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WOXPQlOZUQe� mPVSVe)� Q� Z]]X^OXZX^ijkQO
Z_OUXPV[hadO� TV\VlQ� QaXOaZQ^a]� QTilVjXZR
iqO�b][OO�� �[OX���P]\^QqOaQR�^�pX]c�]b[V,
ZXQ� _][ilOad� _]� aOZU][hUQW� aV_PV^[OaQRW�
�ZXVa]^[Oad�]Z`Q[[R`Q]aadO�Z^]cZX^V�Z_OU,
XPV�UPVO^]c�TV\VlQ�aV�ZOXQ�'ZW��s�tus5t)*�_],
[ilOad�]`OaUQ�aV�Z]bZX^OaadO�TaVlOaQR�'ZW�
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'ZW� s�t)�
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]X^OXZX^ijkOm]�^][a]^]m]�iPV^aOaQR�aO]mPV,
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\[R� iPV^aOaQR7'�)� Z� ]_OPVX]P]W� � �� / �: ⊂
� �⊂ → � XVUQW*� lX]� � �/ � �= � Q� � ��ρ ≠ ∅ *

PV^a]WOPa]� U]PPOUXa]�PVTPOgQWV� 'ZW�� ]_PO,
\O[OaQO�^�s6t)�X]m\V�Q�X][hU]�X]m\V*�U]m\V� �
R^[ROXZR� mOaOPVX]P]W� ZQ[ha]� aO_POPd^a]c
����" ����pX]W�Z[ilVO�POgOaQO�TV\VlQ7'�)*
'�)�W]qOX�bdXh�TV_QZVa]�^�^Q\O
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ϕ ψ= + . '�)

�iaU`QQ*� _PO\ZXV^QWdO� ^� ^Q\O� '�)*� aVTd^V,
jXZR�]b]bkOaadWQ�POgOaQRWQ�TV\VlQ�'�)*�'�)
'Z[]^]� w]b]bkOaa]Ox� Wd� bi\OW� ]_iZUVXh� ^
\V[haOcgOW)�

�VZZW]XPQW� mO]WOXPQlOZUQc� mPVS� Γ �u
Z^RTa]O� Wa]qOZX^]� ^� �

� *� _PO\ZXV^[RjkOO
Z]b]c�]brO\QaOaQO�U]aOla]m]�lQZ[V�UPQ^][Q,
aOcade� ]XPOTU]^� � !�� �. = *� aVTd^VOWde� PObPV,
WQ�mPVSV*�X]lUVWQ�_OPOZOlOaQR�U]X]Pde�W],
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miX� bdXh� [Qgh� Qe� U]a`d*� aVTd^VOWdO� ^OP,
gQaVWQ�mPVSV���QUZQPiOW�aOU]X]PdO�^OPgQ,
ad*�_PQaV\[OqVkQe�O\QaZX^Oaa]Wi�PObPi*�Q
aVT]^OW� Qe� mPVaQladWQ���a]qOZX^]� mPVaQl,
ade� ^OPgQa� ]b]TaVlQW�lOPOT� ∂Γ �� �ZXV[hadO
^OPgQad�Γ �aVT]^OW�^aiXPOaaQWQ���PQ�pX]W�aO
QZU[jlVOXZR�^]TW]qa]ZXh�X]m]*�lX]� ∂Γ = ∅ �

�iZXh� �� �" Γ �u�_P]ZXPVaZX^]�aO_POPd^ade
SiaU`Qc� � : Γ → � *� TV\Vaade� aV� Γ � Q� ]bPV,
kVjkQeZR�̂ �ai[h�aV�∂Γ ����_P]ZXPVaZX^O� �� �" Γ
PVZZW]XPQW�]_OPVX]P� � � �Γ∆ = / � \^iUPVXa],
m]�\QSSOPOa`QP]^VaQR�_]�aVXiPV[ha]Wi�_V,
PVWOXPi�^\][h�UVq\]m]�PObPV� �. � Z� ]b[VZXhj
]_PO\O[OaQR� � �/ Γ∆ *� Z]ZX]RkOc� QT�SiaU`Qc*
\^Vq\d� aO_POPd^a]� \QSSOPOa`QPiOWde� aV
UVq\]W�]XPOTUO�Q�i\]^[OX^]PRjkQe�iZ[]^Qj
Z]m[VZ]^VaQR�^�[jb]c�^aiXPOaaOc�^OPgQaO�� n
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b]P� _][]qQXO[hade� lQZO[*� � � � �u� U][QlO,
ZX^]�]XPOTU]^*�_PQWdUVjkQe�U� � *� �� �u�Zi,
qOaQO�SiaU`QQ� � � aV� �. �∋ *� V� lOPOT� � ��� �+
]b]TaVlOaV�_P]QT^]\aVR� �� �^�X]lUO�� �_PQ�_V,
PVWOXPQTV`QQ� �. �^�aV_PV^[OaQQ�w]X� � x���VWO,
XQW*�lX]�T\OZh�Wd�PVZZWVXPQ^VOW�b][OO�]bkQc
_]�ZPV^aOaQj�Z�s�t�Z[ilVc*�U]m\V�]_OPVX]P� Γ∆
R^[ROXZR*� ^]]bkO� m]^]PR*�!"*�--"���)"*+�-�

�VZZW]XPQW� TV\Vli��]gQ� \[R� ^][a]^]m]
iPV^aOaQR
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�� �" Γ �*�%&!��!" �"���!(/�	1��" �
�XV�����" �ZXP]QXZR�WOX]\]W�_P]\][qO,

aQc�^�s�t�
�iZXh�\[Qad�PObOP� �. �mPVSV�Γ �PV`Q]aV[h,

a]� Z]QTWOPQWd���� pX]W� Z[ilVO�aO� ]mPVaQlQ,
^VR� ]bka]ZXQ� PVZZiq\OaQc*� bi\OW� ZlQXVXh*
lX]�^ZO�PObPV�QWOjX�O\QaQlaij�\[Qai�

&�I�����G�'%#�������)�����	1��" �� �6
��k��"-�#�� "������-� Γ−∆ ����%������!�)"6
!��!�� � � !"������-���� ��*����)!��� )����
* "+��� Γ−∆ �*��"�k�%*#��� 
� �+ = , +∞� ���� "��6
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AI��������W�JIG��iZXh�����" �]mPVaQlO,
aV�aV�� ���]m\V� � ���� 
 � ��"σ ⊂ − , �^�ZQ[i�[OWWd�1
QT� s�t����X]�qO�^POWR*�UVU�[OmU]�^Q\OXh*� OZ[Q
λ �u�Z]bZX^Oaa]O�TaVlOaQO�]_OPVX]PV� Γ−∆ *�X]
��� � ����"λ σ∈ ���XZj\V�Z[O\iOX*�lX]� � �σ +

Γ−∆ ⊂ � �

�VWOXQW*� lX]� POT][h^OaXV� �λ � ]_OPVX]PV

Γ−∆ �^_][aO�aO_POPd^aV�'ZW��s0t)���]m\V�_]�XO,
]POWO� �Q[hbOPXV� U]PaO^]O� _]\_P]ZXPVaZX^]
\[R� UVq\]m]� Z]bZX^Oaa]m]� TaVlOaQR� �λ � U],
aOla]WOPa]���]ZU][hUi�Wa]qOZX^V� Z]bZX^Oa,
ade�SiaU`Qc�]_OPVX]P]^� Γ−∆ �Q��λ �Z]^_V\V,
jX*�V�Z�ilOX]W�XO]POWd��6�QT�s�t�ZQZXOWV�Z]b,
ZX^Oaade�SiaU`Qc� Γ−∆ �_][aV�^� �� �" Γ *�POT][h,
^OaXV� �λ � aO�QWOOX�_PQZ]O\QaOaade�SiaU`Qc*
Q*�Z[O\]^VXO[ha]*�aO�QWOOX�Qe�Q�]_OPVX]P� Γ−∆ �

�iZXh�XO_OPh� � �σ +
Γ−∆ ⊂ � �Q�]_OPVX]P� Γ∆

aO� QWOOX� _PQZ]O\QaOaade�SiaU`Qc�� 	_OUXP
� �σ Γ−∆ �Z]ZX]QX�QT�U]aOla]m]�aVb]PV�_]Z[O\],

^VXO[ha]ZXOc� Z]bZX^Oaade� TaVlOaQc� ^Q\V
� � � � !� � � ��λ ω π, ∈= + � *� m\O� 
� ��ω π∈ , *�  � � !� 3  ∈ , , , *

