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H�A��1+IJKLMNIOK+

M]\� ^C\I\HB� ^R^\C�� VI� Z\dGB\Z� BG� B]\
VHd\IBVcRBVGH�Gh�F\CBRVH��b\IBVGHI�Gh�B]\�I^\FBCR_
B]\GC�� Gh� _VH\RC� C\_RBVGHI� 9ab_BVdR_b\Z� _VH\RC
G^\CRBGCI:� RI� i\__� RI� BG� B]\� FGHIBCbFBVGH� Gh
IG_bBVGHI� Gh� _VH\RC� c\H\CR_VW\Z� ZVhh\C\HBVR_
\�bRBVGHI� VH�R�TRHRF]�I^RF\�iVB]�B]\�]\_^�Gh
Z\c\H\CRB\� I\aVcCGb^I� Gh� _VH\RC� SGbHZ\Z
G^\CRBGCI/� M]\� \pB\HIVd\� SVS_VGcCR^]�� GH� B]\
VHZVFRB\Z�BG^VFI�VI�FGHBRVH\Z�VH�aGHGcCR^]I�-��
�.��i]VF]�IbFF\IIhb__��FGa^_\a\HB�\RF]�GB]\C/
�B�B]\�IRa\�BVa\�B]\�B]\GC��Gh�_VH\RC�C\_RBVGHI
VI�FGd\C\Z�VHIbhhVFV\HB_��VH�B]\��bIIVRH�aRB]\#
aRBVFR_�_VB\CRBbC\/��\B�bI�ZCRi�RBB\HBVGH�BG�̂ R^\C
-4.�� VH�i]VF]� _VH\RC� C\_RBVGHI� GH�jV_S\CB� I^RF\
RC\�FGHIVZ\C\Z/

�\B� bI� VHBCGZbF\� ^CVHFV^R_� HGBVGHI� Gh � B]\
B]\GC�� Gh� _VH\RC� C\_RBVGHI� bI\Z� S\_Gi/��\� ZG
HGB� RZ]\C\� BG� B]\� B\CaVHG_Gc�� Gh� -��� �.� 9hGC
\pRa^_\��i\�RdGVZ�B]\�HGBVGH�Gh� B]\�ab_BVdR#
_b\Z�_VH\RC�G^\CRBGC:�RHZ�FGHIVZ\C�_VH\RC�C\_RBVGHI
GH�GH\�TRHRF]�I^RF\� �RI�bIbR_/

�\B�_� RHZ�j� S\� FGa^_\p � TRHRF]� I^RF\I/
�d\C�� _VH\RC� IbSI^RF\� _ j⊂ ×� � VI� FR__\Z� 0
c*CL0d�dLc0q*tC�S\Bi\\H�_�RHZ�j��{h�� �VI�F_GI\Z
VH�_ j× , �B]\H�VB�VI�FR__\Z�0�2ctKLD�c*CL0d�dLc0q*tC/

M]\� IbSI^RF\� 9 : v qm = _ l j= ∈ ∃ ∈� � IbF]
B]RB� 9 : w= l, ∈ � �hCGa�_�VI�FR__\Z�qEL�Dt-0*C�Gh
C\_RBVGH� _ j⊂ ×� /�M]\�I\BI�v q 9 : wl j = l∈ , ∈ ,�

v 9 : q 9 �: w= m : =∈ , ∈ ,� � v q 9 :l j = m∈ ∃ ∈ � � IbF]

B]RB�
9 :

9 : w
= m :

= l :=
∈

, ∈ =� � � RC\� Z\HGB\Z�S�� =�

9i]\C\� 9 ::= m hLd : u- :∈ , , ,� �C\I^\FBVd\_�/��GB\
B]RB� 9 :m � �RHZ� u-� �VI�B]\�^CG�\FBVGH�Gh�� �GH
_ �RHZ�j��C\I^\FBVd\_�s� �= l l == + ∀ ∈� � � /

M]\�_VH\RC�IbSI^RF\� v9 : q= l _ j+ = , ∈ ×� �

9 : 9 : w= m m l = =∈ ∩ , ∈ +� � � � VI�FR__\Z�qEL�K?-

Gh� _VH\RC� C\_RBVGHI� _ j, ⊂ ×� � /� kG
9 : 9 : 9 :m m m+ = ∩� � � � ��RHZ�B]\�R_c\SCRVF�Iba

Gh� I\BI� = =,� � � VI� bHZ\CIBGGZ� RI� = =+� � � hGC
9 : 9 := m m∈ ∩ .� �

�\B�v�S\�R�TRHRF]�I^RF\/�M]\�_VH\RC�IbSI^RF\
v9 : q 9 := B _ v l m j= , ∈ × ∃ ∈ ⊂�� � � IbF]� B]RB

9 : 9 : w= l l B, ∈ , , ∈� � � VI� FR__\Z� qEL� )dtD?2q� Gh
_VH\RC�C\_RBVGHI� _ j j v⊂ × , ⊂ ×� � /

M]\�C\_RBVGH� �− ,� �i]VF]�VI�Z\hVH\Z�S��\�bR#
_VB�� � v9 : 9 :l = j _ = l− = , ∈ × , ∈ ,� ���VI�FR__\Z�qEL
*C;LdKL�dLc0q*tC�iVB]�C\I^\FB�BG�� /

�RF]� _VH\RC� C\_RBVGH� _ j⊂ ×� � VI� R� cCR^]
Gh� ab_BVdR_b\Z� G^\CRBGC� � 9 : �jm _: ⊂ → ,� �

i]\C\� � �j= == ∈ .� � �`bCB]\C�B]\��RC\�VZ\HBV#
hV\Z�RHZ�B]\�IRa\�I�aSG_�� �VI�bI\Z�hGC�B]\VC
HGBRBVGH/

�\B�bI�Z\HGB\�S�� 9 :bM _ j, �B]\�I\B�Gh�F_GI\Z
_VH\RC�C\_RBVGHI�hCGa� _ j× ; �Vh� _ j= , �B]\H�i\
Ib^^GI\� B]RB� 9 : 9 :bM _ bM _ _= , . �[GC\Gd\C�� I\B

9 :bw _ j, �Gh�_VH\RC�F_GI\Z�G^\CRBGCI��RFBVHc�hCGa
_�BG�j��VI�FGHIVZ\C\Z�RI�R�IbSI^RF\�Gh� 9 :bM _ j, .
T\IVZ\I� � 9 :bM _ j, � FGHBRVHI� TRH RF]� I^RF\

9 :it- _ j, �Gh�_VH\RC�SGbHZ\Z�G^\CRBGCI�9]GaG#
aGC^]VIaI:��Z\hVH\Z�GH�_�iVB]�dR_b\I�VH�j/�{h
_ j= , � B]\H� 9 : 9 :bw _ bw _ _= , , �RHZ� xCD _ � VI
TRHRF]� R_c\SCR� Gh � _VH\RC� SGbHZ\Z� G^\CRBGCI
9\HZGaGC^]VIaI:�� RFBVHc� VH� _ / � M]bI�

9 : 9 :xCD _ bw _ bM _⊂ ⊂ .
0P.O+OIOK+�A�A��M]\�C\_RBVGH�� �hCGa� 9 :bM _ j,

VI�FR__\Z�*C,L2q*;L��Vh� v�whLd = ,� �RHZ�K?d,L2q*;L�
Vh� u- j= .�

0P.O+OIOK+�A����M]\�C\_RBVGH�� �hCGa� 9 :bM _ j,
VI�FR__\Z�2tCq*C?t?Kcl�dL;LdK*1cL��Vh�VB�VI�VH�\FBVd\
RHZ� IbC�\FBVd\�� IVab_BRH\GbI_��� RHZ� B]\H

� 9 :it- j _− ∈ , .�

M]\�I�aSG_�u�VI�bI\Z�hGC�B]\�HGBRBVGH�Gh�B]\
VZ\HBVB�� G^\CRBGC� VH� RH��TRHRF]� I^RF\� VH� B]\
hG__GiVHc�Z\hVHVBVGH�RHZ�_RB\C�GH/

0P.O+OIOK+� A�B�� M]\� I\B� 9 :ρ � � Gh� R__� λ ∈ �

hGC� i]VF]� �9 :u xCD _λ −− ∈ ,� � VI� FR__\Z� qEL

QR�SQT,�UV,SW1QRS�QX�WY,�SZ,[WG-\�WY,QG]
QX�\1R,-G�G,\-W1QRS

����������-��^��/-S_-_Q`!�_��1��[Y,GR]SYQ`a

]tdtCLBE�gq0qL�>C*;LdK*ql
y]tdtCLBE�gq0qL�etdLKqdl�:20DL-l

��M]\�iGCK�iRI�FRCCV\Z�GbB�iVB]�R�hVHRHFVR_�Ib^^GCB
Gh� M]\��bIIVRH� `GbHZRBVGH� hGC� TRIVF� �\I\RCF]�� ^CG�\FB
��#��#��@�6/
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dLKtc;LCq� KLq� Gh� C\_RBVGH� 9 :bM _∈ .� � M]\� I\B
9 : 9 :zσ ρ=� �� � VI� FR__\Z� qEL� K)L2qd?-� Gh

C\_RBVGH� 9 :bM _∈ .�

M]\�I\B� 9 :ρ � �VI�G^\H��I\B� 9 :σ � �VI�F_GI\Z/
0P.O+OIOK+�A�C��M]\�aR^^VHc

�9 : 9 : 9 : 9 :

9 :

M xCD _ M uρ λ λ
λ ρ

−., : → , , = − ,
∈

� � � �

�

�VI�FR__\Z�qEL�dLKtc;LCq�Gh�C\_RBVGH� 9 :bM _∈ .�

M]\�C\IG_d\HB�Gh�C\_RBVGH� 9 :bM _∈� �VI�B]\
^I\bZGC\IG_d\HB� VH� B]\� c\H\CR__�� RFF\^B\Z
I\HI\� -@. � � RHZ� R_IG� �9 : �hLd M :λ , = ,�

� �9 : 9 : 9 :u-M mλ λ ρ, = , ∀ ∈ .� � �

{h� xCD _∈� �VI�B]\��bRIVHV_^GB\HB�G^\CRBGC�
B]\H� �9 :σ − = ∅� � 9I\\� � �:/� MG� RdGVZ� ^CGS_\aI
FGHH\FB\Z�iVB]� B]\� ^GIIVS_\� \a^BVH\II� Gh� B]\
I^\FBCba�Gh�B]\�C\_RBVGH�_\B�bI�bI\�B]\�hG__GiVHc
HGBVGH/

0P.O+OIOK+�A�D��M]\�IbSI\B�Gh�B]\�\pB\HZ\Z
FGa^_\p� ^_RH\� � v w= ∪ ∞� � �� FGVHFVZVHc� iVB]
9 :σ � �� Vh� �:� � v�w= ,� � V/� \/� 9 :bw _∈ ;� � �:� B]\

C\IG_d\HB� 9 :M . ,� �Gh �C\_RBVGH�� �RZaVBI�B]\�RHR#
_�BVF�\pB\HIVGH�VHBG�̂ GVHB�∞; �4:

q q
_Va 9 : �M
λ

λ
→∞

, = ,�

RHZ�FGVHFVZVHc�iVB]� 9 : v wσ ∪ ∞� �VH�B]\�G^^GIVB\
FRI\� VI� FR__\Z� qEL� L=qLCDLD� K)L2qd?-� 9 :σ �� � Gh
C\_RBVGH� 9 :bM _∈ .� �M]\�I\B� � � �9 : 9 :zρ σ=� �� �VI
FR__\Z� qEL� L=qLCDLD� dLKtc;LCq� KLq� Gh� C\_RBVGH

9 :bM _∈ .�

�GB\� B]RB� Vh� v�w_ ≠ , � B]\H
�9 : 9 :bM _σ ≠ ∅ ∀ ∈ ,� � � S\IVZ\I�� �9 :σ∞ ∈ ,� �i]\H

� �D*- : ≥ , �V/�\/�i]\H� 9 : 9 :bM _ z bw _∈ .�

M]\�Z\hVHVBVGH�Gh�B]\�\pB\HZ\Z�I^\FBCba�Gh
B]\�_VH\RC�G^\CRBGC�VI�hGbHZ�VH�aGHGcCR^]I�-@�
=./��GB\�B]RB�B]\�C\Ib_BI�hCGa��� �5=�Z\aGH#
IBCRB\�B]RB�B]\�Z\hVHVBVGH�Gh�B]\�\pB\HZ\Z�I^\FB#
Cba�Gh�B]\�_VH\RC�C\_RBVGH�VI�Gh�^CVaRC��Va^GC#
BRHF\/

LCc\HF��Gh�VHd\IBVcRBVGH�Gh�_VH\RC�C\_RBVGHI
VI� Z\aGHIBRCRB\Z� S�� B]\� \pRa^_\I� Gh� B]\
^CGS_\aI�cVd\H�S\_Gi/�M]\�^C\I\HBRBVGH�iV__�S\
RFFGa^RHV\Z�S��B]\�VHBCGZbFBVGH�Gh�H\i�HGBVGHI
RHZ�Z\hVHVBVGHI/

�/�{h� 9 :bw _∈� �RHZ� v�whLd ≠ ,� �B]\H� �−�

VI�R�C\_RBVGH�hCGa� 9 : 9 :bM _ z bw _ .
�/��\B� 9 :bw _∈� �S\�R�_VH\RC�G^\CRBGC�iVB]�R

HGHZ\HI\� ZGaRVH�� V/� \/� 9 :m _≠� /� M]\H� B]\
FGH�bcRB\�G^\CRBGC�VI�HGB�Z\hVH\Z/��\d\CB]\_\II
GH\�aR��Z\hVH\�9I\\�R_IG�-�/�̂ /��/=.:�B]\�FGH�bcRB\
C\_RBVGH� _ _∗ ∗ ∗⊂ ×� �BG� ,� �i]\C\�_∗ �VI�R�ZbR_
TRHRF]�I^RF\�BG� _, �VH�R�HRBbCR_�iR�O

v9 : q 9 : 9 : 9 : w: _ _ l = = l :η ξ ξ η∗ ∗ ∗= , ∈ × = ∀ , ∈ .9�/�:

{B�VI�F_\RC�B]RB
� v q 9 : � 9 :w 9 :_ = = m mη η∗ ∗ ⊥= ∈ = ∀ ∈ = .� � �

{B�VI�IVcHVhVFRHB�B]RB�B]VI�Z\hVHVBVGH�Gh� ∗� �VI
R^^CG^CVRB\�hGC� 9 : 9 :bM _ z bw _∈ .�

M]\�Z\hVHVBVGH�Gh�R�FGH�bcRB\�_VH\RC�C\_RBVGH
iRI�hVCIB�cVd\H�S��dGH��\baRHH��/�VH�-�.��RHZ
]VI�̂ R^\C�]RI�cVd\H�Va^\BbI�BG�B]\�Z\d\_G^a\HB
Gh� B]\� B]\GC�� Gh� _VH\RC� C\_RBVGHI�� \dVZ\HB_�/

