]aade�TV\Vl�

�]ZXVa]^UV� Wa]mQe� _PVUXQlOZUQe� TV\Vl
]_XQWV[ha]m]� _P]OUXQP]^VaQR� Q� i_PV^[OaQR
Z^]\QXZR� U� Qe�S]PWi[QP]^UO� ^� ^Q\O� TV\VlQ
aO[QaOca]c�_VPVWOXPQlOZU]c� ]_XQWQTV`QQn
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� �
∈

→ '�)

m\O� �� �


� ���� � �= ���^OUX]P�^VPhQPiOWde�_V,
PVWOXP]^�W]\O[Qr�V'y)���UPQXOPQc�]_XQWV[h,
a]ZXQz�P���\]_iZXQWVR�]b[VZXh*�_PO\ZXV^[Oa,
aVR� ZQZXOW]c� ]mPVaQlOaQc� TV\VlQ���PQ� pX]W
_PO\_][VmVOXZR*� lX]� UPQXOPQc� ]_XQWV[ha]Z,
XQ�TV\Va�V[m]PQXWQlOZUQ�^�^Q\O�W]\O[QPij,
kOm]� V[m]PQXWV*� _]T^][RjkOm]� _]� TV\VaadW
TaVlOaQRW�^OUX]PV�^VPhQPiOWde�_VPVWOXP]^

�� �


� ���� � �= �_][ilVXh�TaVlOaQR��V'y)�
�OgOaQO�TV\VlQ�'�)�_PO\_][VmVOX�^d\O[O,

aQO�^�UVlOZX^O�Qa^VPQVaXa]c�lVZXQ�_]\TV\V,
lQ�bOTiZ[]^a]c�]_XQWQTV`QQ�V[m]PQXWQlOZUQ
TV\Vaa]c�`O[O^]c�SiaU`QQ� �� � � �
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→

�XZiXZX^QO�VaV[QXQlOZU]c�S]PWi[QP]^UQ
UPQXOPQR�\O[VOX�TV\Vli�Z[Vb]S]PWV[QT]^Va,
a]c*� ]Z[]qaROX� Q\OaXQSQUV`Qj� Z^]cZX^� ]_,
XQWQTV`Q]aa]c�W]\O[Q�aV�V_PQ]Pa]W�iP]^aO
Q�_PQ^]\QX�U�aO]be]\QW]ZXQ�_PQWOaOaQR�V[,
m]PQXW]^� ]_XQWQTV`QQ� _]QZU]^]m]� XQ_V� s�t*
aO�QZ_][hTijkQe�\QSSOPOa`QV[hadO�eVPVU,
XOPQZXQUQ�`O[O^]c�SiaU`QQ�

�[R� V[m]PQXWQTV`QQ� Z[Vb]S]PWV[QT]^Va,
a]c�]_XQWQTV`Q]aa]c�TV\VlQ�`O[OZ]]bPVTadW
R^[ROXZR�QZ_][hT]^VaQO�V\V_XQ^ade�_]QZU],
^de�_P]`O\iP� s�*� �*� 0t*� ]Za]^Vaade�aV� ^OP],
RXa]ZXa]c�_OPOS]PWi[QP]^UO�'PVa\]WQTV`QQ)
QZe]\a]c�_]ZXVa]^UQn
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�
� $ � → '�)

m\O���u� ]_OPV`QR�WVXOWVXQlOZU]m]� ]qQ\V,
aQRz���y����Wa]qOZX^]�Z[ilVcade�^OUX]P]^�


XOPV`Q]aadO�_P]`O\iPd�_]QZUV�]_XQWV[h,
ade�^VPQVaX]^�S]PWQPijXZR�^�Wa]qOZX^O�Z[i,
lVcade�^OUX]P]^�Z[O\ijkQW�]bPVT]W�s�*��tn

� �� � �
�� � �α+ = + �'�)

m\O�L�u�a]WOP�QXOPV`QQz� �� �u�Z[ilVcadc
^OUX]P*� TV\VjkQc� aV_PV^[OaQO� \^QqOaQRz

�α u�^O[QlQaV�gVmV�^�\Vaa]W�aV_PV^[OaQQ�
��PVb]XVe� s�*��t�_PO\[VmVOXZR�]_PO\O[RXh

aV_PV^[OaQO�_]QZUV� �� �aV�UVq\]c�QXOPV`QQ
^�^Q\On
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'0)