� �≤ ���]ZU][hUi�[jbVR�SiaU`QR�QT� � �/ Γ∆
PVT[VmVOXZR�^�PV^a]WOPa]�Ze]\RkQcZR�PR\�_]
Z]bZX^OaadW�SiaU`QRW�]_OPVX]PV� Γ∆ �'ZW��XO,
]POWi�0�^�s�t)*�V�Wa]qOZX^]� � �/ Γ∆ *�]lO^Q\a]*
_[]Xa]� ^� �� �" Γ *� ZQZXOWV� Z]bZX^Oaade�SiaU,
`Qc�]_OPVX]PV� Γ∆ �_][aV�̂ � �� �" Γ ���VWOXQW*�lX]
lQZ[V� ���� �µ ω= �R^[RjXZR�Z]bZX^OaadWQ�TaV,
lOaQRWQ�]_OPVX]PV� ���" ���VU�UVU�UVq\VR�Z]b,
ZX^OaaVR�SiaU`QR�]_OPVX]PV� Γ−∆ �R^[ROXZR�XVU,
qO�Z]bZX^Oaa]c�SiaU`QOc�]_OPVX]PV� ���" *�_P],
ZXPVaZX^]� �� �" Γ �PVT[]qQW]�^�_PRWij�ZiWWi
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\]Wi�Z]bZX^Oaa]Wi�TaVlOaQj� � �λ , �Z]]X^OXZX^i,
OX� P]^a]� ]\aV� Z� X]la]ZXhj� \]� _]ZX]Raa]m]
Wa]qQXO[R� Z]bZX^OaaVR� SiaU`QR� � �,Φ �� �],
ZU][hUi�ZQZXOWV�Z]bZX^Oaade�SiaU`Qc� !� �,Φ
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�]ZU][hUi�_PO\ZXV^[OaQO�'1)�QWOOX�WOZX]�\[R
_P]QT^][ha]c�SiaU`QQ� ϕ � QT� �� �" Γ *� QT� aOm]
Z[O\iOX�aO�X][hU]�]mPVaQlOaa]ZXh*�a]�Q�U^V,
TQ_OPQ]\Qla]ZXh�����" ��	�ilOX]W�XO]POWd
0�QT�s�t�[OmU]�_][ilVOW

����W�J��� fG�'%#������� )����� �"�"!�"
����)��|w}��|f}���%������!�)"!��!��� � ���%/6
���� ϕ ���ψ ���� �� �" Γ �� !"������-������*��6
��)!���)�����* "+���� "������� Γ−∆ �*��"�6
k�%*#��� 6  �!+

� ���*�*��#%���� �%( ��*���
*��*��"!!��� �!�)"!�,�

�VWOXQW*� lX]� iZ[]^QO� � � �σ Γ∈ −∆/ � pU^Q^V,
[OaXa]� X]Wi*� lX]� ∂Γ ≠ ∅ �

	[O\ijkQO� _PQWOPd� _]UVTd^VjX*� lX]
]_OPVX]P� Γ−∆ �W]qOX�QWOXh�UVU�_PQZ]O\QaOa,
adO�SiaU`QQ� XVU� Q� U]W_[OUZadO� Z]bZX^Oa,
adO� TaVlOaQR*� V� TaVlQX� Z]]X^OXZX^ijkOO
^][a]^]O�iPV^aOaQO�bi\OX�QWOXh�aO]mPVaQlOa,
adO� POgOaQR�

E����fG��VZZW]XPQW�mPVS,`QU[*�Z]ZX]R,
kQc�QT�]\a]c�O\QaZX^Oaa]c�^OPgQad�Q�]\a],
m]� PObPV� O\QaQla]c� \[Qad*� U]X]P]O� aVlQaV,
OXZR�Q�TVUValQ^VOXZR�^�pX]c�^OPgQaO����V\VlV
aV� Z]bZX^OaadO�TaVlOaQR�]_OPVX]PV� Γ−∆ � pU,
^Q^V[OaXaV�Z[O\ijkOc�TV\VlO�aV�]XPOTUO�
� ��,
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λ ′′− = , ∈ ,
 = ,
 ′ ′= .

'��)

�OgOaQO�TV\VlQ�'��)�QWOOX�^Q\

� � � �� � �. -.ω ω−= + ,

m\O� �λ ω= − *�V�U]aZXVaXd�� �Q� - �i\]^[OX^],
PRjX�ZQZXOWO

� �

� - �. -.

� � - �. -.