4/��H��̂ I\bZGC\IG_d\HB� > xCD _: ⊂ → ,� �

Z\hVH\Z� GH� G^\H� I\B� > ⊂ ,� � VI� R� C\IG_d\HB� Gh
C\_RBVGH� �

� �9 9 :: uλ λ−= + ,� � �i]\C\� � >λ ∈ , �RHZ
R_IG� 9 : >ρ ⊃ ,� � RHZ� B]\� Z\hVHVBVGH� Gh� � � ZG\I
HGB�Z\^\HZ�GH�B]\�F]GVF\�Gh�HbaS\C� �λ � hCGa
> �9I\\����:/

@/�M]\�G^\CRBGC�I\�b\HF\� C� �hCGa� 9 :bw _ �VI
FR__\Z�2tC;Ld{LCq7�Vh�C\IG_d\HB�I\BI� 9 :Cρ ,� � �C ≥

]Rd\�R�HGH\a^B��VHB\CI\FBVGH��S\IVZ\I��
�

9 :C
C

ρ
≥

��

FGHBRVHI�RH�G^\H�FGHH\FB\Z�I\B�>, �RHZ�hGC�F\C#
BRVH� � >λ ∈ �I\�b\HF\� �9 : �CM Cλ , , ≥� �VI�hbHZR#
a\HBR_� iVB]� C\I^\FB� BG� B]\� G^\CRBGC� HGCa
VH xCD _.� M]\H� hGC� RH�� >λ ∈ � B]\C\� \pVIBI

_Va 9 : 9 :C
C

M M xCD _λ λ
→∞

, = ∈ ,� � RHZ� hbHFBVGH

M > xCD _: → �VI�R�̂ I\bZGC\IG_d\HB��SbB�VB�ZG\I
HGB�H\\Z�BG�S\�R�C\IG_d\HB�Gh�R�F\CBRVH�G^\CRBGC
hCGa� 9 :bw _ . ��VB]�C\cRCZ�BG�^/�4�i\�FGHF_bZ\
B]RB� _VaVB� �� �Gh�B]\�I\�b\HF\�Gh�F_GI\Z� _VH\RC
G^\CRBGCI� VI��c\H\CR__��I^\RKVHc��R� _VH\RC�C\_R#
BVGH/

=/�M]\�_VH\RC�G^\CRBGC� 9 :m _ _: ⊂ →� � �VI
FR__\Z� RZaVBBVHc� 0� DLCKL� L=qLCK*tC� 9I\\� -6�
F]/ {{{ �� � ��� ^/� 4.:�� Vh� hCGa� FGHZVBVGHIO

�: _Va � 9 :C C
C

= = m
→∞

= , ∈ ;� ��:�B]\C\�\pVIBI�_Va C
C

= l
→∞

= ,�

VB�hG__GiI�B]RB�l;�/�M]\�\�bVdR_\HB�Z\hVHVBVGHO�_VH#
\RC�G^\CRBGC� 9 :m _ _: ⊂ →� � �RZaVBI�R�Z\HI\
\pB\HIVGH�� Vh� F_GIbC\� 9 :Γ � � Gh� VBI� cCR^]
9 : v9 : q 9 :w= = _ _ = mΓ = , ∈ × ∈� � � �VI�R�cCR^]�Gh

R�_VH\RC�t)Ld0qtd/��\H\CR__���B]\�F_GIbC\� 9 :Γ � �Gh
B]\�cCR^]�Gh�G^\CRBGC�� �VI�dLc0q*tC� 9 :bM _∈ .�

�/� �\B� 9 :it- _ j, ∈ , .� � � M]\� hbHFBVGH
9 :λ λ λ= + , ∈� � � � �VI�FR__\Z�R�_VH\RC�SbHZ_\/�{B

VI�KHGiH�B]RB�aRH��^CGS_\aI�Gh�aRB]\aRBVFR_
^]�IVFI�RC\�C\ZbF\Z�BG�B]\�IBbZ��Gh�B]\�C\d\CI#
VSV_VB��FGHZVBVGHI�Gh�G^\CRBGCI� 9 :λ λ, ∈ .� � ��VH#
\RC�SbHZ_\I�R^^\RC�R_IG�RhB\C�I^\FVR_�BCRHIhGC#
aRBVGHI�Gh�^G_�HGaVR_�SbHZ_\I�RHZ�k/ �/ eC\VH
SbHZ_\��i]V_\� B]\� VHd\IBVcRBVGH�Gh� _VH\RC�SbH#
Z_\I�VI�C\ZbF\Z�VH�aRH��FRI\I�BG�B]\�IBbZ��Gh
I^\FBCR_�̂ CG^\CBV\I�Gh�C\_RBVGHI� � �− −,� � �� �hCGa

9 : 9 :bM _ bM j, , �C\I^\FBVd\_��9I\\�� �:/

:��^��<0K+0+t;7�h��u��`ELdClKEt;
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D/��\B�bI�FGHIVZ\C�~RbF]��^CGS_\a

�9�:= = _= ∈ 9�/�:

hGC�]GaGc\H\GbI�_VH\RC�ZVhh\C\HBVR_�\�bRBVGH

9 : 9 : -� :e= q ^= q q += , ∈ = ; +∞	 
 9�/4:

iVB]�B]\�̂ RVC�Gh�_VH\RC�F_GI\Z�G^\CRBGCI�aR^^VHc
hCGa�TRHRF]�I^RF\�_�BG�TRHRF]�I^RF\�j�bHZ\C
FGHZVBVGH� v�whLd e ≠ .

{H� B]\� �b\IBVGHI� Gh� B]\� IG_dRSV_VB�� RHZ� Gh
B]\� FGHIBCbFBVGH� Gh� IG_bBVGHI� BG� \�bRBVGH� 9�/4:
BiG�R^^CGRF]\I�RC\�bI\Z/�M]\�hVCIB�VI�hGbHZ\Z
GH�B]\�I^\FBCR_�B]\GC��Gh�GCZ\C\Z�^RVCI�Gh�_VH\RC
G^\CRBGCI�9I\\��hGC�\pRa^_\��-�5��.:/�M]\�I\FGHZ
VI� SRI\Z� GH� B]\� bI\� Gh� B]\� _VH\RC� c\H\CR_VW\Z
ZVhh\C\HBVR_�\�bRBVGH

�9 : 9 : 9�: 9 :l q l q q l l m+∈ , ∈ , = ∈ ,� �	 
 9�/@:

�i]\C\� 9 :bM _∈� �RHZ�VB�VI�iCVBB\H�VH�B]\�hGCa
�e ^−= .� �M]VI�B\F]HV�b\�VI�bI\Z�VH�aGHGcCR^]

-�.�9I\\�R_IG�-�4.:/
{H�B]VI�̂ R^\C�F\CBRVH��b\IBVGHI�Gh�B]\�I^\FBCR_

B]\GC��Gh�_VH\RC�C\_RBVGHI�RC\�FGHIVZ\C\Z��i]VF]
RC\� ^GGC_�� Z\R_B� iVB]� VH�aGHGcCR^]I� -��� �./
jGi\d\C��B]\��RC\�d\C��bI\hb_� VH�R^^_VFRBVGHI
BG� B]\� B]\GC�� Gh� c\H\CR_VW\Z� ZVhh\C\HBVR_
\�bRBVGHI� Gh� hGCa� 9�/@:/� {H� � �� F\CBRVH� C\Ib_BI
FGHF\CHVHc� ^I\bZGC\IG_d\HBI� RC\� FGHBRVH\Z�
i]VF]�GH\�aR��GSBRVH�bIVHc�_VH\RC�C\_RBVGHI��RI
i\__�RI�B]\GC\aI�RC\�^CGd\Z�RSGbB�B]\�I^\FBCR_
C\IG_bBVGH�Gh�B]\�_VH\RC�C\_RBVGH�RHZ�RSGbB�B]\
I^\FBCba�Gh�B]\�VHd\CI\�C\_RBVGH/�{H�� 4�VIG_RBVGH
FGHZVBVGHI�Gh�^GVHB�∞ �VH�B]\�\pB\HZ\Z�I^\FBCba
Gh�B]\�_VH\RC�C\_RBVGH�RC\�GSBRVH\Z/�{H�� @�iVB]
B]\�]\_^� Gh � \CcGZVF� B]\GC\aI� B]\�Z\IFCV^BVGH
Gh� B]\� ^]RI\� I^RF\� hGC� B]\� c\H\CR_VW\Z
ZVhh\C\HBVR_�\�bRBVGH�9�/@:�VI�GSBRVH\Z��RHZ�R_IG
IBCGHc_�� FGHBVHbGbI� Z\c\H\CRB\� I\aVcCGb^I� Gh
G^\CRBGCI�iVB]�C\I^\FB�BG�_VH\RC�C\_RBVGHI�iVB]
B]\�bI\�Gh �F\CBRVH�RHR_GcI�Gh �jV__\5�]V__V^I5
�GIVZR5`\__\C5[V�RZ\CR� 9j��`[:� B]\GC\a
FGHZVBVGHI� -@.� RC\� FGHIBCbFB\Z/� {H� � =� RHR_�BVF
Z\c\H\CRB\� I\aVcCGb^I� RC\� FGHIBCbFB\Z�iVB]
C\I^\FB� BG� I\FBGC� _VH\RC� C\_RBVGHI/��^^_VFRBVGHI
Gh�B]\�I^\FBCR_�B]\GC��Gh�_VH\RC�C\_RBVGHI�BG�B]\
I^\FBCR_� B]\GC�� Gh� GCZ\C\Z� ^RVCI� Gh� _VH\RC
G^\CRBGCI�RC\�cVd\H�VH�� �/

H����Q+�bcPMLKJPcK)2P+Ic!�IdP�cbPNIJe)
JPcK)MIOK+�K.�IdP�)O+PeJ�JP)eIOK+�e+L
cbPNIJM*�K.�IdP�O+2PJcP�JP)eIOK+

M]\�iVZ\IB�F_RII�Gh�IBCGHc_��FGHBVHbGbI�hGC
�q > �I\aVcCGb^I�Gh�SGbHZ\Z�G^\CRBGCI��i]VF]

VI�FGHIVZ\C\Z�VH�aGHGcCR^]�-@.��RC\�I\aVcCGb^I
Gh�F_RII�x� 9I\\� -@��Z\hVHVBVGH��6/@/�.:/

M]\� ^I\bZGC\IG_d\HBI�� B]\� FGHIBCbFBVGH� Gh
i]VF]�iRI�FRCCV\Z�GbB� VH� -@.�iVB]�B]\�]\_^�Gh
�R^_RF\�BCRHIhGCa�Gh�I\aVcCGb^I��cVd\�B]\�BGBR_
VHhGCaRBVGH� RSGbB� I\aVcCGb^I� Gh� F_RII� x /
kbhhVFV\HB_�� cC\RB� RBB\HBVGH� VI� hGFbI\Z� GH� B]\
VHd\IBVcRBVGH�Gh�^I\bZGC\IG_d\HBI� VH� -@��F]/��6�
B]\GC\aI�=/6/45=/6/���=/�/�5=/�/4.�RI�i\__�RI�VH
R�HbaS\C�Gh�aGZ\CH�^R^\CI�9I\\� -����D��@��=.:/
M]\� I^\FBCR_� B]\GC�� Gh� _VH\RC� C\_RBVGHI�aR�
^CGdVZ\�RH�\II\HBVR__��bI\hb_�cbVZ\�BG�B]\�IBbZ�
Gh�^I\bZGC\IG_d\HBI�� IVHF\� B]\�� RC\� C\IG_d\HBI
Gh� _VH\RC�C\_RBVGHI��i]VF]�i\C\�HGB�FGHIVZ\C\Z
VH�-@./

�\B�bI�Z\IFCVS\�B]VI�R^^CGRF]�aGC\�\p^_VFVB_�/
�\B�bI�R^^\R_�BG�R�HbaS\C�Gh�B]\�i\__#KHGiH
C\Ib_BI�RHZ�GSBRVH�B]\a�VH�R�IVa^_\�iR��RHZ�RB
BVa\I�aRK\�B]\a�aGC\�^C\FVI\/

0P.O+OIOK+� ��A�� M]\� hbHFBVGH
xCD _: Ω ⊂ →� � �VI�FR__\Z�0�)KL?DtdLKtc;LCq�

Vh�hGC�R__� � �λ λ, ∈ Ω �B]\�\�bR_VB��9jV_S\CB�VZ\H#
BVB�:

� � � � � �9 : 9 : 9 : 9 : 9 :λ λ λ λ λ λ− = −� � � �

�VI�hb_hV__\Z/
�GB\� B]RB� Z\hVHVBVGH� �/�� RZaVBI� B]\� FRI\�

i]\H� �v wλΩ = � VI� R� IVHc_\BGH�� RHZ� B]\H� �9 :λ�

aR�� S\� RH� RCSVBCRC�� \HZGaGC^]VIa� hCGa
R_c\SCR� xCD _.