�\OZh� 9" *���
= �u�iP]^Oah�]_XQWQTQPiOW]c
SiaU`QQz��y*�m�u�Z[ilVcadO�^OUX]Pdz�� �ω u
_[]kV\h�_]^OPea]ZXQ�O\QaQla]c�ZSOPd�̂ �_P],
ZXPVaZX^O� �� z� � �
Φ �u��W]a]X]aaVR�aOibd^Vj,
kVR�SiaU`QR*�XVUVR*�lX]� � � �
 
Φ ⋅ > *� ��� �Φ = �

�� ]Za]^O� _]Z[O\ijkOc� V[m]PQXWQTV`QQ
[OqQX�_OPOS]PWi[QP]^UV�QXOPV`Q]aa]c�_P],
`O\iPd� '0)� Z� QZ_][hT]^VaQOW� ^OP]RXa]ZXade
eVPVUXOPQZXQU�Z[ilVcade�^OUX]P]^����VT[Ql,
adO�V[m]PQXWQlOZUQO�ZeOWd�_]QZU]^]c�]_XQ,
WQTV`QQ*� _]ZXP]OaadO� aV� bVTO� PVZZWVXPQ^V,
OW]m]� _]\e]\V*� _PO\ZXV^[Oad� ^� PVb]XVe� s�*
�*�0t����VW�qO�_PQ^O\Oad�POTi[hXVXd�^dlQZ,
[QXO[hade� pUZ_OPQWOaX]^*� Z^Q\OXO[hZX^ij,
kQO� ]b� iZX]clQ^]ZXQ� Q� pSSOUXQ^a]ZXQ� \Va,
ade�]_XQWQTV`Q]aade�_P]`O\iP�
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�[m]PQXWd� ]_XQWQTV`QQ� _]QZU]^]m]� XQ_V
QZ_][hTijX�X][hU]�TaVlOaQR�UPQXOPQR�]_XQ,
WV[ha]ZXQ*� lX]� ]XUPd^VOX� ^]TW]qa]ZXh� Qe
_PQWOaOaQR� _PQ� PVb]XO� Z� V[m]PQXWQlOZUQWQ
W]\O[RWQ*� eVPVUXOPQTijkQWQZR� aQTUQW
iP]^aOW�S]PWV[QTV`QQ���\aVU]�TaVlOaQR�UPQ,
XOPQR*� ]_PO\O[OaQO� U]X]Pde� Z� _]W]khj�W],
\O[QPijkQe�V[m]PQXW]^�XPObiOX�ZikOZX^Oa,
ade�^dlQZ[QXO[hade�TVXPVX*�_PQWOaRjXZR�^
\Vaade�_P]`O\iPVe�[Qgh�\[R�ZPV^aOaQR�Q�^
\V[haOcgOW� ]XbPVZd^VjXZR�� 	� `O[hj� b][OO
_][a]m]�ilOXV�_][ilVOW]c�^�_P]`OZZO�_]QZUV
QaS]PWV`QQ� ]� TaVlOaQRe� `O[O^]c�SiaU`QQ
_PO\[VmVOXZR�QZ_][hT]^VXh� OO� \[R�_P]ma]TQ,
P]^VaQR� m[]bV[ha]m]� pUZXPOWiWV����UVlOZX^O
]Za]^d� _]ZXP]OaQR� _P]`O\iP� _P]ma]TQP]^V,
aQR�^dbPVa�WOX]\� Ψ ,_PO]bPVT]^VaQc�s�t*�W],
\QSQ`QP]^Vaadc�Z�ilOX]W�Z_O`QSQUQ��V\V_,
XQ^ade�_]QZU]^de�V[m]PQXW]^�

�Za]^aVR�Q\OR�WOX]\V� Ψ ,_PO]bPVT]^VaQc
TVU[jlVOXZR� ^� TVWOaO� Wa]m]pUZXPOWV[ha]c
SiaU`QQ�o'y)�iaQW]\V[ha]c� � �ξΨ ��]bPVT]^Va,
a]c�^�POTi[hXVXO�[ObOm]^V�PVTbQOaQR�o'y)�s�t�
�ObOm]^]� PVTbQOaQO� W]qOX� bdXh� _][ilOa]
_iXOW�PVT\O[OaQR�QaXOP^V[V�s{�� o'y)z�o�f o'y)t
aV� PV^adO� _P]WOqiXUQn