ω ω

ω ω

−

−

+ = + ,
 − = − .
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�_PO\O[QXO[h�pX]c�ZQZXOWd�PV^Oa� ��� � �� �� . .ω ω−+ −
Q� ]bPVkVOXZR� ^� ai[h� _PQ� �.ω = *� X�O�� _PQ

� ��ω π= � Q� ��� ��λ π= �� �� X]� qO� ^POWR� PVam
ZQZXOWd�'8)�_PQ� �.ω = �Q� �� ≠ �PV^Oa�O\QaQ`O*
V� TaVlQX� QWOOXZR� X][hU]� ]\aV� Z]bZX^OaaVR
SiaU`QR*� ^X]PVR�u� _PQZ]O\QaOaaVR�� 	]b,
ZX^OaaVR�SiaU`QR�QWOOX�̂ Q\� � � ����� ��� � ��π= *
V�_PQZ]O\QaOaaVR�U�aOc

�
� � ����� �

� �� � ��

�
� � ��

� � �
π

π π
 

= − . − 
�� �^X]P]W� pX]m]� _PQWOPV� R^[ROXZR� \]`OaX� ���

�� �� ]P]^ZUQe�
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��*��i���PQWOP�mPVSV
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Z]bZX^OaadO�TaVlOaQR�]_OPVX]PV� Γ−∆ �QWOOX�̂ Q\n
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�OgOaQO�pX]c�TV\VlQ�aV� � ,]W�PObPO�QWOOX�^Q\n

� � � �� �
� � �� � �. -. �ω ω−= + , = , ,

m\O� �λ ω= − *�V�U]aZXVaXd� �� �Q� �- �i\]^[OX^],
PRjX�ZQZXOWO
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+ = + ,
 + = + ,
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m\O� ' .ω= �� �]UVqOW*� lX]� ]_PO\O[QXO[h� pX]c
ZQZXOWd

� � � � 	 �� �� ���� �� �� �� ���/ ' ' ' ' ' '−= − + − + +

_]WQW]� U]PaOc� � � �' , = ± � QWOOX� U]W_[OUZadO
U]PaQ*�W]\i[h�U]X]Pde�]X[QlOa�]X�����]ZU][h,
Ui�_PQ�UVq\]W� ' ∈ �

� � 	 �

� � �

�� �� �� �� ��

�� ��� �� ��� �� �

' ' ' '

' ' ' '

+ − + + =

= + − + + > ,

^ZO�U]PaQ�iPV^aOaQR
� � 	 ��� �� �� �� �� �' ' ' '+ − + + = '�1)

U]W_[OUZad���iZXh�^ZO�U]PaQ�iPV^aOaQR�'�1)
_]� W]\i[j� PV^ad� ��� �]m\V� ]aQ� QWOjX� ^Q\

	 � ��� ���' �α α, = ± *� � � ��� ���' �β β, = ± �Q� � �' , =
��� ����γ γ= ± ��
WOOW
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α α α α

β β β β

γ γ γ γ

α β

γ

+ − + + =

= − − − + ×

× − − − + ×

× − − − + =

= + − + − ×

× + − .

�b]TaVlQW� ���� α= *� ���+ β= �Q� ���* γ= ���]m,
\V�lQZ[V�� *�+ �Q� * �i\]^[OX^]PRjX�ZQZXOWO
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_PQlOW� 
 � ��� + *, , ∈ − , �� �Wa]qVR� _OP^]O� iPV^,
aOaQO� ZQZXOWd� '�5)� aV� � � Q� ^dlQXVR�QT� aOm]
^X]P]O*� _][ilVOW� PV^OaZX^]� � �� ��� +*− = / �
�dPVqVR� QT� aOm]� +* � Q� _]\ZXV^[RR� ^� XPOXhO
iPV^aOaQO�ZQZXOWd�'�5)*�_][ilVOW�iPV^aOaQO

	�� �� �� �� �− − = . '�8)

�b]TaVlQW� 	� � �� �� ��� � � �= − − ��
WOOW� � ��� − =
		 �= − < *� ��� �	 �� = > �� �]ZU][hUi� � �� �′ =

���� ���= − *�SiaU`QR� V� ^]TPVZXVOX� aV� _P]WO,
qiXUVe�
4��4�����*�
��������Q�ibd^VOX�aV�_P]WO,
qiXUO� 
4���������� �� �� XVU� UVU� � � ���� − / =

�� �� �= − / < *�iPV^aOaQO�'�8)�QWOOX�O\QaZX^Oa,
adc�U]POah�aV�]XPOTUO� 
 � ��− , ���]ZU][hUi�ZQZ,
XOWV�'�5)�ZQWWOXPQlaV�]Xa]ZQXO[ha]�_OPOWOa,
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