0P.O+OIOK+� ����� M]\� ^I\bZGC\IG_d\HB

aRp aRp xCD _: Ω ⊂ →� � � VI� FR__\Z� 0�-0=*-0c
L=qLCK*tC� Gh� ^I\bZGC\IG_d\HB

xCD _: Ω ⊂ → ,� � � Vh� VB� VI� B]\� FGa^_\BVGH� Gh
RH��\pB\HIVGH� .� �kbF]�̂ I\bZGC\IG_d\HB�VI�FR__\Z
-0=*-0c /� k\B� -0=g*C{ = /Ω� � � VI� FR__\Z� 0
K*C{?c0d�KLq�Gh�^I\bZGC\IG_d\HB� .�

0P.O+OIOK+� ��B�� �\B� �| xCD _ λ∈ , ∈ � � RHZ
xCD _: Ω ⊂ →� � � S\� R� ^I\bZGC\IG_d\HB/

�^\CRBGC�| �iV__�S\�FR__\Z�L-1LDDLD�*Cqt�� �0q
)t*Cq� �λ , �Vh� �λ ∈ Ω �RHZ� �9 :| λ= .�

�VC\FB_��hCGa�Z\hVHVBVGHI��/�5�/4�VB�hG__GiI
B]RB�B]\��b\IBVGH�Gh�B]\�\aS\ZZVHc�Gh�R�F\CBRVH
G^\CRBGC�VHBG�B]\�I\B�Gh�dR_b\I�Gh�B]\�^I\bZG#
C\IG_d\HB�aR�� S\� C\ZbF\Z� BG� B]\� �b\IBVGH� Gh
B]\� FGHIBCbFBVGH� Gh� B]\�aRpVaR_� \pB\HIVGH� Gh
B]\�^I\bZGC\IG_d\HB/

WdPKJP*� ��A�� x;Ldl� )KL?DtdLKtc;LCq
xCD _: Ω ⊂ →� � � E0K� qEL� ?C*.?L�-0=*-0c

L=qLCK*tC�� uq� *K� 0� dLKtc;LCq� t�� 0� 2Ldq0*C� c*CL0d
dLc0q*tC� ,� �0CD� 9 :g*C{ σ= .� � �uC�)0dq*2?c0d7�*�
| xCD _∈ �0CD� �λ ∈ ,� �qELC�qEL�?C*.?L�-0=*-0c

wC�Kt-L�.?LKq*tCK�t��qEL�K)L2qd0c�qELtdl�t��c*CL0d�dLc0q*tCK
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)KL?DtdLKtc;LCq� � xCD _: Ω ⊂ →� � �L=*KqK�K?2E
qE0q� �λ ∈ Ω, �0CD�t)Ld0qtd� | �*K�L-1LDDLD�*Cqt

�� �0q�)t*Cq� �λ .
M]\� IBRB\a\HB� Gh� B]\GC\a� �/�� RSGbB� B]\

\pVIB\HF\�Gh�B]\�aRpVaR_�\pB\HIVGH�iRI�GSBRV#
H\Z�VH�-@��B]\GC\a�=/6/�./�M]\�IBRB\a\HB�RSGbB
B]\�\aS\ZZVHc�Gh�B]\�SGbHZ\Z�G^\CRBGC�VHBG�R
F\CBRVH�̂ I\bZGC\IG_d\HB�VI�̂ CGd\Z�VH�-D��B]\GC\a
4/�./�kVHF\�B]\�\IBVaRB\

�9 : 9 9 :: 9 9 9 :::

9 :

M d M D*Kqλ λ λ σ
λ ρ

−, ≥ , ≥ ,
∀ ∈

� � �

�

VI�dR_VZ�9I\\�FGCG__RC���/��Gh�B]\GC\a��/@:��B]\H
B]\GC\a��/�� FGHBRVHI� R_IG�^CG^GIVBVGH�4/=� hCGa
-D.� RSGbB� B]\� VHFC\RI\� Gh� B]\� ^I\bZGC\IG_d\HB
HGCa�bHZ\C�B]\�R^^CGRF]�BG�g*C{� /

M]\�HGBVGH�Gh�R�^I\bZGC\IG_d\HB�IVHcb_RC�I\B
iRI� VHBCGZbF\Z� VH� -�=./� T�� dVCBb\� Gh� B]\GC\a
�/��VB�FGVHFVZ\I�iVB]�B]\�_VH\RC�C\_RBVGH�I^\FBCba�
B]\�C\IG_d\HB�Gh�i]VF]�VI�B]\�\pB\HIVGH�Gh�B]\
^I\bZGC\IG_d\HB�bHZ\C� VHd\IBVcRBVGH/

M]\�hG__GiVHc�B]\GC\a�Z\hVH\I�aGC\�\pRFB_�
IBRB\a\HB�=/6/@�hCGa�-@.��RHZ�VB�\RIV_��RCVI\I�hCGa
B]\GC\a��/�/

{H� VBI� FGHZVBVGHI� _\B�bI�Z\HGB\�S��I�aSG_
g)� � B]\� I^\FBCba� Gh� B]\� FGaabBRBVd\
TRHRF]�R_c\SCR�� �iVB]�B]\�bHVB�� �V/�\/�g)� �VI
R� FGa^RFB� BG^G_GcVFR_� I^RF\� Gh� HGHW\CG� FGHBV#
HbGbI� FGa^_\p� ]GaGaGC^]VIaI� Gh� R_c\SCR

� �9 : 9 :0 g) 0 0 g)χ χ χ, : → , = , ∈�� � � � VI� �\_#
hRHZ�BCRHIhGCa�Gh�\_\a\HB�0�hCGa�g)� �9I\\�-��.:/

WdPKJP*������bLq� xCD _: Ω ⊂ →� � �1L�0
-0=*-0c� )KL?DtdLKtc;LCq� 0CD� � 1L� qEL� cL0Kq
2ctKLD�K?10c{L1d0��dt-�<0C02E�0c{L1d0�xCD _,
@E*2E�2tCq0*CK�0cc�t)Ld0qtdK� 9 :λ λ, ∈ Ω� �0CD
t)Ld0qtd� u � � }ELC� *qK� K)L2qd?-� g)� � *K
Et-Lt-td)E*2�qt�qEL�L=qLCDLD�K)L2qd?-� �9 :σ �

t��c*CL0d�dLc0q*tC� 9 :bM _∈ ,� ��td�@E*2E��?C2&
q*tC� 9 : xCD _ρ: Ω = →� � � *K� qEL� dLKtc;LCq�
e?dqELd7� Et-Lt-td)E*K-� �9 :g)α σ: → ��

L=*KqK7��td�@E*2E

� �
9 :9 : 9 :

9 :
M g)λ χ χ λ ρ

λ α χ
, = , ∈ , ∈ .

−
� ��

<LK*DLK7� 9 :α χ∞ = ∞��td�qEL�2E0d02qLd� g)χ∞ ∈ ,� �DL&
�*CLD�1l�2tCD*q*tCKO� 9 : 9 :M hLdλ χ λ ρ∞, ∈ ∀ ∈ ,� �

9 : �uχ∞ = .
�b\� BG� B]\GC\a� �/�� B]\� Z\hVHVBVGHI�� VHBCG#

ZbF\Z�hbCB]\C��RHZ�B]\�IBRB\a\HBI��^CGd\Z�GH
B]\VC�SRIVI��RC\��bVB\�FGCC\FB/

0P.O+OIOK+� ��C�� M]\� F_GI\Z� _VH\RC� IbSI^RF\

�_ _⊂ �VI�FR__\Z�*C;0d*0Cq�hGC�C\_RBVGH� 9 :bM _∈�

iVB]� HGH\a^B�� 9 :ρ ,� � Vh�_
�
� VI� VHdRCVRHB�iVB]

C\I^\FB� BG� R__� G^\CRBGCI� 9 : 9 :M λ λ ρ, , ∈ .� � �}EL
dLKqd*2q*tC� t�� dLc0q*tC� 9 :bM _∈� � GH� IbSI^RF\
_

�
� VI�FR__\Z�C\_RBVGH� � 9 :bM _∈ ,� �B]\�C\IG_d\HB

Gh�i]VF]�VI�B]\�C\IBCVFBVGH� � �9 :M xCD _ρ: → ,�

� �9 : 9 : 9 :M M _λ λ λ ρ= , , ∈� � � � Gh� C\IG_d\HB
9 : 9 :M xCD _ρ., : →� � �GH� �_ �RHZ�VB�VI�Z\HGB\Z

S�� � �_= .� � �

0P.O+OIOK+���D���\B

� �_ _ _= ⊕ 9�/�:

S\� R� ZVC\FB� Iba� Gh� VHdRCVRHB�iVB]� C\I^\FB� BG
9 :bM _∈� �IbSI^RF\I�� � � � �_ _= , = .� � � � � �

M]\H�C\_RBVGH�� �VI�FR__\Z�0�D*dL2q�K?-�t��dLc0q*tCK

�� �RHZ� �,� �RHZ�VB�VI�iCVBB\H�RI

� �= ⊕ .� � � 9�/�:

{H�RZZVBVGH�� � �� � �= ⊕ ,� � � �RHZ�\�bR_VBV\I
9�/�:��9�/�:�a\RH�B]RB�I\B� =� �hGC�\d\C�� 9 := m∈ �

VI�Z\hVH\Z�S��hGCab_R\

� � � � � �= = = = = == + , = + ,� � �

i]\C\� 9 : � �* * *= m _ *∈ ⊂ , = ,� � RHZ� =� � VI� RH
R_c\SCRVF�Iba�Gh�I\BI� � � � �= =, .� �

\P**e� ��A�� u�� �td� dLc0q*tC� 9 :bM _∈�

L.?0c*q*LK� 9�/�:�� 9�/�:� q0+L� )c02L7� qELC
� � �

� �9 : 9 : 9 :σ σ σ= ∪ ,� � � �@ELdL� *� �*K�qEL�dLKqd*2q*tC
� �tC� � �*_ *, = , .

\P**e� ����� bLq� 9 :bM _∈ .� � }ELC
�9 : xCD _σ∞ ∉ ⇐⇒ ∈ .� �

�GB\�B]RB�VH�-�.�B]\�FGHZVBVGH� �9 :σ∞ ∉ � �hGC
C\_RBVGH� 9 :bM _∈� �a\RHI�� VH� B]\� Z\hVHVBVGH�
B]RB� �� 9 :σ −∉ .�

WdPKJP*���B��bLq� 9 :bM _∈� �0CD�*qK�L=qLCDLD
K)L2qd?-� �9 :σ � �1L�dL)dLKLCqLD�*C�qEL��td-

�
� �9 :σ σ σ= ∪ ,� 9�/4:

@ELdL� �σ �*K�0�2t-)02q�KLq��dt-� �σ,� �*K�0�2ctKLD
KLq��dt-� �� �0CD� � � /σ σ∩ = ∅ �}ELC�L=)0CK*tCK
9�/�:��9�/�:�L=*Kq7�*C�@E*2E�*C;0d*0Cq�@*qE�dLK)L2q
qt� � � 2ctKLD� K?1K)02LK� � �_ _, � 0CD� dLKqd*2q*tCK

� � � �_ _= , =� � � � � � � )tKKLKK� qEL� �tcct@*C{
)dt)Ldq*LKO

�:� �
� � � � �9 : 9 :xCD _ σ σ σ∈ , = = ;� � �

�:� � � �� � 9 : 9 :hLd M hLd M _= = . , = . , ⊂ ,� � � �
�

� � � �9 : 9 : 9 :m _ m σ σ= ⊕ , = .� � �
WdPKJP*���C��u�� 9 :bM _∈ ,� �qELC�qEL�L=qLCDLD

K)L2qd?-� � �9 :σ −� � t�� qEL� *C;LdKL� dLc0q*tC
� 9 :bM _− ∈� � qt� � � *K� dL)dLKLCqLD� *C� qEL� �td-

� �� �9 : v q 9 :wσ λ λ σ− −= ∈ .� �

[KJK))eJf���A�� u�� 9 :bM _∈� �0CD� 9 :µ ρ∈ ,�

qELC� ��9 9 :: v9 : q 9 :wMσ µ µ λ λ σ−, = − ∈ .� �

M]\� FGHF_bIVGH� Gh� FGCG__RC�� �/�� VI� GSBRVH\Z
VH�-���B]\GC\a�|/@/�./

:��^��<0K+0+t;7�h��u��`ELdClKEt;
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�GB\�B]RB�B]\�Z\hVHVBVGH�Gh�B]\�_VH\RC�C\_RBVGH
I^\FBCba�iRI�VHBCGZbF\Z�S���/�`RdVHV���/��RcV
VH�-�D.��]Gi\d\C��B]\��ZG�HGB�bI\�B]\�HGBVGH�Gh
B]\� _VH\RC� C\_RBVGH�\pB\HZ\Z� I^\FBCba�H\VB]\C
VH�-�D.��HGC�VH�aGHGcCR^]�-�./�M]\�Z\hVHVBVGH�Gh
B]\�\pB\HZ\Z� I^\FBCba�hGC� _VH\RC� C\_RBVGHI�GH
HGCa\Z� I^RF\I�iRI� VHBCGZbF\Z� VH�aGHGcCR^]
-�.� S�� �/� ~CGII�� SbB�� \II\HBVR__��� VB�iRI� _VBB_\
bI\Z/

[KJK))eJf������etd� 9 :bM _∈� �qEL��tcct@*C{
2tCD*q*tCK�0dL�L.?*;0cLCq�

� ��: �: 9 : 4: � 9 :xCD _ σ σ −∈ ; ∞ ∉ ; ∉ .� � �

[KJK))eJf� ��B�� etd� 9 :bM _∈� � L.?0c*ql
�9 : v wσ = ∞� � *K�;0c*D� *��� � xCD _− ∈� � *K�0�.?0&
K*C*c)tqLCq� t)Ld0qtd�

[KJK))eJf� ��C�� u�� 9 : �λ ρ λ∈ , ≠ ,� � qELC� qEL
�tcct@*C{�L.?0c*q*LK�q0+L�)c02L

� � � � �

� � � � � �

9 : 9 :

9 : 9 :

u u u

u u : u

λ λ λ λ
λ λ λ λ

− − − −

− − − − − −

− = − − − ,

− = − − − .

� �

�
9�/@:

[KJK))eJf���D��u�� �<−= ,� �@ELdL�<�*K�0�.?0K*C&
*c)tqLCq�t)Ld0qtd��dt-� xCD _, �qELC� �9 : v wσ = ∞�

0CD� � � � 49 :u < < <λ λ λ−− = + + + .� � � uC� )0dq*&
2?c0d7� 9 :M . ,� � *K� 0� )tclCt-*0c7� *�� <� *K� qEL
C*c)tqLCq�t)Ld0qtd��dt-� xCD _.