���5 � � 


 �0� � �
�$ � $ �ξ ξ= < < = �

�aVlOaQR� `O[O^]c�SiaU`QQ�o'y}� ]_PO\O,
[RjXZR�_]�POTi[hXVXVW�Y�QZ_dXVaQc*�^�e]\O
U]X]Pde� ]ZikOZX^[ROXZR� Z[ilVcadc� ^db]P
X]lOU� �� �QT�\]_iZXQW]c�]b[VZXQ�P���PO]bPV,
T]^VaQO�SiaU`QQ�o'y)�^� � �ξΨ �Z]ZX]QX�^�]_PO,
\O[OaQQ�Z]^]Ui_a]ZXQ�Wa]qOZX^� �0 *�aV�UVq,
\]W� QT� U]X]Pde�o'y)� aO� _PO^]Ze]\QX� TV\Va,
a]O� TaVlOaQO� �ξ n

# � � � �� 
� �0 6$ � 66� �ξ≤ =

�[R�UVq\]m]�Wa]qOZX^V� �0 ��^dlQZ[ROXZR
Z]]X^OXZX^ijkVR�WOPVn

��

�

�

#
µ = '�)

m\O�Y�u�]bkOO�lQZ[]�QZ_dXVaQc�\[R�]_PO\O,
[OaQR�TaVlOaQc� �o'y)z� �� u�U][QlOZX^]� Z[i,
lVO^*�_PQ�U]X]Pde� �$7�8 ξ≤ ����PVb]XO�s�t�\],
UVTVa]*�lX]�SiaU`QR� � �µ ξ= Ψ �W]a]X]aa]�ibd,
^VOX� _PQ� iWOahgOaQQ� �ξ � ]X� WVUZQWV[ha]m]
' � �0� � �$ �ξ = )�\]�WQaQWV[ha]m]�' ��5 � �� $ �ξ = )
TaVlOaQR�Q� ]bPVkVOXZR� ^� a][h� _PQ� 9

��
$ξ = �
�VUQW�]bPVT]W*�TV\VlV�]_PO\O[OaQR�TaVlOaQR
m[]bV[ha]m]�pUZXPOWiWV� ��
$ �Z^]\QXZR�U�V__,
P]UZQWV`QQ�SiaU`QQ� � �ξΨ �_]�X]lUVW� �µ �Q�OO

_]Z[O\ijkOc�WQaQWQTV`QQ*� X�O�� U� ]_PO\O[O,
aQj� TaVlOaQR� VPmiWOaXV� ξ ∗ *� _PQ� U]X]P]W

+� � �
ξΨ =
�VU� bd[]� _]UVTVa]*� ^� V\V_XQ^ade� V[m],

PQXWVe� _]QZU]^]c� ]_XQWQTV`QQ� ^� UVlOZX^O
ZeOWd�_OPOb]PV�^dbQPVOXZR�Z[ilVcadc�WOeV,
aQTW��	[O\]^VXO[ha]*�POV[QTV`QQ�_]QZU]^]m]
Z[ilVca]m]� ^OUX]PV�y� Q� Z]]X^OXZX^ijkQO
TaVlOaQR� `O[O^]c�SiaU`QQ*�S]PWQPiOWdO� ^
e]\O�]_XQWQTV`Q]aa]m]�_P]`OZZV*�W]miX�bdXh
QZ_][hT]^Vad�^�UVlOZX^O�ZXVXQZXQlOZU]c�Qa,
S]PWV`QQ�\[R�_P]ma]TQP]^VaQR�TaVlOaQR�m[],
bV[ha]m]�pUZXPOWiWV���VZZW]XPQW�PVT[QladO
ZXPVXOmQQ� _P]ma]TQP]^VaQR�

�OP^VR�QT�_PO\[VmVOWde�ZXPVXOmQc�Z^RTV,
aV�Z�ePVaOaQOW�^ZOe�TaVlOaQc�`O[O^]c�SiaU,
`QQ�o'y)*�_][ilOaade�^�_P]`OZZO�PVb]Xd�_],
QZU]^]c�_P]`O\iPd���[R�]b[OmlOaQR�_]Z[O\i,
jkOc� ]bPVb]XUQ� QaS]PWV`QQ� TaVlOaQR�o'y)
_]Z[O\]^VXO[ha]�i_]PR\]lQ^VjXZR���PQ�pX]W
]ZikOZX^[ROXZR�_]\ZlOX�U][QlOZX^V�^dlQZ[O,
aQc� `O[O^]c�SiaU`QQ� U*� U]X]P]O� W]qOX� Qa,
XOP_POXQP]^VXhZR� UVU� lQZ[]�QZ_dXVaQc�

�]Z[O�R�QXOPV`Qc�_P]QZe]\QX�_OPOU[jlO,
aQO� Z� _]QZU]^]c�_P]`O\iPd�aV� b[]U�_P]ma],
TQP]^VaQR�TaVlOaQR�m[]bV[ha]m]�pUZXPOWiWV�

Ze]\a]c�QaS]PWV`QOc�_PQ�_P]ma]TQP]^VaQQ
R^[RjXZR� aVU]_[OaadO� ^� _P]`OZZO� _]QZUV
TaVlOaQR� ]_XQWQTQPiOW]c�SiaU`QQ�o'y)�� 	
`O[hj�b][OO�PV^a]WOPa]m]�TV_][aOaQR�\]_i,
ZXQW]c�]b[VZXQ�P�QWOjkQcZR�Z_QZ]U�TaVlO,
aQc�o'y)� \]_][aROXZR� L� TaVlOaQRWQ*� ^dlQZ,
[OaadWQ�^�X]lUVe*�PV^a]WOPa]�PVZ_PO\O[Oa,
ade�^�]b[VZXQ�P�|_PQ�pX]W�J�U)����bkOO�lQZ,
[]� QZ_dXVaQc� � ]_PO\O[ROXZR� ^� ^Q\O� ZiWWdn
Y}U�J���V�]Za]^VaQQ�QWOjkOcZR�QaS]PWV,
`QQ�aVe]\RXZR�WVUZQWV[ha]O�' �0� � �$ � )�Q�WQ,
aQWV[ha]O�' ��5 � �$ � )�TaVlOaQR�`O[O^]c�Sia,
U`QQ�� �V[OO� ]_PO\O[ROXZR� _VPVWOXP� ξ∆ �u
^O[QlQaV�gVmV�\[R�_]Z[O\ijkOc�QXOPV`Q]a,
a]c�_OPOZXP]cUQ�iP]^aR� ξ n

�0� � � ��5 � �
�

$ � $ �

�
ξ −∆ =

m\O�S�u�lQZ[]�X]lOU�PVTbQOaQR*�TV\V^VOW]O
_][hT]^VXO[OW�

�P]^Oah� ξ � _OPOZXPVQ^VOXZR� Z[O\ijkQW
]bPVT]Wn

� �� �0� � �� �� 
� � � 66 $ � 666� �ξ ξ ξ ξ+ = − ∆ = =

�[R� UVq\]m]� TaVlOaQR� �ξ � _]� ZeOWO� '�)
]_PO\O[ROXZR�Z]]X^OXZX^ijkVR�WOPV� �µ �Wa],
qOZX^V� �0 *� _]Z[O� lOm]� _]� _][ilOaadW� X]l,

������2&����)�����
��
��"-�������5���"%"3+�#
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UVW� � �� �µ ξ= Ψ �_P]QT^]\QXZR��V__P]UZQWV`QR
SiaU`QQ� � �ξΨ n

�
� � �� � 
� � �ξ ξ ξΨ = + + '1)

�]pSSQ`QOaXd�V__P]UZQWQPijkOm]�_][Q,
a]WV� � �� � �� �� � � � ]_PO\O[RjXZR� Z� QZ_][hT]^V,
aQOW�WOX]\V�aVQWOahgQe�U^V\PVX]^n

� �
�

� � �

� � � � � �����

� �

� � �
� � � �

� � �

� �ξ ξ ξ+

= = =

= Ψ =∑ ∑ ∑ '5)

�[R� ]_PO\O[OaQR� TaVlOaQR� m[]bV[ha]m]
pUZXPOWiWV�POgVOXZR�Z[O\ijkOO�U^V\PVXa]O
iPV^aOaQOn

�
� � � �
� � �ξ ξ+ + = '8)

�VQWOahgQc�_][]qQXO[hadc�U]POah�iPV^,
aOaQR�bi\OX�PV^Oa�TaVlOaQj�m[]bV[ha]m]�pU,
ZXPOWiWVn� 9

