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]Za]^Vaadc� aV� Om]� Z^O\OaQQ� U� \^iW�iPV^aOaQRW�_OP^]m]� _]PR\UV� Q� POgOaQQ� _]Z[O\aQe
_iXOW�_]ZXP]OaQR�Z_O`QV[hade�SiaU`Qc�]X�WVXPQ`���VXPQladO�U]pSSQ`QOaXd�L*�P�Q�9
W]miX� QWOXh� b][hg]c� _]PR\]U*� R^[RjXZR� ZVW]Z]_PRqOaadWQ� Q� aO]XPQ`VXO[ha]� ]_PO\O,
[OaadWQ*� _PQlOW�WVXPQ`V�L� W]qOX� bdXh� aO]bPVXQW]c���Za]^a]O� ]mPVaQlOaQO� Z]ZX]QX� ^
X]W*�lX]�]\aV�QT�WVXPQ`�L�Q[Q�9�WV[V*�V�WVXPQ`V�P�]bPVXQWV��
ZX]laQU]W�XVUQe�iPV^aO,
aQc�R^[RjXZR*�aV_PQWOP*�iPV^aOaQR��QPem]SV�[QaOca]c�\Yn,`O_Q*�^d_QZVaadO�Z�_]W],
khj�WOX]\V�U]aXiPade�X]U]^�Q[Q�iT[]^de�aV_PRqOaQc�

DD'A'�"'

��ZXVXhO�]_QZd^VOXZR�_PQb[QqOaadc�WO,
X]\� POgOaQR� [QaOca]m]� \QSSOPOa`QV[ha]m]
iPV^aOaQR� ^X]P]m]� _]PR\UV
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�\OZh� U]pSSQ`QOaXd� � *� / � Q� - � R^[RjXZR
ZVW]Z]_PRqOaadWQ� Q� aO]XPQ`VXO[ha]� ]_PO,
\O[OaadWQ� U^V\PVXadWQ� WVXPQ`VWQ*� W]miX
QWOXh�b][hg]c�_]PR\]U7E*�V�WVXPQ`V�� �W],
qOX� bdXh� aO]bPVXQW]c�� �P]WO� X]m]� _PO\_],
[VmVOXZR*�lX]�]\aV�QT�WVXPQ`�� �Q[Q�- �WV[V*
V�WVXPQ`V�/ �]bPVXQWV�

�� UVlOZX^O� ]Za]^a]m]� QZX]laQUV� XVUQe
iPV^aOaQc�Wd�QWOOW�^�^Q\i�iPV^aOaQR��QPe,
m]SV�[QaOca]c��#" ,`O_Q*�^d_QZVaadO�Z�_],
W]khj�WOX]\V�U]aXiPade�X]U]^�Q[Q�iT[]^de
aV_PRqOaQc7s�*��t���V[]ZXh�WVXPQ`�� �Q�- �^
Z[ilVO�WOX]\V�U]aXiPade�X]U]^�Z]]X^OXZX^i,
OX�WV[]c� ^O[QlQaO� Qa\iUXQ^a]ZXOc� UVXigOU
Q�b][hg]c�^O[QlQaO�OWU]ZXOc�U]a\OaZVX]P]^*
_PQZiXZX^ijkQe� ^� `O_Q*� V� ^� Z[ilVO� WOX]\V
iT[]^de�aV_PRqOaQc�u�WV[]c�^O[QlQaO�OW,
U]ZXOc� U]a\OaZVX]P]^� Q� b][hg]c� ^O[QlQaO
Qa\iUXQ^a]ZXOc�UVXigOU���V�WVXOWVXQlOZU]W
iP]^aO� pX]� _PO\_][]qOaQO� ^[OlOX� \OcZX^Q,
XO[ha]ZXh�Z_OUXPV�Z]]X^OXZX^ijkOm]�WVXPQl,
a]m]� _ilUV*� V� aV�SQTQlOZU]W�u� ]XZiXZX^QO

U][ObVXO[hade�R^[OaQc����]bPVXQW]ZXh�WVX,
PQ`d�/ �Z]]X^OXZX^iOX�X]Wi*�lX]�^�`O_Q�\]Z,
XVX]la]� Wa]m]� Z]_P]XQ^[OaQc�

�O]be]\QW]ZXh�^�POgOaQQ�_]\]bade�iPV^,
aOaQc� ^]TaQUVOX*� aV_PQWOP*� ^� Z^RTQ� Z� TV\V,
lVWQ� V^X]WVXQlOZU]m]� _P]OUXQP]^VaQR� WQU,
P]ZeOW*�ZW�7s�*�0*��t���PQ�Z]T\VaQQ�WQUP]ZeO,
Wd�OO�PVb]Xi�_OP^]aVlV[ha]�ZXVPVjXZR�ZW],
\O[QP]^VXh�aV�U]W_hjXOPO��	]^POWOaaVR�WQU,
P]ZeOWV�W]qOX�Z]\OPqVXh�WQ[[Q]ad�XPVaTQ,
ZX]P]^� Q� \PimQe� \OXV[Oc�� �]pX]Wi� ZQZXOWV
iPV^aOaQc*� ]_QZd^VjkVR� OO� PVb]Xi*� QWOOX
]mP]Waij�PVTWOPa]ZXh���X]bd�i_P]ZXQXh�pXi
ZQZXOWi*� ^e]\RkQO� ^� aOO� [QaOcadO� iPV^aO,
aQR� ]bdla]� POgVjX� ]X\O[ha]*� V� POTi[hXVX
_]\ZXV^[RjX�^�]ZXV^gQOZR�aO[QaOcadO�

�PV^aOaQR*� ]_QZd^VjkQO� PVb]Xi� [QaOc,
ade�lVZXOc�ZeOWd*�Z]ZXV^[RjX*�QZe]\R�QT�PVT,
[Qlade�W]\QSQUV`Qc�iPV^aOaQc��QPem]SV���
XO]POXQlOZUQe�QZZ[O\]^VaQRe�\[R�pX]m]�lVkO
^ZOm]�QZ_][hTijX�WOX]\�_OPOWOaade� Z]ZX]R,
aQR� s1*� 5t*� V� \[R� _PVUXQlOZUQe� PVZlOX]^�u
W]\QSQ`QP]^Vaadc�WOX]\�iT[]^de�aV_PRqO,
aQc7s�t�� �bV� WOX]\V� _PQ^]\RX� U� iPV^aOaQj
_OP^]m]� _]PR\UV
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U]X]P]O�^]�Wa]mQe�]Xa]gOaQRe�i\]baOO�iPV^,
aOaQR�^X]P]m]�_]PR\UV*�_]ZU][hUi�iPV^aOaQR
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_OP^]m]�_]PR\UV�QTilOad�̂ �]bkOc�XO]PQQ�\QS,
SOPOa`QV[hade�iPV^aOaQc�b][OO�]bZX]RXO[h,
a]�� �]� T\OZh� WVXPQ`V� / *� UVU� _PV^Q[]*� aO
R^[ROXZR�]bPVXQW]c�Q�ZVW]Z]_PRqOaa]c���[VZ,
ZQlOZUQc�WOX]\� POgOaQR� iPV^aOaQc� _OP^]m]
_]PR\UV� Z� aO]bPVXQWdW� U]pSSQ`QOaX]W� /
]Za]^Va� aV� ^]TW]qa]ZXQ� Z[O\ijkOm]� _PO]b,
PVT]^VaQR*� ^]Ze]\RkOm]� U� �OcOPgXPVZZi7s8t
Q��P]aOUOPi7s6t� 'ZW�7XVUqO7s� t� Q7s��t)n� \[R
[jb]c�_VPd�WVXPQ`�/ �Q� - �ZikOZX^ijX�aO,
^dP]q\OaadO� U^V\PVXadO�WVXPQ`d�� � Q� � *
XVUQO� lX]
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m\O� WVXPQ`V� �/ � aQ[h_]XOaXaV�� �P]TPVla]O
]brRZaOaQO� ZikOZX^]^VaQR� XVU]m]� _PO]bPV,
T]^VaQR*� QZ_][hTijkOO� U]aXiPadO� QaXOmPV,
[d� ]X� POT][h^OaXd*� W]qa]� aVcXQ� ^7s��*� ��t*
a]� pX]X� _]\e]\�WV[]pSSOUXQ^Oa� Z� ^dlQZ[Q,
XO[ha]c�X]lUQ�TPOaQR��	]^POWOaadc�lQZ[Oa,
adc�V[m]PQXW�_]ZXP]OaQR�_]\]ba]m]�_PO]bPV,
T]^VaQR�bOPOX�aVlV[]�]X�PVb]Xd�	XjVPXV7s�0t*
ZW�7XVUqO� Om]� QT[]qOaQO� Q� ]bZiq\OaQO
^7s� t*� s��t� Q7s�1t�� �� Z]qV[OaQj*� pX]X� V[m],
PQXW�^�Z[ilVO�WVXPQ`�b][hg]m]�_]PR\UV�R^,
[ROXZR� \]^][ha]� XPi\]OWUQW� Q� _]pX]Wi� aO
^ZOm\V� i\]bOa�� �PO\[VmVOWdc� ^� ZXVXhO� V[h,
XOPaVXQ^adc� _]\e]\� aO� XPObiOX� \QVm]aV[Q,
TV`QQ�WVXPQ`�

�_QgOW� ^UPVX`O� Z]\OPqVaQO� ZXVXhQ�� �]
^aVlV[O�iX]laQW�_]ZXVa]^Ui�TV\VlQ�

�]�SQTQlOZU]Wi�ZWdZ[i�\[R�p[OUXPQlOZ,
UQe� `O_Oc� OZXOZX^OaaV� !�)�%&!�#� ����)�� !�
�*�*� U]X]Pij�Wd� Q� ]bZiq\VOW� ^� aVZX]RkOc
PVb]XOn�\]�aOU]X]P]m]�W]WOaXV�^POWOaQ�`O_h
aVe]\Q[VZh�^�ai[O^]W�_][]qOaQQ�PV^a]^OZQR
� � �� 
 = *� �
 
< *� TVXOW� _]ZXi_Q[� ^e]\a]c� QW,

_i[hZ� ^� ^Q\O� Z^]b]\a]m]� l[OaV� � *� U]X]Pdc
^dT^V[�aOU]X]Pdc�]X^OXadc�]XU[QU� � �� 
 *� �
 
> �
	�WVXOWVXQlOZU]c�X]lUQ�TPOaQR�XVUVR�_]ZXV,
a]^UV� TV\VlQ� Z^]\QXZR�U�aVe]q\OaQj�POgO,
aQR� � *� i\]^[OX^]PRjkOm]� \QSSOPOa`QV[h,
a]Wi�iPV^aOaQj�aV� ^ZOc� ]ZQ� ^� _PO\_][]qO,
aQQ*�lX]� � � �� 
 = �[O^OO�aOU]X]P]c�X]lUQ� �
 *�^
U[VZZO�SiaU`Qc�� *�]b[V\VjkQe�XOW�qO�Z^]c,
ZX^]W�

	^]b]\adc� l[Oa� � � ]bdla]� QWOOX� X][hU]
aOb][hg]O� lQZ[]� aOai[O^de� U]]P\QaVXz� pX]
Z]]X^OXZX^iOX� X]Wi*� lX]� p[OUXPQlOZUVR� ZeO,
WV�QWOOX�[Qgh�aOb][hg]O�lQZ[]�QZX]laQU]^

aV_PRqOaQR�Q�X]UV���PQ�pX]W�̂ �ZQ[i�[QaOca],
ZXQ*� ^[QRaQR� PVT[Qlade� ^e]\]^� W]qa]� ZlQ,
XVXh� aOTV^QZQWdWQ�� �OW� ZVWdW� TV\VlV� Z^],
\QXZR�U�POgOaQj�iPV^aOaQR�Z�_PV^]c�lVZXhj
^Q\V� � � � �� 
 +� 
= *�m\O�� �u�TV\VaaVR�SiaU`QR*
V�+ �u�SQUZQP]^Vaadc�^OUX]Pn
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�V_]WaQW*� lX]� aVZ� QaXOPOZiOX� POgOaQO
aV� ]ZQ*� XVUQW� ]bPVT]W*� ^e]\a]c� ZQmaV[� �
_PO\_][VmVOXZR� PV^adW� ai[j� [O^OO� aOU]X],
P]c�X]lUQ� �
 *�Q�QkOXZR�POgOaQO�XVUqO�PV^,
a]O�ai[j�[O^OO7 �
 ���Z[Q�XPObiOXZR�PVZZWVX,
PQ^VXh� ]\a]^POWOaa]� aOZU][hU]� ^e]\]^*� X]
W]qa]*� ]ZXV^VRZh� ^� PVWUVe� X]c�qO� TV\VlQ*
ZlQXVXh*� lX]� � �u� ZX][bO`� aOb][hg]c� ^dZ],
Xd*�V�+ �u�WVXPQ`V�Z]]X^OXZX^ijkOc�PVTWOP,
a]ZXQ�

�7£7��Z�_]W]khj�XO]PQQ�]_OPVX]Pade�_il,
U]^7s�5*� �8t� POgOaQO� \QSSOPOa`QV[ha]m]
iPV^aOaQR�^X]P]m]�_]PR\UV�Z^]\QXZR�U�POgO,
aQj� \^ie� iPV^aOaQc� _OP^]m]� _]PR\UV
� �� �′ − = �Q��� � �′ − = *�ZW�7XO]POWd7�5�Q7�8�
�[R�^]TW]qa]ZXQ�XVU]m]�Z^O\OaQR�_PQa`Q_Q,
V[ha]� _PO\_][]qOaQO� ]� X]W*� lX]� ]\aV� QT
WVXPQ`�� �Q[Q�- �WV[V����pX]W�Z[ilVO�WVXPQ,
`d� � �Q�`�]UVTd^VjXZR�_]\]badWQ�ZVW]Z]_,
PRqOaadW*�V�Qe�Z_OUXPd�Z]\OPqVXZR�^�_][i,
]ZQ� � ��−∞, z� WVXPQ`V�`*� ^]]bkO� m]^]PR*� ]UV,
Td^VOXZR� aO]bPVXQW]c�

�7£7��]bZiq\VjXZR�WOX]\d�_PQb[QqOaa],
m]�POgOaQR�iPV^aOaQR�� �� �′ − = ��	ikOZX^Oa,
aij� P][h� QmPVOX� _PO\_][]qOaQO� ]� X]W*� lX]
_PV^VR�lVZXh� � � QWOOX� ^Q\� � +�= *� m\O� � �u
ZUV[RPaVR�aO_POPd^aVR�SiaU`QR*�V�+ �u�aO,
TV^QZRkQc�]X� 
 �^OUX]P����_PQ[]qOaQRe�Sia,
U`QR� � � ]bdla]� ]b[V\VOX� eVPVUXOPadW� mPV,
SQU]W�� �lOX� ]Z]bOaa]ZXOc� pX]m]� mPVSQUV*� ^
lVZXa]ZXQ*� Om]� aO_POPd^a]ZXQ� _]T^][ROX� ^
TaVlQXO[ha]c�WOPO�_POaObPOmVXh�Z]bZX^Oaad,
WQ� TaVlOaQRWQ*� aVe]\RkQWQZR� \V[OU]� ]X
ai[R����XO]POWO��6�iZXVaV^[Q^VOXZR*�lX]�PO,
gOaQO� iPV^aOaQR� � �� +�′ − = � QWOOX� ^Q\

� �
� � +ϑ= *�m\O� 
ϑ �u�VaV[QXQlOZUVR�SiaU`QR*
R^a]�^dPVqVjkVRZR�lOPOT�SiaU`Qj7� ���V,
[OO� SiaU`QR� 
ϑ � TVWOaROXZR� PV`Q]aV[ha]c
SiaU`QOc� 
	 *� _PQb[QqVjkOc� OO� aV� ]XPOTUO

�
 ��'− , *� Z]\OPqVkOW� Z_OUXP� WVXPQ`d� � *� V
_PQb[QqOaa]O�POgOaQO�^dlQZ[ROXZR�_]�S]P,
Wi[O� � �
� 	 � +=� ��
Z_][hT]^VaQO�PV`Q]aV[ha]c
SiaU`QQ� 
	 � ^WOZX]� VaV[QXQlOZU]c�SiaU`QQ

���0��	(�����������$��1�"��!�



�5�

��	��
�����*�	OPQR�SQTQUV*�WVXOWVXQUV*� �  �*�Y��


ϑ � _PO\_]lXQXO[haOO� XOW*� lX]� \[R� _PRW],
m]7s��*�6*� t�̂ dlQZ[OaQR� � �
 �ϑ �aV\]�TaVXh�Z]b,
ZX^OaadO� TaVlOaQR� Q� Z]bZX^OaadO� ^OUX]Pd
WVXPQ`d� � *� V� \[R� ^dlQZ[OaQR� � �
	 � � \]ZXV,
X]la]� _]ZlQXVXh� U]aOla]O� lQZ[]� ZXO_OaOc
WVXPQ`d� � � Q� aVcXQ� ]bPVXadO� U� aOU]X]PdW
WVXPQ`VW��
][OO�X]m]*�_]ZU][hUi�aO�XPObiOX,
ZR�TaVXh� � �
	 � �`O[QU]W*�V�\]ZXVX]la]�^dlQZ,
[QXh� X][hU]� � �
	 � + *� W]qa]� ]mPVaQlQXhZR� aV,
e]q\OaQOW�aO�ZXO_OaOc�WVXPQ`d�� �Q�]bPVX,
ade�U�WVXPQ`VW*�V�[Qgh�QXOPV`QRWQ�WVXPQ,
`d� � *� _PQWOaOaadWQ�U� ^OUX]Pi� + *� Q�POgO,
aQOW�Z]]X^OXZX^ijkQe�ZQZXOW�[QaOcade�iPV^,
aOaQc�

�7£7�� ]bZiq\VjXZR� Z_]Z]bd� _PQb[QqOa,
a]m]�POgOaQR�iPV^aOaQR��� � �′ − = ���PO\[V,
mVOWdc�T\OZh�WOX]\�_]e]q�aV�WOX]\*�QZ_][h,
TiOWdc�^7£ ���	a]^V�ZikOZX^Oaaij�P][h�QmPVOX
X]� ]bZX]RXO[hZX^]*� lX]�_PV^VR�lVZXh� � � QWOOX
^Q\� � +�= �� �OgOaQO� iPV^aOaQR��� � +�′ − =
_PO\ZXV^[ROXZR� ^� ^Q\O� � �
� � +ξ= �� �]� T\OZh


ξ u�SiaU`QR*�]X[QlaVR�]X� 
ϑ *�e]XR�Q�^dPV,
qVjkVRZR�lOPOT�aOO���aV�XVUqO�TVWOaROXZR
PV`Q]aV[ha]c�SiaU`QOc� 
	 *� _PQb[QqVjkOc
OO� aV� ]XPOTUO� �
 ��&− , *� Z]\OPqVkOW� Z_OUXP
WVXPQ`d�`*�V�_PQb[QqOaa]O�POgOaQO�^dlQZ,
[ROXZR� _]�S]PWi[O� � �
� 	 � +=� �

�7£70� ]_QZd^VOXZR� _][adc� V[m]PQXW� PO,
gOaQR*�V�^7£7��_PQ^]\RXZR�POTi[hXVXd�lQZ,
[Oaa]m]� pUZ_OPQWOaXV�

��XOe�qO�_PO\_][]qOaQRe�]�WV[]ZXQ�OWU],
ZXOc�U]a\OaZVX]P]^�Q�Qa\iUXQ^a]ZXOc�UVXigOU
iPV^aOaQO� _OP^]m]� _]PR\UV� 




/ � -� �+ = *
]_QZd^Vjkij� Xi�qO� p[OUXPQlOZUij� `O_h*
]b[V\VOX� b[QTUQWQ� Z^]cZX^VWQ���� lVZXa]ZXQ*
Z_OUXP�WVXPQla]m]� _ilUV� / -λ + � XVUqO� Z],
\OPqQXZR�^� � ��−∞, ���]�UVU�_OPOaOZXQ�QT[VmV,
OWdc� WOX]\� aV� iPV^aOaQO� _OP^]m]� _]PR\UV
aO� RZa]�� 	W�7_]� pX]Wi� _]^]\i� ]bZiq\OaQO� ^
U]a`O� ZXVXhQ�

�^X]Pd�^dPVqVjX�b[Vm]\VPa]ZXh��� �� �],
[]X]^i�TV�_][OTadO�]bZiq\OaQR�

fG�!�$&?	"#�Z"N��	�D�'�"N
D&?	?R?�E?	NA$�

�V_]WaQW7s�*� �t*� lX]� _PQWOaOaQO� WOX]\V
U]aXiPade� X]U]^� Q[Q� iT[]^de� aV_PRqOaQc
_PQ^]\QX�U� TV_QZQ�iPV^aOaQc��QPem]SV�[Q,
aOca]c� �#" ,`O_Q� ^� ^Q\O� ^OUX]Pa]m]� QaXOm,
P],\QSSOPOa`QV[ha]m]� iPV^aOaQR
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+ + = ,∫

m\O� + �u�SQUZQP]^Vaadc�^OUX]P*�V� � �u�TV,
\VaaVR� ZUV[RPaVR� SiaU`QR*� ]_QZd^VjkVR
S]PWi� ^e]\a]m]� ZQmaV[V�� �X]� iPV^aOaQO� pU,
^Q^V[OaXa]� \QSSOPOa`QV[ha]Wi� iPV^aOaQj
^X]P]m]� _]PR\UV
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�]Z[O\aOO�iPV^aOaQO�]b[V\VOX�^VqadW�_PO,
QWikOZX^]W� _]� ZPV^aOaQj� Z� iPV^aOaQRWQ
_OP^]m]�_]PR\UV7s�*� 1*� 5t*� ]_QZd^VjkQWQ�Xi
qO�p[OUXPQlOZUij�`O_hn�^�aOW�U]pSSQ`QOa,
Xd�� *�/ �Q�- �R^[RjXZR�aO]XPQ`VXO[ha]�]_,
PO\O[OaadWQ����pX]W�_VPVmPVSO�Wd�i^Q\QW*
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