M]\GC\a��/@�RHZ�FGCC\_RBVGHI�9�/@:�R__Gi�bI
BG�IBRB\�B]RB�hGC�B]\�\pB\HZ\Z�I^\FBCba�Gh�_VH\RC
C\_RBVGHI� R__� ^GVHBI� Gh� B]\� \pB\HZ\Z� FGa^_\p
^_RH\� �,� �VHF_bZVHc�∞, �]Rd\�B]\�IRa\�CVc]BI�VH
R�I\HI\/�{h�^GVHB�∞ �VI�FGHBRVH\Z�VH�B]\�\pB\HZ\Z
I^\FBCba�Gh� B]\� _VH\RC� F_GI\Z� G^\CRBGC� RHZ� VI
VIG_RB\Z�B]\C\��B]\H�VB�aR��GH_��S\�RH�\II\HBVR_
IVHcb_RCVB�� Gh� VBI� C\IG_d\HB� 9I\\� -@�� B]\G#
C\a =/�/@.:/

�\B�∆ �S\�RH�G^\H�I\B�hCGa�B]\�\pB\HZ\Z�FGa^#
_\p�^_RH\� �� � FGHBRVHVHc� B]\� \pB\HZ\Z� I^\FBCba
�9 :σ � � Gh� B]\� C\_RBVGH/� M]\� R_c\SCR� Gh� FGa^_\p
hbHFBVGHI� � Z\hVH\Z� RHZ� RHR_�BVF� GH� ∆, �iV__� S\
Z\HGB\Z�S��I�aSG_� 9 :∆ .� ��\B�γ �S\�R�F\CBRVH�F_GI\Z
�GCZRH� FbCd\�� IbCCGbHZVHc� �9 :σ ,� � RHZ� hbHFBVGH

9 :� ∈ ∆� � S\� IbF]� B]RB� VHB\cCR_� 9 : 9 :� M D
γ

λ λ λ,∫ �

FGHd\Cc\I�RSIG_bB\_�/�M]\H�hGCab_R

�
9 : 9 : 9 : 9 :

�
� � u � M D

* γ

δ λ λ λ
π

= ∞ − ,∫� � 9�/=:

Z\hVH\I� B]\� SGbHZ\Z� G^\CRBGC� hCGa� R_c\SCR
xCD _, � i]\C\� �δ = � GC� �δ = � Z\^\HZVHc� GH
i]\B]\C� λ = ∞ � VI� VHIVZ\� γ � GC� GbBIVZ\� Gh� γ .
[GC\Gd\C��VB�S\_GHcI�BG�FGaabBRBVd\�IbSR_c\SCR

,� � VHBCGZbF\Z� S\hGC\� B]\GC\a� �/�/� M]VI� hRFB
R__GiI�bI�BG�GSBRVH�B]\�hG__GiVHc�IBRB\a\HBO

WdPKJP*� ��D��etd� 9 :bM _∈� � qEL� L.?0c*ql
� �9 9 :: 9 9 :: v 9 : q 9 :w� � �σ σ λ λ σ= = ∈� � � �q0+LK�)c02L�

H�B��[K*beNI+Pcc�NK+LOIOK+c�K.�IdP�)O+PeJ
JP)eIOK+� cbPNIJM*

{H� B]\� C\aRVHVHc� ^RCB� Gh� B]\� ^R^\C� VB� VI
Ib^^GI\Z� B]RB� B]\� hG__GiVHc� FGHZVBVGH� Gh
CtCK*C{?c0d*ql�Gh� _VH\RC�C\_RBVGHI� VI�hb_hV__\Z/

-ccM*bIOK+�B�A���\IG_d\HB�I\B� 9 :ρ � �Gh�_VH\RC
C\_RBVGH� 9 :bM _∈� �VI�HGB�\a^B�/

{aa\ZVRB\_�� hCGa� B]\� Z\hVHVBVGH� Gh� B]\
VHd\CI\� C\_RBVGH� RHZ� hCGa� B]\� ^CG^\CBV\I� Gh
_VH\RC�C\_RBVGHI�hGCab_RB\Z�VH�� ��9I\\�R_IG�B]\
^CG^\CBV\I� Gh� C\_RBVGHI�� \Hba\CRB\Z� VH� � �:
hG__GiI

\P**e�B�A��bLq� 9 :bM _∈ .� �uCDL)LCDLCq�t�
qEL�2Et*2L� � 9 :λ ρ∈ � �L.?0c*q*LK

�

�

9 9 :: �

9 9 :: 9 :

+ +

+ +

hLd M :

u- M m + k

λ
λ

, = ,

, = , ∈

�

� �

0dL�;0c*D�
M]VI� _\aaR� \HIbC\I� B]\� FGCC\FBH\II� Gh

HGBRBVGHI� +hLd M � RHZ� +u-M + k, ∈ � hGC� B]\
Z\cC\\I�Gh�B]\�C\IG_d\HB�Gh�C\_RBVGH� 9 :bM _∈ .�

0P.O+OIOK+� B�A���\_RBVGH� 9 :bM _∈ .� � VI� IRVZ
BG�^GII\II� B]\�^CG^\CB�� Gh�DL{dLLK� Kq01*c*ql� *C
*C�*C*ql��Vh�B]\�HbaS\C�- ∈ � �\pVIBI�IbF]�B]RB

� �

� �

� � �

9 : 9 : 9 :

- - -

- - -m m m

− +

− +

⊂ = ,

⊃ = ,
� � �

� � �
94/�:

i]\C\� VHF_bIVGHI� RC\� IBCVFB/� M]\� HbaS\C�-� VI
FR__\Z�qEL�tdDLd�Gh�B]\�IBRSV_VB�/

�GB\� B]RB� hGC� �- = � VB� VI� RIIba\Z� B]RB
� �v�w � � 9 : 9 :_ m m⊂ = , ⊃ = .� � � �

-ccM*bIOK+�B�����\_RBVGH� 9 :bM _∈ .� �̂ GII\I#
I\I�B]\�^CG^\CB��Gh�Z\cC\\I�IBRSV_VB��VH�VHhVHVB�
Gh� B]\�GCZ\C�-/

WdPKJP*�B�A��bLq� �- ≥ �1L�0�C0q?d0c�C?-1Ld�
etd� dLc0q*tC� 9 : 9 :bM _ z bw _∈� � qEL� �tcct@*C{
2tCD*q*tCK�0dL�L.?*;0cLCq�

�:�)t*Cq�∞ �*K�qEL�)tcL�t���?C2q*tC� 9 :M . ,� �t�
qEL�tdDLd� �- − ��td� 4- ≥ , ∞ �*K�qEL�dL-t;01cL
K*C{?c0d*ql�t���?C2q*tC� 9 :M . ,� ���td� �- = ;

/:�<0C02E�K)02L�_�*K�dL)dLKLCqLD�*C�qEL��td-
t��qEL�D*dL2q�K?-� �_ _ _∞= ⊕ �t��*C;0d*0Cq�@*qE
dLK)L2q� qt� � � 2ctKLD� K?1K)02LK� � 9 :-_ m := ,

�-_∞ = ,� �0CD�0cKt�qEL�dLKqd*2q*tC� �� �t��dLc0q*tC
� �tC�_

�
�1LctC{K�qt� �xCD _ 7� �9 : 9 :σ σ= ,� � �0CD7

1LK*DLK7� �9 : v w�σ ∞ = ∞� � � �9 : �-xCD _− −
∞ ∞ ∞∈ , =� �

wC�Kt-L�.?LKq*tCK�t��qEL�K)L2qd0c�qELtdl�t��c*CL0d�dLc0q*tCK
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�td�qEL�dLKqd*2q*tC� ∞� �t��dLc0q*tC�� �tC� _∞ �0CD
� �9 : �-− −

∞ ≠ ;�

�:�2tCD*q*tCK�t��0KK?-)q*tC�4/��0dL��?c�*ccLD�
�\Ib_BI�hCGa�-�6��F]/��.�RHZ�-����B]\GC\a �/�.

RC\�bI\Z�VH�B]\�^CGGh/
�\B� bI� VHBCGZbF\� VHBG� FGHIVZ\CRBVGH� \Vc\H#

d\FBGCI�RHZ�RZ�GVHB�d\FBGCI�Gh�_VH\RC�C\_RBVGHI�
FGCC\I^GHZVHc�BG�^GVHB� ∞. �j\C\�B]\�C\Ib_BI�Gh
B]\GC\aI��/@�RHZ�4/��iV__�S\�BRK\H�VHBG�RFFGbHB/

0P.O+OIOK+�B�����H�RCSVBCRC��HGHW\CG�d\FBGC
=
�
� hCGa� � _⊂� � VI� FR__\Z� qEL� L*{LC;L2qtd� Gh

C\_RBVGH� 9 :bM _∈ ,� �FGCC\I^GHZVHc�BG�^GVHB� ∞.
|\FBGC� �= _∈ �VI�FR__\Z�qEL�dttq�;L2qtd�Gh�C\_RBVGH

,� � FGCC\I^GHZVHc� BG� ^GVHB� ∞, � Vh� B]\� HbaS\C
+ ∈ � �\pVIBI�IbF]�B]RB� � �+= ∈ .� �M]\�HbaS\C
+�hCGa�� �VI�FR__\Z�qEL�EL*{Eq�Gh�B]\�CGGB�d\FBGC
=
�
� Vh� �

� � �+ += z −∈ .� �

{aa\ZVRB\_��hCGa�Z\hVHVBVGH�4/��VB�hG__GiI�B]RB
B]\� F_GI\Z� IbSI^RF\� �� 9 :+ +hLd −=� � � FGHIVIBI
Gh�CGGB�d\FBGCI�Gh�C\_RBVGH� ,� �FGCC\I^GHZVHc�BG
^GVHB�∞, �iVB]�B]\�]\Vc]B�HGB�\pF\\ZVHc�+/

0P.O+OIOK+�B�B��M]\�C\_RBVGH� 9 :bM _∈� �VI�IRVZ
BG� ]Rd\� B]\� hVHVB\� �GCZRH� F]RVH� � � �+= = ~ = −, , ,
Gh� B]\� ]\Vc]B�+�� FGCC\I^GHZVHc� BG� ^GVHB� ∞, � Vh
=
�
� VI� B]\�\Vc\Hd\FBGC� hGC� ,� � FGCC\I^GHZVHc� BG

^GVHB� ∞, �RHZ� � �*= * +, ≤ ≤ − �RC\�CGGB�d\FBGCI�
FGCC\I^GHZVHc�BG�B]\�IRa\�^GVHB��hGC�i]VF]�B]\
hG__GiVHc� FGCC\_RBVGHI

� � �� � � �+* * += = = * + =− −∈ , ∈ , ≤ ≤ − , ∉� � �

BRK\� ^_RF\� 9RHZ�� FGHI\�b\HB_��� \d\C�� d\FBGC
� �*= * +, ≤ ≤ − � ]RI� B]\� ]\Vc]B� *:/� |\FBGCI

� �+= = −, ..., �RC\�FR__\Z�0D,t*Cq�BG�\Vc\Hd\FBGC�=
�
/

\P**e�B����}EL�dLc0q*tC� 9 :bM _∈� �E0K�qEL
�*C*qL��tdD0C�2E0*C� � �+= = −, ..., �t�� qEL�EL*{Eq�+7
2tddLK)tCD*C{� qt� )t*Cq� ∞, � *��� �td� 2Ldq0*C
� 9 :λ ρ∈ � �[0CD�ELC2L��td�0cc� � 9 :λ ρ∈ � \�L.?0c*q*LK

� � � � �9 : � � 9 :

� �
* *M = = M = =

* +

λ λ −, = , ∈ , , = ,
≤ ≤ −

� � �

RC\� dR_VZ�� RHZ� d\FBGC� =� VI� RSI\HB� IbF]� B]RB

� �9 : +M = =λ −, = .�

0P.O+OIOK+�B�C��M]\�C\_RBVGH� 9 :bM _∈� �VI�FR_#
_\Z�edLDEtc-� *C� *C�*C*ql�� Vh� 9 :m � � VI� R� F_GI\Z
IbSI^RF\� VH�_�� RHZ�� S\IVZ\I�� � 9 :_ m, /� � � RC\
hVHVB\ZVa\HIVGHR_� _VH\RC� I^RF\I/� M]\� HbaS\C

� 9 9 :*CD D*- D*- _ m= − /� � � � VI� FR__\Z� qEL
*CDL=� Gh� `C\Z]G_a� C\_RBVGH� ,� � FGCC\I^GHZVHc
BG�^GVHB�∞.

�VC\FB_�� hCGa�Z\hVHVBVGH� 4/@� VB� hG__GiI� B]RB
C\_RBVGH�� �VI�`C\Z]G_a�VH�VHhVHVB��Vhh�G^\CRBGC

� �9 : 9 :M λ λ ρ, , ∈� � �VI�`C\Z]G_a��RHZ�B]\VC�VHZV#
F\I�FGVHFVZ\/

M]\� hG__GiVHc� IBRB\a\HB� RCVI\I� hCGa� B]\G#
C\a 4/���Z\hVHVBVGHI�4/�54/@�RHZ�_\aaR�4/���RHZ
VB�Z\FV^]\CI�B]\�HGBVGHI�FGHBRVH\Z�VH�B]\a/��\B
bI�BRK\�VHBG�RFFGbHB�B]RB�Vh�B]\�C\_RBVGH�VHZ\p
VI�\�bR_�BG�W\CG��B]\H�VHZVF\I�Gh�R__�VBI�Z\cC\\I
RC\�B]\�IRa\/

WdPKJP*� B����bLq� - ∈ .� � etd� edLDEtc-� *C
*C�*C*ql� dLc0q*tC� 9 : 9 :bM _ z bw _∈� � t�� BLdt
*CDL=�qEL��tcct@*C{�2tCD*q*tCK�0dL�L.?*;0cLCq�

�:� 0cc� �tdD0C� 2E0*CK� t�� dLc0q*tC� ,� � 2tddLK&
)tCD*C{�qt�)t*Cq�∞, �E0;L�qEL�EL*{Eq�@E*2E�DtLK
Ctq� L=2LLD� C?-1Ld� - ∈ ,� �-tdLt;Ld7� �tdD0C
2E0*C�L=*KqK�@*qE�EL*{Eq�-�

�:� � �� � �- - -− +⊂ = ;� � �

4:� � �9 : 9 : 9 :- - -m m m− +⊃ = ;� � �

@:�)t*Cq� ∞ �*K�qEL�)tcL�t��dLKtc;LCq� 9 :M λ, ,�

9 :λ ρ∈ � t�� dLc0q*tC� � � t�� qEL� tdDLd� �- − , � *�
4- ≤ , �0CD�)t*Cq�∞ �*K�qEL�dL-t;01cL�K*C{?c0d*ql7

*�� �- = .
[KJK))eJf�B�A��u�� 9 : 9 :bM _ z bw _ _∈ ,� �*K�0

�*C*qL&D*-LCK*tC0c�K)02L7�qELC� �9 :σ � �2tCK*KqK�t�
0��*C*qL�KLq�t��)t*CqK7�qEL�C?-1Ld�t��@E*2E�DtLK
Ctq�L=2LLD� ZVaC _= , �0CD�0cKt��td�dLc0q*tC��
qEL��tcct@*C{�K)L2qd0c�dLKtc?q*tC

�

�
-

* *
*

f | - Cλ ∞
=

= + + , + ≤∑� �

q0+LK� )c02L7� @ELdL� *f xCD _∈ � 0dL� M*LKB� )dt&
,L2qtdK7�2tCKqd?2qLD�tC�K*C{cLqtCK� v w �* * -λ , ≤ ≤ ,

� �
�9 : v w 9 : v w- |σ λ λ σ −

∞ ∞= , ... , = ∞ , ,� � � � 0dL� C*c)t&
qLCq� t)Ld0qtdK� �dt-�0c{L1d0� xCD _, �@E*2E� 0dL
2t--?q0q*;L� 1Lq@LLC� qEL-KLc;LK� 0CD� @*qE
)dt,L2qtdK� �*f * -, ≤ ≤ .