��
$ξ = �
�VZZW]XPOaadc�_]\e]\� aO� XPObiOX� ^aOZO,

aQR�QTWOaOaQc�^�V[m]PQXWd�_]QZU]^]c�]_XQ,
WQTV`QQ���P]`O\iPd� ]_XQWV[ha]m]� _]QZUV� Q
b[]U�_P]ma]TQP]^VaQR�R^[RjXZR�aOTV^QZQWd,
WQ�\Pim�]X�\PimV���PQ�pX]W�aO]be]\QW]�ePV,
aOaQO�^�_VWRXQ�����^ZOe�TaVlOaQc�]_XQWQ,
TQPiOW]c�SiaU`QQ���[R�iWOahgOaQR�^dlQZ,
[QXO[hade� TVXPVX� W]qOX� bdXh� _PO\[]qOaV
ZXPVXOmQR*�_PQ�U]X]P]c�_P]`O\iPd�_P]ma]TQ,
P]^VaQR� ^ZXPVQ^VjXZR� ^� ZXPiUXiPi� V[m]PQX,
W]^�]_XQWQTV`QQ*�Q�aVU]_[OaQO�QaS]PWV`QQ
\[R�V__P]UZQWV`QQ�SiaU`QQ� � �ξΨ �]ZikOZX^,
[ROXZR� ^� e]\O� ]_XQWQTV`Q]aa]m]� _P]`OZZV�

�V�aVlV[ha]W�pXV_O�_]QZUV�_]�Z[ilVca],
Wi� TVU]ai� Z� PV^a]WOPadW� PVZ_PO\O[OaQOW
^dbQPVjXZR� X]lUQ� �� *� _PQaV\[OqVkQO� \],
_iZXQW]c�]b[VZXQ�P*��Q�^dlQZ[RjXZR�Z]]X^OX,
ZX^ijkQO� TaVlOaQR� ]_XQWQTQPiOW]c�SiaU,
`QQ� � �� ���$ � � 	= ���\OZh��J�u�lQZ[]�_OP^]aV,
lV[hade�QZ_dXVaQc�� �PQ�pX]W��J�L*�m\O�Lu
U][QlOZX^]� QXOPV`Qc� \[R� PVb]Xd� V[m]PQXWV
_]QZU]^]c� ]_XQWQTV`QQ*� TV\V^VOW]O� _][hT],
^VXO[OW�� �aVlOaQR� UPQXOPQR� ]_XQWV[ha]ZXQ
i_]PR\]lQ^VjXZR� _]� ^]TPVZXVaQjn

� �� � � � 


 � �
	$ � $ � $ �< < <

�]lUV*� Z]]X^OXZX^ijkVR� WQaQWV[ha]Wi
TaVlOaQj�`O[O^]c�SiaU`QQ� �� �$ � *�_PQaQWV,
OXZR�TV�aVlV[ha]O�_PQb[QqOaQO�^�_]QZU]^]c
_P]`O\iPO�]_XQWQTV`QQ���V�]Za]^VaQQ�_][ilOa,
ade� TaVlOaQc�`O[O^]c�SiaU`QQ� ^dlQZ[ROXZR
gVm�\[R�QXOPV`Q]aa]c�_OPOZXP]cUQ�iP]^aR�ξ n

�� � � �

	$ � $ �

ξα
β
−=

�VPVWOXP� β � aV� aVlV[ha]W� pXV_O� PV^Oa
O\QaQ`O*� V� TVXOW� ^� _P]`OZZO� _]QZUV� W]qOX
bdXh�i^O[QlOa�\[R�aVZXP]cUQ�gVmV� ξα ���]Z[O
]_PO\O[OaQR�gVmV� ξα �aVlQaVOX�PVb]Xi�_P]`O,
\iPV�_]QZU]^]c�]_XQWQTV`QQ�

�P]^Oah� ξ � _OPOZXPVQ^VOXZR� ^� _P]`OZZO
_]QZUV�Z[O\ijkQW�]bPVT]Wn

� 
� � ξξ ξ α+ = −

�PQ�pX]W� � � � �0� � �	$ � $ �ξ = = *� � � ξξ ξ α= − =
�� �$ �= ���Z[]^QOW�\[R�_OPOZXP]cUQ�iP]^aR� �ξ

R^[ROXZR� _][ilOaQO� e]XR� bd� ]\a]m]� TaVlO,
aQR� � � �$ � ξ< �

�VPV[[O[ha]� Z� _]QZU]W� pUZXPOWiWV� \[R
UVq\]m]� �ξ �]_PO\O[ROXZR�_VPVWOXP� �1 �u�lQZ,
[]��TaVlOaQc�`O[O^]c�SiaU`QQ*�i\]^[OX^]PRj,
kQe�iZ[]^Qjn� � � �$ � ξ> ���dlQZ[OaQO�TaVlOaQc
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