H�C��Q+�NPJIeO+�e+e)Kgc�K.�NK+LOIOK+c�YO))Ph
ZdO))Obch]KcOLehXP))PJhTOfeLPJe� .KJ

)O+PeJ�JP)eIOK+c

�\B� � � S\� R� C\_RBVGH� hCGa� 9 :bM _ /� �\B� bI
FGHIVZ\C� ~RbF]�� ^CGS_\a� hGC� B]\� c\H\CR_VW\Z
ZVhh\C\HBVR_�\�bRBVGH

9 : 9 : -� := q = q q +∈ , ∈ = ; +∞ ,�	 
 9@/�:

�9�: 9 := = m= ∈ .� 9@/�:

�Vhh\C\HBVRS_\� hbHFBVGH� = _+: →
 �� hGC
i]VF]� �9�: 9 : 9 : �= = = q m q= , ∈ ∀ ≥ ,� �VI�FR__\Z�qEL
Ktc?q*tC� BG� ~RbF]�� ^CGS_\a� 9@/�:59@/�:�� Vh� VB
IRBVIhV\I�VHF_bIVGH�9@/�:/

0P.O+OIOK+� C�A�� M]\� F_GIbC\� VH�_� Gh� VHVBVR_
FGHZVBVGHI�I\B�Gh�B]\�hGCa�9@/�:��hGC�i]VF]�B]\
IG_bBVGH�BG�^CGS_\a�9@/�:59@/�:�\pVIBI�� VI�FR__\Z
qEL�)E0KL�K)02L�Gh�B]\�c\H\CR_VW\Z�ZVhh\C\HBVR_
\�bRBVGH�9@/�:��RHZ�VB�VI�Z\HGB\Z�S��I�aSG_� 9 :Φ .�

:��^��<0K+0+t;7�h��u��`ELdClKEt;
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{H�B]VI�^RCRcCR^]�B]\�C\_RBVGHI�RC\�FGHIVZ\#
C\Z��hGC�i]VF]�∞ �VI�HGB�H\F\IIRCV_��RH�VIG_RB\Z
^GVHB�VH�B]\�\pB\HZ\Z�I^\FBCba/��VB]�B]\�]\_^
Gh�\CcGZVF�B]\GC\aI�B]\�IbSI^RF\I�RC\�hGCa\Z�
FGHBRVHVHc�B]\�^]RI\�I^RF\�hGC�B]\�c\H\CR_VW\Z
ZVhh\C\HBVR_�\�bRBVGHI��RHZ�B]\C\b^GH�iVB]�B]\
]\_^� Gh � F\CBRVH� RHR_GcI� Gh � jV__\5�]V__V^I5
�GIVZR5`\__\C5[V�RZ\CR� 9j��`[:� B]\GC\a
FGHZVBVGHI� Z\c\H\CRB\� I\aVcCGb^I� Gh� _VH\RC
SGbHZ\Z� G^\CRBGCI� RC\� FGHIBCbFB\Z� hGC� _VH\RC
C\_RBVGHI/

{B�VI�^CGdVZ\Z��RI�S\hGC\��B]RB�RIIba^BVGH 4/�
]G_ZI/

0P.O+OIOK+�C�����\B�- ∈ .� �M]\�Z\cC\\�-�Gh
C\IG_d\HB�Gh�C\_RBVGH� 9 :bM _∈� �VI�IRVZ�BG�^GI#
I\II� B]\� ^CG^\CB�� Gh� qEL�-*C*-0c� {dt@qE� *C
*C�*C*ql�� Vh� I\�b\HF\� v w 9 :Cλ ρ⊂ � � \pVIBI� IbF]
B]RB

�

�: _Va q q

�: Ib^ q q qq 9 9 :: qqw

C
C

- -
C C

C

M

λ

λ λ
→∞

= ∞;

⋅ , < ∞.� 9@/4:

-ccM*bIOK+� C�A�� M]\� C\IG_d\HB� Gh� C\_RBVGH
9 :bM _∈� � IRBVIhV\I� FGHZVBVGHI� 9@/4:� hCGa

Z\hVHVBVGH�@/�/
WdPKJP*�C�A��u���td�dLc0q*tC� 9 :bM _∈� �0K&

K?-)q*tC� 4/�� *K� �?c�*ccLD7� qELC� �td� *q� 0KK?-)&
q*tC @/��*K��?c�*ccLD�qtt�

\P**e�C�A��u��0KK?-)q*tC�@/��*K��?c�*ccLD7�qELC
cLC{qEK�t��0cc��tdD0C�2E0*CK�t��dLc0q*tC� 9 :bM _∈ ,�

2tddLK)tCD*C{�qt�)t*Cq� ∞, �Dt�Ctq�L=2LLD�-7�0CD
0cc�2E0*CK�c*L�*C� �-_∞ = .�

LHZ\C� B]\�FGHZVBVGHI�Gh�RIIba^BVGH�@/�� _\B
bI� VHBCGZbF\� VHBG� FGHIVZ\CRBVGH� B]\� SGbHZ\Z
I\�b\HF\�Gh�G^\CRBGCI�hCGa�R_c\SCR� xCD _ �Gh
B]\�hGCa

9 9 ::-C C Cu M Cλ λ= − − , , ∈� � � 9@/@:

RHZ�B]\�F_GI\Z�IbSI^RF\

� v _Va wC
C

_ = _ =
→∞

= ∈ : ∃ .�

`GC� B]\� FGHIBCbFBVGH� Gh� B]\� ^]RI\� I^RF\
9 :Φ � � Gh� B]\� c\H\CR_VW\Z� ZVhh\C\HBVR_� \�bR#

BVGH 9@/�:�_\B�bI�bI\�\CcGZVF�B]\GC\aI�hCGa�̂ R^\C
-��.�� R^^_V\Z� BG� B]\� FGHI\�b\HF\� C: . ��B� hVCIB
_\B�bI�hGCab_RB\�F\CBRVH�HGBVGHI�RHZ�C\Ib_BI�hCGa
-��.��bI\Z�]\C\�9HGB�VH�B]\�aGIB�c\H\CR_�hGCa:/

�\B� � �S\�B]\�_\RIB�F_GI\Z�IbSR_c\SCR�hCGa
TRHRF]�R_c\SCR�xCD _, �FGHBRVHVHc�R__�G^\CRBGCI
9 : 9 :M λ λ ρ; , ∈� � � RHZ� B]\� VZ\HBVB�� G^\CRBGC� u/

M]\H�� �VI�R�FGaabBRBVd\�TRHRF]�R_c\SCR�iVB]
B]\�bHVB��RHZ�I\�b\HF\� 9 :C: �S\_GHcI�BG� .� ��\B

- ∈ .� � �\B� bI� FGHIVZ\C� B]\� _\RIB� F_GI\Z� VZ\R_

-=� � �hCGa�R_c\SCR� ,� �FGHBRVHVHc�G^\CRBGCI
9 9 :: 9 :-M λ λ ρ; , ∈ .� �

0P.O+OIOK+� C�B�� M]\� SGbHZ\Z� I\�b\HF\� Gh
_VH\RC�G^\CRBGCI� 9 :C: �hCGa�R_c\SCR� � �VI�FR__\Z
� #KL.?LC2L��Vh�B]\�hG__GiVHc�BiG�FGHZVBVGHI�RC\
hb_hV__\ZO

�: _Va qq qq �

�: v w

C
C

C

: e e

: = = = e= e = _

→∞
= ∀ ∈ ;

− ∈ = ; ∈ ∀ ∈ .

�

� �

�\B� 9 :C: � S\� � #I\�b\HF\/� T�� I�aSG_
9 9 ::Cxd{ _ :, �i\�Z\HGB\�9F_GI\Z:�IbSI^RF\

9 9 :: v _Va wC C
C

xd{ _ : = _ : =
→∞

, = ∈ : ∃ ,

RHZ� VB� VI� FR__\Z� qEL� Ld{tD*2� IbSI^RF\�� FGCC\I#
^GHZVHc�BG�� #I\�b\HF\� 9 :C: .

\P**e�C����>CDLd�qEL�2tCD*q*tCK�t��0KK?-)&
q*tC�@/��KL.?LC2L�9 :C: �*K�� &KL.?LC2L7�0CD7�ELC2L7
� 9 9 ::C_ xd{ _ := , .

kVHF\�IbSI^RF\� �_ �VI�VHdRCVRHB�iVB]�C\I^\FB
BG�R__�G^\CRBGCI� 9 : 9 :M λ λ ρ, , ∈ ,� � �B]\H�VB�VI�VHdR#
CVRHB�iVB]� C\I^\FB� BG� C\_RBVGH� ,� � RHZ� IG� GH\
aR��FGHIVZ\C�B]\�C\IBCVFBVGH� �� �Gh�C\_RBVGH� �
GH� �_ �9I\\�Z\hVHVBVGH��/@:/

M]\� hG__GiVHc� IBRB\a\HB� RCVI\I� hCGa� -���
_\aaR��.�RHZ�VI�B]\�FGHFC\B\�C\R_VWRBVGH�Gh�B]\
^CG^\CBV\I�� hGCab_RB\Z� B]\C\/

WdPKJP*�C����>CDLd�qEL�2tCD*q*tCK�t��0KK?-)&
q*tC�@/��K?1K)02L� �_ �0D-*qK�qEL�L=)0CK*tC�*Cqt
qEL�D*dL2q�K?-

�
�_ _ _∞= ⊕ 9@/=:

�t��q@t�2ctKLD�*C;0d*0Cq�@*qE�dLK)L2q�qt�� �K?1&
K)02LK� �_ _∞, ,�0CD�0cKt� � 9 :-_ m= ,� � �-_∞ = ,�

0CD� qEL� 2tddLK)tCD*C{� L=)0CK*tC� t�� dLc0q*tC
� �9 :bM _∈�

�
� ∞= ⊕� � � 9@/�:

^GII\II\I� ^CG^\CBV\IO� �σ −
∞ ∞= ∞ , =� � �� � � � � �


= , : ⊂ →� �� � � �� � �� � � �VI�R�_VH\RC�F_GI\Z�G^\#
CRBGC�iVB]� B]\� I^\FBCba� �σ σ σ= =� � ��� � � � � �
RHZ�iVB]� B]\� Z\HI\� VH�_

�
� ZGaRVH� ��� �
� � Gh

G^\CRBGC� .��



��[��e�@/�/�M]\�̂ CG�\FBGC� ,�� �i]VF]�C\R_VW\I
B]\�\p^RHIVGH� 9@/=:� Gh� I^RF\� �,� � VI�Z\hVH\Z�S�
FGCC\_RBVGHI

�

λ λ
→∞ →∞

∞

= − = − , ,

∈ , = , = ,

��

� � �

�	
� � �	
� � ��
� � �
� �

� � � � � � �

� � �
 � � ��� � �

RHZ�VB�ZG\I�HGB�Z\^\HZ�GH�B]\�F]GVF\�Gh�I\�b\HF\
λ� �� � hCGa� ρ ,�� � � IRBVIh�VHc� FGHZVBVGHI� Gh� RI#

wC�Kt-L�.?LKq*tCK�t��qEL�K)L2qd0c�qELtdl�t��c*CL0d�dLc0q*tCK
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Iba^BVGH�@/��9I\\�-����_\aaR��.:/�T\IVZ\I�� ��� ���
VI�Z\HI\�VH�_

�
�hGC�\d\C�� ∈ �� �9I\\�-��.:/

[KJK))eJf� C�A�� >CDLd� qEL� 2tCD*q*tCK� t�
0KK?-)q*tC�@/�� dLc0q*tC� ∈� � ��� � � *K� 0� c*CL0d
t)Ld0qtd7� *�� Dt-0*C� �� �
� � t�� dLc0q*tC� �
 � *K
DLCKL�*C�_/

M]\� hG__GiVHc� IBRB\a\HB� RCVI\I� hCGa� -���
B]\GC\a��./

WdPKJP*�C�B��bLq�0KK?-)q*tC�@/��1L��?c�*ccLD�
uC� tdDLd� qE0q� � =� � 7� *q� *K� CL2LKK0dl� 0CD
K?��*2*LCq�qE0q�qEL�;L2qtdK��dt-�K?1K)02L�� �


KEt?cD� KL)0d0qL� �?C2q*tC0cK� �dt-� K?1K)02L
∗�� � �
 � t�� qEL� D?0c� qt� _� <0C02E� K)02L� _y

[ ∗ ∗ ∗⊂ ×� � � �*K�qEL�2tC,?{0qL�qt�� �c*CL0d�dLc0&
q*tC��KLL�� �7�)��/\�

uC�)0dq*2?c0d7�� = ,� � �*��tCL�t��qEL��tcct@*C{
2tCD*q*tCK�*K��?c�*ccLD�

�:�_�*K�0�dL�cL=*;L�<0C02E�K)02L�
�:� λ , ∈��� �� ��� � � *K� 0� @L0+cl� 2t-)02q

t)Ld0qtd��td�2Ldq0*C� λ ρ∈ ;�� � �
4:� ∗= < ∞.� �� � � �
 
��
 ��

�GB\�B]RB�B]\�IBRB\a\HB�Gh�B]\GC\a�@/��hGC

R�C\h_\pVd\�TRHRF]�I^RF\�RHZ�hGC� = �
 �VI�cVd\H
VH�-���^/��/4.�RHZ�VH�-�4./

[KJK))eJf�C����u��dLc0q*tC� ∈� � ��� � �E0K�0�2t-&
)02q� dLKtc;LCq� ?CDLd� qEL� 2tCD*q*tCK� t�� 0KK?-)&
q*tC @/�7�qELC� ∞= ⊕ = ⊕ .� �� � � �
 
� � � �

-ccM*bIOK+�C����M]\C\�\pVIB� IbF]�HbaS\CI
ω> , ∈ , ∈ ,�� � 
 � � B]RB� hGC� R__� λ ∈� � iVB]

λ ω>�� �RHZ�hGC�R__� ∈� � �\IBVaRB\I

λ
λ ω

, , ∈
−

� �� � ��
� �
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�

�
� �
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9@/D:

BRK\�^_RF\/
�\B�bI�FRCC��GbB�B]\�FGHIBCbFBVGH�Gh�B]\�^]RI\

I^RF\�Φ �� � �RHZ�Z\c\H\CRB\�I\aVcCGb^I�Gh�_VH\RC
G^\CRBGCI��iVB]� B]\�]\_^�Gh�i]VF]� B]\� IG_bBVGHI
BG�^CGS_\a�9@/�:59@/�:�RC\�Z\hVH\Z/�M]\�FGHIBCbF#
BVGHI�RC\�C\R_VW\Z�bHZ\C�B]\�FGHZVBVGHI�Gh�RIIba^#
BVGH�@/��RHZ�hGC� ≥ ,� ���
� �V/�\/� ∈ .� � � � ��� � ��� �
�IIba^BVGH�@/��Va^_V\I�RIIba^BVGH�@/���IG�RFFGC#
ZVHc�BG�_\aaR�@/��GH\�aR��FGHIVZ\C�RH�\CcGZVF
IbSI^RF\�� = , ,�� � ���� ��� � �FGHIBCbFB\Z�iVB]�B]\
]\_^�Gh�B]\�SGbHZ\Z�I\�b\HF\� ∈ .�� �� ��� � �{B�VI
Z\hVH\Z� S�� hGCab_R� 9@/@:�� i]\C\� λ� �� � VI� RH
RCSVBCRC��I\�b\HF\�hCGa� ρ+ ∩ �
 � ��iVB]�B]\�̂ CG#

^\CB�� λ
→∞

= ∞.�	
 �
�

�M]bI��B]\�IBRB\a\HB�Gh�B]\GC\a

@/�� RSGbB� B]\� Z\FGa^GIVBVGH� Gh� IbSI^RF\� �� � VI
dR_VZ/�T\IVZ\I��IbSI^RF\I� ∞ = , =� ��� � �
 
� � �
RC\�VHdRCVRHB�hGC�C\_RBVGH� .� �`GC�B]\�C\IBCVFBVGH

= ∈� � �� � �� �� �� � � Gh� C\_RBVGH� � � GH� _
�

RIIba^BVGH�@/��C\aRVHI�hb_hV__\Z/�{B�R__GiI�bI�BG
FGHIBCbFB�GH�

�� �I\aVcCGb^� ; ≥�� � � ��� � � �Gh�F_RII

�� �iVB]� B]\� c\H\CRBGC� ,�� � ]RdVHc�� RFFGCZVHc
BG�B]\GC\a�@/���B]\�Z\HI\�ZGaRVH� ��� �� �VH�_

�
/

`GC�B]\�FGHIBCbFBVGH�Gh�IbF]�R�I\aVcCGb^�_\B�bI
bI\� B]\� RHR_Gc� Gh ��GIVZR� R^^CGpVaRBVGH� 9I\\
-@�� B]\GC\a���/4/�.:� Gh� B]\� hGCaO

λ λ λ= − / − − , ∈ , ≥ .��
� �� �� � � �� � �


� � � �� 
 � � ��� � �

\P**e� C�B�� >CDLd� qEL� 2tCD*q*tCK� t�
0KK?-)q*tC�@/���td�L;Ldl� µ ρ∈ �� � �qEL�LKq*-0qL

λ λ µ λ −− − , , ≤ ⋅ ,

≥

� � �
��

� � �� � � �� �� � ��
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�*K�;0c*D/
WdPKJP*� C�C��bLq� �td� dLc0q*tC� ∈� � ��� �

0KK?-)q*tC�@/��1L��?c�*ccLD�0CD� ≥ .� ���
� �}ELC

�Φ ∩ = = ,� � �� � � �
� � �

0CD�qEL�?C*.?L�DL{LCLd0qL�KL-*{dt?)�t��t)Ld0qtdK
� �; ≥ ⊂� � � ��� � � ��� � � L=*KqK7� qEL� {LCLd0qtd� t�
@E*2E�*K�dLc0q*tC�� �∈ ,� � ��� � �DL�*CLD�1l�L.?0c*q*LK
� =� ��� tC�

� �
∞, = ∩ , = .� � �� �� � � � �� � � � � � gL&

-*{dt?)� � ; ≥� � � ��� � � �)tKKLKKLK�qEL��tcct@*C{�)dt&
)Ldq*LK�

�:�*qK�dLKqd*2q*tC� ; ⊂� �� � � ��� � ��� � �tC�_
�
�*K�0

KL-*{dt?)� t�� 2c0KK� ,�� � 0CD� 0Cl� Ktc?q*tC

+: →
� � � qt� )dt1cL-� 9@/�:59@/�:� @*qE
∈ ⊂�� � �� �� � � �*K�@d*qqLC�0K� = , ≥ ;� �� � � � �� � � � � �
�:� � �∈���� ��� � � *K� 0�)dt,L2qtd� tC� K?1K)02L

_
�
7�)0d0ccLc�qt� ∞ .�
u��;L2qtdK��dt-�K?1K)02L� ∞ = ⊂� �
� � �KL)0&

d0qL��?C2q*tC0cK��dt-�K?1K)02L� ∗ ∗ ∗
∞ = ⊂�� � �
� �

[�td�L=0-)cL7�*��tCL�t��qEdLL�2tCD*q*tCK�t��qELt&
dL- @/4�*K��?c�*ccLD\7�qELC�� = ,� � �0CD�Φ = .� �� � �

��[��e�@/�/� kBRB\a\HBI� Gh� B]\GC\a�@/@� hGC
= �
 �RC\�FGHBRVH\Z�VH�aGHGcCR^]�-���F]/�{{./�{h

� �VI�R�_VH\RC�C\_RBVGH�GH�hVHVB\#ZVa\HIVGHR_�I^RF\
_�� RHZ� R_IG� ≠ ,� �� � � � B]\H� C\Ib_BI� hCGa� -�.
RC\�VHR^^_VFRS_\�\d\H�VH�B]VI�FRI\/�M]\�\p^RHIVGH

= ⊕� �� � �� � �iRI�GSBRVH\Z�VH�-�.�GH_��hGC�R
C\h_\pVd\�TRHRF]�I^RF\/�`GC� > �
 �c\H\CR_VW\Z
ZVhh\C\HBVR_�\�bRBVGHI�Gh�B]\�hGCa�9@/�:�RC\�FGH#
IVZ\C\Z�VH�-�4.�S��B]\�C#*CqL{d0qLD�I\aVcCGb^I
a\B]GZ/�jGi\d\C� �̂ CVHFV^R_�C\Ib_BI�RC\�RHHGbH#
F\Z�VH�-�4.�bHZ\C�R�^CVGCV�RIIba^BVGH�RSGbB�B]\
\pVIB\HF\�Gh�B]\�\p^RHIVGH� = ⊕ ;� �� � �
 
� �
VBI�̂ C\I\HF\�iRI�aRCK\Z�hGC�R�C\h_\pVd\�TRHRF]
I^RF\�_�bHZ\C�B]\�FGHZVBVGH�Gh� = .�


[KJK))eJf�C�B��bLq��td�dLc0q*tC� ∈ ,� � ��� � �K0&
q*K�l*C{� 0KK?-)q*tC� @/�7� C?-1LdK� ω> , ∈ 
��

:��^��<0K+0+t;7�h��u��`ELdClKEt;
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L=*Kq� K?2E� qE0q� �td� 0cc� λ∈ , ∈ ��� � � @*qE
λ ω>�� �0CD�0cc� ∈ �� �LKq*-0qLK

λ
λ ω

, ≤
−
�� ��

�� � � �� ��
� �

�

�

� �
� � �

��

q0+L�)c02L��}ELC� 0cc� Kq0qL-LCqK� t�� qELtdL-�@/@
0dL�;0c*D/

�VC\FB_��hCGa�B]\GC\a�@/@�hG__GiI
WdPKJP*�C�D��u���td�c*CL0d�t)Ld0qtd� 9 :: bw _∈

@*qE� 9 :m : _= �2tCD*q*tCK�t��0KK?-)q*tCK�@/��0dL
�?c�*ccLD7�qELC�:�*K�0�{LCLd0qtd�t��0�KL-*{dt?)
t��2c0KK� �̀.

`CGa� B]\GC\aI� 4/�� 9FGHZVBVGH� �::�� @/�� RHZ
@/@�RCVI\I

WdPKJP*�C�i��u��dLc0q*tC� 9 :bM _∈� �K0q*K�*LK
tCL� t�� qEL� 2tCD*q*tC� t�� qELtdL-� 4/�7� qELC

�9 : _Φ = ,� � 0CD� L;Ldl� Ktc?q*tC� = _+: →
 � qt
)dt1cL-�9@/�:59@/�:�@*qE� � �= _∈ �*K�DL�*CLD�@*qE
qEL� ELc)� t�� qEL� 0C0clq*2� {dt?)� t�� t)Ld0qtdK

�v\p^ w: q q M, ∈ � 0CD� *q� *K� @d*qqLC� *C� qEL� �td-

� �9 : 9\p^ := q q = q M= , ∈ .�

�GB\�B]RB�I\aVcCGb^� �v 9 : �w} q q; ≥ , �FGHIBCbFB\Z
VH� B]\GC\a�@/@�RFFGCZVHc� BG�\p^RHIVGH� 94/�:�Gh
I^RF\�_��]RI�B]\�hGCa� � �9 : \p^ �} q q= ⊕ .� �{B�aR�
S\� iCVBB\H� RI� � � �9 : 9\p^ : �} q q f q= , ≥ .� � �d\C�
IG_bBVGH�=�BG�VHF_bIVGH�9@/�:�hGC�R__� �q ≥ �VI�C\^C\#
I\HB\Z�VH�B]\�hGCa� � � � �9 : 9 : 9 := q } q = = _= , ∈ = Φ .�

��[��e�@/4/�kbSI^RF\�_
�
�bHZ\C�B]\�FGHZVBVGHI

Gh� RIIba^BVGH� @/�� VI� B]\� ^]RI\� I^RF\� 9 :Φ �

9IbSI^RF\�Gh�VHVBVR_�ZRBR:�hGC�aV_Z�IG_bBVGHI�-�@./
��[��e�@/@/�kbSI^RF\� _∞, �R^^\RCVHc�bHZ\C

B]\�FGHZVBVGHI�Gh�RIIba^BVGH�@/��� RFFGCZVHc� BG
B]\GC\a� @/�� ZG\I� HGB� FGHBCVSbB\� BG� B]\� ^]RI\
I^RF\� 9 :Φ � � S�� dVCBb\� Gh� B]\� HV_^GB\HF�� Gh
G^\CRBGC� �−

∞ .� � jGi\d\C�� Vh� �9 : v wσ = ∞ ,� � V/� \/
� xCD _− ∈� �VI�R��bRIVHV_^GB\HB�G^\CRBGC��B]\H

VB� aR�� R^^V\C� B]RB� 9 : _Φ = .� � �H� RCSVBCRC�
G^\CRBGC� 9 :bw _∈ ,� �i]VF]�VI�R�c\H\CRBGC�Gh�R
I\aVcCGb^�Gh�F_RII� �̀ �iVB]�

�9 : v wσ = ∞ ,� �aR��S\
IbF]�RH�\pRa^_\/� {H�^RCBVFb_RC�� B]\�c\H\CRBGC
Gh�R�HV_^GB\HB�I\aVcCGb^�Gh�F_RII� �̀ �9I\\�-�@.:/

H D��SPNIKJOe)�)O+PeJ�JP)eIOK+c�e+L�e+e)fION
LPgP+PJeIP�cP*OgJKMbc�K.�KbPJeIKJc

{H� B]VI� ^RCRcCR^]� I\FBGCVR_� _VH\RC� C\_RBVGHI
RC\�Z\hVH\Z�RHZ�B]\�FGHIBCbFBVGH�Gh�Z\c\H\CRB\
RHR_�BVF�I\aVcCGb^I�Gh �_VH\RC�G^\CRBGCI�hGC�B]\a
VI�FRCCV\Z�GbB/�{H�GSBRVHVHc�^CVHFV^R_�C\Ib_BI�B]\
\CcGZVF�B]\GC\aI�RC\�R_IG�bI\Z�\II\HBVR__�/

0P.O+OIOK+� D�A�� M]\� C\_RBVGH� 9 :bM _∈� � VI
FR__\Z�KL2qtd*0c�iVB]�RHc_\� 9 � :θ π π∈ / , , � Vh� hGC�R
F\CBRVH� 0 ∈ 
 �B]\�I\FBGC

v q q RCc9 : w0 ` 0 0θ λ λ θ λ,Ω = Ω = ∈ − < , ≠

VI�FGHBRVH\Z�VH�B]\�C\IG_d\HB�I\B� 9 :ρ � �Gh�C\_RBVGH
,� � RHZ� hGC� \d\C�� 9� �:δ θ π∈ , − / � B]\�HbaS\CI

- ∈ � �RHZ� �Jδ ≥ �\pVIB�IbF]�B]RB

Ib^ 99 : 9 ::
0

-0 M : J
θ δ

δ
λ

λ λ
, −∈Ω

− , = < ∞. 9=/�:

`bCB]\C�VH�B]VI�^RCRcCR^]�VB�VI�RIIba\Z�B]RB
]G_ZI

-ccM*bIOK+� D�A�� �\_RBVGH� 9 :bM _∈� � VI
I\FBGCVR_/

MG� FGHIBCbFB� B]\� RHR_�BVF� I\aVcCGb^� Gh
G^\CRBGCI��i]GI\�c\H\CRBGC�VI�R�I\FBGCVR_�C\_RBVGH

,� �i\�H\\Z
\P**e�D�A��etd�qEL�dLKtc;LCq�t��0�KL2qtd*0c

dLc0q*tC� 9 :bM _∈� � qEL� 2tCKq0Cq� �` > � L=*KqK
K?2E�qE0q��td�0cc� 9� �:δ θ π∈ , − / �qEL�LKq*-0qL

�9 : 9� :- 0M ` θ δλ λ λ−
, −, ≤ + , ∈ Ω� 9=/�:

�*K�;0c*D/
0P.O+OIOK+�D�����\B�� �S\�R�I\FBGCVR_�C\_RBVGH

hCGa� 9 :bM _ �iVB]�B]\�RHc_\�θ .
�\B� bI� RIIba\� hGC� �B θ δ, −∈ Ω , � i]\C\
9� �:δ θ π∈ , − / ,�B]RB

�
9 : 9 :

�
B} B L M D

*

λ

γ

λ λ
π

= − , .∫ � 9=/4:

M]\�bHVGH� Gh� B]C\\� FbCd\I� 9 : � � 4+ d +γ ε, , = , ,
Gh�B]\�hGCa� 9 :

�9 : v9 q w*d L dθ εγ ε ρ ρ− −, = − − ∞ ≤ − ≤ − ,
�9 : v q 9 : w*d dL αγ ε θ ε α θ ε, = − − ≤ ≤ − , � 49 :dγ ε, =

9 :v q w*L dθ ερ ρ−= ≤ ≤ ∞ , � i]\C\� �9 : �ε δ δ= − / ,
� �δ θ π= − / � RHZ� �d B= / , � FRH� S\� bI\Z� RI� B]\

FbCd\� 9 :dγ γ ε= , �VH�Z\hVHVBVGH =/�/
M]\�FGHd\Cc\HF\�Gh�B]\� VHB\cCR_� hCGa�9=/4:

VH�B]\�bHVhGCa�G^\CRBGC�BG^G_Gc��hGC�R__� �B δ,∈ Ω ,
�9� :δ δ∈ , �hG__GiI�hCGa�_\aaR�=/�/

`bCB]\C�VB�VI�RIIba\Z�B]RB� � �δ θ π= − / .
WdPKJP*�D�A��bLq� 9 :bM _∈� � 1L� 0� KL2qtd*0c

dLc0q*tC�[2tCD*q*tC�9=/�:��dt-�0KK?-)q*tC�=/��*K
�?c�*ccLD\��}ELC�L.?0c*ql�9=/@:�0KK*{CK�qEL�0C0clq*2
*C�qEL�KL2qtd�

�� 9 :δ ρ,Ω ⊂ � �0CD�1t?CDLD��td� �q >
KL-*{dt?)�t��t)Ld0qtdK��dt-�0c{L1d0� xCD _.

M]\� VHd\IBVcRBVGH� Gh� B]\� I\aVcCGb^
v 9 : �w} q q; > �VI�FGHZbFB\Z�iVB]�B]\�]\_^�Gh�BiG
G^\CRBGC#dR_b\Z� hbHFBVGHI

9 : 99 9 :: : �

9 : 9 : �

-u M

< q u } q q

λ λ λ λ= − − , , > ,
= − , > .

� �
9=/@:

`bCB]\C� BiG� RCSVBCRC�� I\�b\HF\I� 9 :Cλ ,
9 : �Cq C∀ ≥ �hCGa� +
 �iVB]�B]\�^CG^\CBV\I

9 : _Va _Va �C C C
C C

qλ ρ λ
→∞ →∞

∈ Ω ⊂ , = ∞, =�

wC�Kt-L�.?LKq*tCK�t��qEL�K)L2qd0c�qELtdl�t��c*CL0d�dLc0q*tCK
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RHZ� B]\� FGCC\I^GHZVHc� SGbHZ\Z� I\�b\HF\I� Gh
G^\CRBGCI� 9 : 9 :C C C C< < q Cλ= , = , ∈� � 
 �hCGa�TR#
HRF]�R_c\SCR� xCD _ �RC\�FGHIVZ\C\Z/

\P**e�D����>CDLd�qEL�2tCD*q*tCK�t��0KK?-)&
q*tC� =/�� �td� 0Cl� �*=LD� � � 9 :θλ ρ,∈ Ω ⊂ � � qEL
�tcct@*C{�)dt)Ldq*LK�0dL�;0c*DO

�:� λ− ⊂ , ,��� � � � ��
��
 � � �
 �

λ− ⊂ , ;��� � � � ��
��
 � � �
 �

�:� �_Va 9 9 :: �-
C

C
M :λ

→∞
, = ,�

� �_Va 9 9 :: �-
C

C
< M λ

→∞
, = .�

M]bI��RFFGCZVHc�BG�B]\�B\CaVHG_Gc��hCGa�� @
9Z\hVHVBVGH� @/4:� SGB]� I\�b\HF\I� 9 :C: � RHZ� 9 :C<
RC\� � #I\�b\HF\I� hGC� B]\� VZ\R_� ⊂� � � FGHIV#
Z\C\Z�VH���@/

WdPKJP*� D���� >CDLd� qEL� 2tCD*q*tCK� t�
0KK?-)q*tC�=/��qEL�L.?0c*q*LK

�� �
�9 9 :: 9 9 ::C Cxd{ _ : xd{ _ < _ _ _∞, = , = = ⊕ 9=/=:

0dL�;0c*D7�0CD�0cc�K?1K)02LK��dt-�qEL�d*{Eq�)0dqK
*C�9=/=:�0dL�2ctKLD��}EL�L.?0c*q*LK

�_Va _VaC C
C C

f = : = < = = _∞ →∞ →∞
= = , ∈

�DL�*CL�qEL�1t?CDLD�)dt,L2qtd� �f xCD _∞ ∈ �@*qE
qEL��tcct@*C{�)dt)Ldq*LKO

�

�: aVHv_Va _Va w

�:

C C
C C

f : <

u-f _ hLd f _

∞ →∞ →∞

∞ ∞ ∞

≤ , ;

= , = .

�__�IBRB\a\HBI�Gh�B]\GC\a�=/��RCVI\�hCGa�-��.�
^CGdVZ\Z�_\aaR�=/��VI�bI\Z�hGC�VBI�R^^_VFRBVGH/

�\B�bI�Z\HGB\� �f u f∞= − �RHZ�HGB\�B]RB

�
� _Va9 9 :: _Va 9 :-

C C C
C C

f= M = } q = = _λ λ
→∞ →∞

= − , = , ∈ .�

M]\�VHZVFRB\Z�_VaVBI�\pVIB�RHZ�RC\�\�bR_�VHZ\#
^\HZ\HB�Gh�B]\�FGHFC\B\�hGCa�Gh�B]\�I\�b\HF\I
9 : 9 :C Cq Cλ , , ∈ � �iVB]�B]\�^CG^\CBV\I�Z\B\CaVH\Z
\RC_V\C/�T�� B]\� IRa\� BGK\H� B]\� C\^C\I\HBRBVGH
Gh�B]\�IbSI^RF\I� �_ �RHZ�_∞ �hCGa��_ �VI�̂ CGdVZ\Z
VH�B]\�hGCa

�
�

�

v q _Va 9 : w 9 :
q

q

_ = _ } q = = _ hLd } q∞→+
>

= ∈ = , = .� 9=/�:

`CGa�B]VI�C\^C\I\HBRBVGH�VB�hG__GiI�B]RB�B]\
C\IBCVFBVGH� �v 9 : �w} q q; ≥ � Gh� B]\� I\aVcCGb^� 9 :} q
GH� B]\� IbSI^RF\�_

�
� VI� R� I\aVcCGb^� IBCGHc_�

FGHBVHbGbI� VH� W\CG� RHZ� RHR_�BVF� VH� B]\� I\FBGC

�� δ,Ω . � M]\� C\IBCVFBVGH� �
��v 9 : w} B B δ,; ∈ Ω � Gh� B]\

hbHFBVGH�
��} xCD _δ,: Ω → �GH�B]\�IbSI^RF\� �_

VI�RHR_�BVF�GH�B]\�IbSI^RF\�_
�
�BGG/

�\B�bI�Z\HGB\�S�� ��−
∞ ∞=	 �B]\�VHd\CI\�C\_RBVGH

BG�W\CG�G^\CRBGC�GH� _∞ /
WdPKJP*� D�B��bLq� 9 : 9 :bM _ z bw _∈� � 1L� 0

KL2qtd*0c�dLc0q*tC��}ELC� � �v 9 : �w} q q xCD _; ≥ ⊂ � *K�0
KL-*{dt?)�t��qEL�t)Ld0qtdK�0C0clq*2�*C�KL2qtd

�� δ,Ω , � 0CD� *q� *K� 0� DL{LCLd0qL� KL-*{dt?)�@*qE
qEL� {LCLd0qtd� � �

� 9 :bM _∞= ⊕ ∈ ,� � 	 � @ELdL
9 : 9 : v�w �bM _ m _∞ ∞ ∞ ∞ ∞∈ , = , = ,	 	 	 � qEL� t)Ld0&

qtd� �
� � �9 :: _ bw _= ∈� � � *K� 0� {LCLd0qtd� t�� qEL

KL-*{dt?)� t�� t)Ld0qtdK� �v 9 : �w} q q; ≥ � KqdtC{cl
2tCq*C?t?K�0CD�0C0clq*2�*C�qEL�KL2qtd�

�� δ,Ω , �0CD
�

�9 : _ _Φ ∩ = .� �:C�0d1*qd0dl�Ktc?q*tC�qt�)dt1cL-
9@/�:59@/�:� @*qE� � �9 := m∈ � � E0K� qEL� �td-

� �9 : 9 : �= q } q = q= , ≥ .
u��qEL�;L2qtdK��dt-�qEL�K?1K)02L� �- _⊂�

KL)0d0qL� �?C2q*tC0cK� �dt-� qEL� K?1K)02L
9 : �- _∗ ∗⊂� � [*C� )0dq*2?c0d7� *�� tCL� t�� qEdLL
2tCD*q*tCK� t�� qELtdL-� @/4� *K� �?c�*ccLD\7� qELC
�_ _= , �0CD�qELC� �9 : _Φ = .�

H�i��Q+�IdP�cbPNIJe)�IdPKJf�K.�KJLPJPL
beOJc�K.�)O+PeJ�KbPJeIKJc

{H�B]VI�̂ RCRcCR^]�R^^_VFRBVGHI�Gh�B]\�I^\FBCR_
B]\GC��Gh�_VH\RC�C\_RBVGHI�BG�B]\�I^\FBCR_�B]\GC�
Gh� GCZ\C\Z� ^RVCI� 9 :^ e, � Gh� _VH\RC� F_GI\Z
G^\CRBGCI� 9 : 9 :e m e _ j ^ m ^ _ j: ⊂ → , : ⊂ → ,
aR^^VHc� hCGa� FGa^_\p � TRHRF]� I^RF\�_� BG
FGa^_\p �TRHRF]�I^RF\�j� �RC\�GSBRVH\Z/

�GaRVHI� 9 : 9 :m e m ^, �iV__� S\� FGHIVZ\C\Z� BG
IRBVIh��GH\�Gh�B]\�hG__GiVHc�FGHZVBVGHIO

9V:� 9 : 9 :m e _ m ^ _= , ≠ ;
9VV:� 9 : 9 :m e _ m ^ _≠ , = ;
9VVV:� 9 : 9 :m e _ m ^ _= , = .
M]\� IbSI^RF\� 9 : 9 :m e m ^∩ � VI� Z\HGB\Z� S�

9 :^ e= ,
 
 � RHZ� VI� FR__\Z� qEL� Dt-0*C� Gh� B]\
GCZ\C\Z�^RVC�Gh�G^\CRBGCI� 9 :^ e, .

0P.O+OIOK+�i�A��MG� qEL�dLKtc;LCq�KLq�ρ9^�e:
Gh� B]\� GCZ\C\Z� ^RVC� Gh� G^\CRBGCI� 9^�e:� i\
C\h\C� R__� HbaS\CI� �λ ≠ � hCGa� ,� � hGC�i]VF]
^ e _ jλ− : ⊂ →
 �VI�R�FGHBVHbGbI_��C\d\CIVS_\
G^\CRBGC�RHZ��S\IVZ\I��^GVHB� �λ = , �Vh�^ j: →


VI�R�FGHBVHbGbI_��C\d\CIVS_\�G^\CRBGC�RHZ� 9 :m e _= .
M]\�I\B� 9 : 9 :^ e z ^ eσ ρ, = ,� �VI�FR__\Z�qEL�K)L2q&
d?-�Gh� B]VI�^RVC/

M]\�G^\CRBGC#dR_b\Z�hbHFBVGH

�

9 : 9 : 9 :

9 : 9 : 9 :

M ^ e ^ e it- j _

M ^ e ^ e ^ e

ρ
λ λ λ ρ−

.; , : , ⊂ → , ,

; , = − , ∈ ,

�

VI�FR__\Z�qEL�dLKtc;LCq�Gh�B]\�GCZ\C\Z�^RVC�9^�e:/
{B� VI�Z\hVH\Z�GH�B]\�G^\H�I\B� 9 :^ eρ , �RHZ�VB� VI
RHR_�BVF�B]\C\/

��[��e� �/�/� {h� B]\� FGHZVBVGH� � 9 :^ eρ∈ , � VI
bHZ\CIBGGZ� GH_�� hGCaR__�� RI� B]\� FGHBVHbGbI

:��^��<0K+0+t;7�h��u��`ELdClKEt;
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C\d\CIVSV_VB��Gh�B]\�G^\CRBGC�^, �B]\H�^GVHB���VI
VIG_RB\Z� VH� 9 :^ eρ , � VH� FRI\� 9VV:�� RHZ� IG� B]\� I\B
9 :^ eρ , � VI� HGB� G^\H/� �_IG� R� dRCV\B�� Gh� GB]\C

^CGS_\aI�RCVI\I/
j\C\� B]\� VHBCGZbFBVGH�Gh� B]\�HGBVGH�Gh� B]\

\pB\HZ\Z�I^\FBCba�Gh�B]\�GCZ\C\Z�̂ RVC�̂ CGdVZ\I
RH�\I^\FVR__��bI\hb_�cbVZ\�RI�i\__�RI�VH�B]\�FRI\
Gh� _VH\RC� C\_RBVGHI/

0P.O+OIOK+�i����M]\�IbSI^RF\� �9 :^ eσ , �hCGa
�,� � FGVHFVZVHc�iVB]� 9 :^ eσ , �� i]\H� B]\� hbHF#
BVGH� 9 :M ^ e. ; , � RZaVBI� B]\� RHR_�BVF� \pB\HIVGH

RB� ^GVHB� ∞ � ^CGdVZ\Z�
q
_Va 9 : �M ^ e
λ

λ
→∞

; , = ,� RHZ

�9 : 9 : v w^ e ^ eσ σ, = , ∪ ∞ �VH�B]\�G^^GIVB\�FRI\�VI�FR_#
_\Z�qEL�L=qLCDLD�K)L2qd?-�Gh�B]\�GCZ\C\Z�^RVC
9 :^ e, . �M]\�I\B�� � �9 : 9 :^ e z ^ eρ σ, = ,� �VI�FR__\Z�qEL
L=qLCDLD�dLKtc;LCq�KLq�Gh�B]\�^RVC� 9 :^ e, .

�]\H� B]\� C\ZbFVHc� Gh� ^CGS_\a� 9�/4:59�/�:
BG�̂ CGS_\a�9@/�:59@/�:�BRK\I�̂ _RF\��BiG�C\_RBVGHI

� �
c de ^ _ _ ^e j j− −= ⊂ × , = ⊂ ×� � �RCVI\�HR#

BbCR__�� RHZ� RC\� FR__\Z� qEL� cL�q� 0CD� qEL� d*{Eq
dLc0q*tC�hGC�B]\�GCZ\C\Z�̂ RVC�9 :^ e, , �C\I^\FBVd\_�/

`CGa�B]\�Z\hVHVBVGHI�VB�hG__GiI�B]RB�hGC�B]\
_\hB� c� �RHZ�B]\�CVc]B� d� �C\_RBVGH��FGHIBCbFB\Z
GH�B]\�GCZ\C\Z�^RVC�9 :^ e, , �B]\�hG__GiVHc�C\^C\#
I\HBRBVGHI�RC\�dR_VZO

� �9 : 9 : 9 :c cm ^ u-e u- : e u-^− −= , = ,� 9�/�:

9 : 9 9 :: 9 9 ::d dm e m ^ u- ^ m e= , = ,� � 9�/�:

�9 : 9 : 9 :cM ^ e e ^ eλ λ λ ρ−, = − , ∈ , ,� 9�/4:

�9 : 9 : 9 :dM e ^ e ^ eλ λ λ ρ−, = − , ∈ , .� 9�/@:

`GCab_R�9�/4:�VI�BCb\�GH_��Vh� 9 : 9 :m ^ m e, �GS\�
GH\�Gh�B]\�FGHZVBVGHI�9V:�GC�9VVV:/

{h�FGHZVBVGH�9VV:�VI�hb_hV__\Z��B]\H�hGCab_R�9�/4:
VI�VHFGCC\FB��IVHF\� 9 :m e _≠ . �{H�B]VI�FRI\�GH\�aR�
R^^_��hGCab_R�9�/@:�BG� �^ e− �hGC� � 9 :^ eλ ρ≠ ∈ , ,
RI�R�C\Ib_B�i\�GSBRVH�B]\�FGCC\_RBVGH

� � � � �

� � � � �

� �

9 : 9 :

9 :

9 9 : :

c cM u u

u ^ e u

u ^ e ^

λ λ λ λ
λ λ λ

λ λ

− − − − −

− − − − −

− −

, = − − − =

= − − − =

= − − − .

� �

9�/=:

`CGa� C\^C\I\HBRBVGHI� 9�/4:59�/=:� VB� hG__GiI
B]RB�Vh� �9 :^ eρ∞ ∈ , , �B]\H� � �9 : 9 :c dσ σ∞ ∉ ∪ ,� � �RHZ
IG� c d: xCD _ : xCD j∈ , ∈ . �M]bI��i\�GSBRVH�B]\
hG__GiVHc

\P**e�i�A��}EL�*C2c?K*tCK

� � �

� � �

9 : 9 : 9 :

9 : 9 : 9 :

c d

c d

^ e

^ e

ρ ρ ρ

σ σ σ

, ⊂ ∩ ,

, ⊃ ∪

� �

� �
9�/�:

q0+L�)c02L/

M]\� C\IG_d\HBI� Gh� C\_RBVGHI� c� � RHZ� d� � RC\
FR__\Z�qEL�cL�q�0CD�qEL�d*{Eq�dLKtc;LCq�Gh�B]\�GCZ\C\Z
^RVC�Gh�G^\CRBGCI� 9 :^ e, �RHZ�B]\��RC\�Z\HGB\Z�S�
I�aSG_I� 9 :cM ^ e. ; , �RHZ� 9 :dM ^ e. ; , , �C\I^\FBVd\_�/
M]\�dR_b\I�Gh�B]\I\�hbHFBVGHI��S��Z\hVHVBVGH��RC\
VH�R_c\SCRI�xCD _ �RHZ�xCD j, �C\I^\FBVd\_�/

`bCB]\C� VB� VI� Ib^^GI\Z� B]RB� B]\� hG__GiVHc
FGHZVBVGH�Gh�CtCK*C{?c0d*ql� Gh� B]\�^RVC� 9 :^ e, :
VI�hb_hV__\Z/

-ccM*bIOK+�i�A��`GC�B]\�GCZ\C\Z�^RVC� 9 :^ e,
B]\�I\B� 9 :^ eρ , �VI�HGB�\a^B�/

��[��e��/�/�{H�aGHGcCR^]�-�.�B]\�FGHZVBVGHI
9 : 9 :m e m ^ _ j⊂ ⊂ = �RC\�hb_hV__\Z/�{H�̂ R^\CI�-���

��.� G^\CRBGCI� e ^, � iVB]� B]\� ^CG^\CBV\I
9 : 9 :e it- _ j m ^ _∈ , , = �i\C\�FGHIVZ\C\Z/�M]\

aGIB� c\H\CR_� FRI\� VI� IBbZV\Z� VH� -�4.�� i]\C\
9 : 9 :m e m ^, � FRHHGB� FGVHFVZ\� iVB]� _�� IVab_#

BRH\GbI_�/� jGi\d\C�� B]\� VHd\IBVcRBVGH� iRI
FRCCV\Z� GbB� bHZ\C� B]\� RIIba^BVGH� B]RB

9 : 9 : v�wm e m ^= ∩ ≠
 � RHZ�� aGC\Gd\C�� bHZ\C
GbC�RIIba^BVGH��/�/�{B�R__GiI�bI�BG�VHBCGZbF\�B]\
HGCa� �9 := ^ e = =λ∗ = − , ∈ ,
 �i]\C\� �λ � VI� R
F\CBRVH� HbaS\C� hCGa� 9 :^ eρ , , � GH� .
 � �VB]
C\I^\FB� BG� B]VI� HGCa� 
 � VI� R� TRHRF]� I^RF\
VIGaGC^]VF� BG�j/�~GHIVZ\CVHc� 
 � VHIB\RZ�Gh�_�
GH\�aR��C\cRCZ� B]RB� FGHZVBVGH� 9VVV:� VI� hb_hV__\Z
RHZ�BRK\�GH\�Gh�B]\�IbSI^RF\I� 9 : 9 :m e m ^, �iVB]
B]\� FGCC\I^GHZVHc� cCR^]� HGCa� RI� R� TRHRF]
I^RF\�FGHBRVHVHc� .


�\B�bI�I\_\FB��R_GHc�iVB]�FGHZVBVGHI�9V:59VVV:�
B]\�hG__GiVHc�FGHZVBVGHIO

9Vd:� 9 : 9 :m e m ^ _⊂ ≠ ;
9d:� 9 : 9 :m ^ m e _⊂ ≠ .
M]\H�� Vh� FGHZVBVGH� 9Vd:� VI� hb_hV__\Z�� B]\H� GH

m9^:�R�cCR^]�HGCa�Gh�G^\CRBGC� ∗: = + ,^ = = ^=

9 := m ^∈ � VI� VHBCGZbF\Z��RHZ�FGHIVZ\CVHc� 9 :m ^
VHIB\RZ� Gh�_�� GH\�aR�� C\cRCZ� B]RB� FGHZVBVGH
9VV:�VI�hb_hV__\Z/�{h�FGHZVBVGH�9d:�VI�hb_hV__\Z��B]\H
GH� 9 :m e �R�cCR^]�HGCa�Gh�G^\CRBGC�e� VI� VHBCG#
ZbF\Z��RHZ�i\�]Rd\�B]\�FGHZVBVGHI��i]\H�9V:�VI
hb_hV__\Z/

WdPKJP*�i�A��etd�qEL�tdDLdLD�)0*d�t��t)Ld0qtdK

9 :^ e, �qEL��tcct@*C{�)dt)Ldq*LK�q0+L�)c02L�
� ��: 9 : 9 :c^ eσ σ, = ;�
� ��: 9 : v� w 9 : v� wd^ e z zσ σ, , ∞ = , ∞ ;�
� � �4: 9 : 9 : 9 :c d^ eσ σ σ, = = ,� � *�� s_=


�@: � 9 :c ^ e xCD _ρ −∈ ⇐⇒ ∈ ;�
�=: � 9 :d e^ xCD jρ −∈ ⇐⇒ ∈ ;�

�: � 9 : 9 : � 9 :c d ^ eρ ρ ρ∈ ∩ ⇐⇒ ∈ , ;� �
� �D: 9 :c c e ^ xCD _ρ −∞ ∈ ⇐⇒ = ∈ ;� �
� �6: 9 :d d ^e xCD jρ −∞ ∈ ⇐⇒ = ∈ ;� �
� � ��: 9 : 9 : 9 :c d ^ eρ ρ ρ∞ ∈ ∩ ⇐⇒ ∞ ∈ , .� �

wC�Kt-L�.?LKq*tCK�t��qEL�K)L2qd0c�qELtdl�t��c*CL0d�dLc0q*tCK
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[KJK))eJf�i�A��u��)t*CqK� �, ∞ �0dL�2tCq0*CLD�*C
�9 :^ eρ , , �K*-?cq0CLt?Kcl7�qELC� _=
 �0CD�t)Ld0&
qtdK� 9 :^ e it- _ j, ∈ , �0dL�2tCq*C?t?Kcl�dL;LdK*1cL�

[KJK))eJf� i���� }EL� tdDLdLD� )0*d� 9 :^ e,
)tKKLKKLK�qEL��tcct@*C{�)dt)Ldq*LK�

R:� �9 : v�w^ eσ , = ⇐⇒ � t)Ld0qtd� e m j: → � *K
2tCq*C?t?Kcl�dL;LdK*1cL7� 9 :m ^ _= �0CD�t)Ld0qtdK

� �
c de ^ xCD _ ^e xCD j− −= ∈ , = ∈� � � 0dL� .?0&

K*C*c)tqLCq�
S:� �9 : v w^ eσ , = ∞ ⇐⇒ �t)Ld0qtd� ^ j: →
 �*K

2tCq*C?t?Kcl�dL;LdK*1cL7� 9 :m e _= ��0CD�t)Ld0qtdK
� � � �

c d^ e xCD _ e^ xCD j− − − −= ∈ , = ∈� � �0dL�.?0&
K*C*c)tqLCq/

�\B�bI�Z\HGB\� �9 : v� �wg δ λ λ δ δ= ≠ ∈ : < , > .�

��[��e��/4/�M]\�hG__GiVHc�BiG�FGHZVBVGHI�RC\
\�bVdR_\HBO

R:� 9 :m e _= �RHZ� 9 :^ m ^ _ j: ⊂ → �VI�R�FGH#
BVHbGbI_��C\d\CIVS_\�G^\CRBGCs

S:� �δ > �\pVIBI�IbF]�B]RB� �9 : 9 :g ^ eδ ρ⊂ , �RHZ

�

�

9 :

Ib^ 9 :
g

^ e
λ δ

λ −

∈
− < ∞.

�GB\�B]RB�B]\�I\BI� � �9 : 9 :c^ eσ σ, = � �RHZ� �9 :dσ �

FRH�S\�ZVIBVHcbVI]\Z/
,je*b)P�i�A���\B�� �S\�R�FGa^_\p�jV_S\CB�I^RF\

RHZ� _\B� } : →� � �S\�RH� VCC\d\CIVS_\� VIGa\BC�/
M]\H� G^\CRBGC�}o� ]RI� R� HGHW\CG� K\CH\_��aGC\#
Gd\C�� }} u } } u∗ ∗≠ , = . � �\B� bI� FGHIVZ\C� RB� hVCIB
B]\�GCZ\C\Z�^RVC� 9 :^ e, , �i]\C\�^ } xCD∗= ∈ ,�

�e } u-}−= : ⊂ → .� � � M]\H� � 9 :^ eσ∈ , . � �B
B]\�IRa\�BVa\� c: }} u∗= ≠ �RHZ� d: } } u∗= = ,�FGH#
I\�b\HB_���� 9 :cσ∈ ,� �SbB�� 9 : v�wdσ∉ = .� �`bCB]\C�
_\B�bI�FGHIVZ\C�B]\�GCZ\C\Z�^RVC� 9 :e ^, . �kVHF\�B]\
_\hB�RHZ�B]\�CVc]B�C\_RBVGH�FGVHFVZ\I�iVB]� �

c
−� �RHZ

�
d:
− ,�C\I^\FBVd\_���B]\H�RFFGCZVHc�BG�B]\GC\aI��/@

RHZ� �/�� i\� GSBRVH� � � �9 : 9 :ce ^σ σ −∞ ∈ , = ,� � SbB
� �9 :dσ −∞ ∉ .� ��B� _RIB��SGB]�B]\�FRI\I�RC\�bHVB\Z

S�� B]\� FGHIVZ\CRBVGH� Gh� R� IbVBRS_\� ^RVC� Gh
G^\CRBGCI�VH� × .� �

WdPKJP*�i����}EL�L=qLCDLD�K)L2qd?-K�t��qEL
tdDLdLD�)0*dK�9 :^ e, �0CD�9 :e ^, �0dL�2tCCL2qLD�1l
qEL�2tddLc0q*tC

� �9 : v� q 9 :we ^ ^ eσ λ λ σ, = / ∈ , . 9�/D:

0P.O+OIOK+�i�B��M]\�GCZ\C\Z�̂ RVC�Gh�IbSI^RF\I

� �9 :_ j, , �i]\C\� � �_ _ j j⊂ , ⊂ , � VI� FR__\Z� *C;0&
d*0Cq� hGC� B]\� ^RVC� 9 :^ e, , � Vh� � �^_ j⊂ � RHZ

� �e_ j⊂ .
0P.O+OIOK+�i�C���\B

� � � �_ _ _ j j j= ⊕ , = ⊕ 9�/6:

S\� ZVC\FB� IbaI� Gh� F_GI\Z� IbSI^RF\I� ^CGdVZ\Z

� � � �9 : 9 :_ j _ j, , , �RC\�VHdRCVRHB�^RVCI�Gh�IbSI^RF\I

hGC� 9^�e:/� �\B� 9 :* * * * *^ e ^ e _ j, : , ∩ = → ,
 


� �* = , �S\�C\IBCVFBVGHI�Gh�G^\CRBGCI� ^ e, �GH�_
*
7

� �* = , /�M]\H�i\�I]R__�bI\�B]\�HGBRBVGH

� � � �9 : 9 : 9 :^ e ^ e ^ e, = , ⊕ , 9�/�:

RHZ� i\� I]R__� IR�� B]RB� B]\� GCZ\C\Z� ^RVC� Gh
G^\CRBGCI� 9 :^ e, � RIIba\I� B]\� C\^C\I\HBRBVGH
9�/��:�RFFGCZVHc� BG�\p^RHIVGHI� 9�/��:�Gh� I^RF\I�
RHZ�VB�VI�0�D*dL2q�K?-�Gh�̂ RVCI� � �9 :^ e, �RHZ� � �9 :^ e, .

WdPKJP*� i�B�� bLq� qEL� L=qLCDLD� K)L2qd?-
�9 :^ eσ , �t��qEL�tdDLdLD�)0*d�9 :^ e, �1L�dL)dLKLCqLD
*C�qEL��td-

�
� �9 :^ eσ σ σ, = ∪ , 9�/��:

@ELdL� KLq� �σ � *K� 2t-)02q7� KLq� �σ � *K� 2ctKLD� 0CD

� � /σ σ∩ = ∅ � }ELC� qEL� )0*dK� t�� K?1K)02LK

� � � �9 : 9 :_ j _ j, , , � *C;0d*0Cq� �td� 9 :^ e, � L=*Kq� K?2E
qE0q�L=)0CK*tCK�[
�X\7�[
��\�q0+L�)c02L�0CD7�1LK*DLK7

�:� )dt,L2qtdK� � �* *f xCD _ | xCD j *∈ , ∈ , = , ,
dL0c*B*C{� L=)0CK*tCK� 9�/6:� [*�� L�� * *u-f _= ,

� �* *u-| j *= , = , \7�0dL�DL�*CLD�1l�qEL��td-?c0L
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9�/��:

� � � � � �f u f | u | *= − , = − , = , , 9�/��:

@ELdL� �γ � *K�0�2ctKLD��tdD0C�2*d2cL� [td�0��*C*qL
C?-1Ld�t��K?2E�2*d2cLK\7�)c02LD�*C� 9 :ρ � �Kt�qE0q

�σ �c*LK�*CK*DL�*q7�0CD� �σ �c*LK�t?qK*DL�t��*q�
�:� � �

� � � � � � � �9 : 9 : 9 :^ e ^ e ^ eσ σ σ σ σ, = , = , , = ;
4:� � � � � � �9 : 9 : 9 :m ^ _ e m e m e _ _= , : = ∩ ⊂ →
�j→ � *K� 0� 2tCq*C?t?K� dL;LdK*1cL� t)Ld0qtd7� 0CD

9�: � 9�: �
� � � � � �c de ^ xCD _ ^ e xCD j− −= ∈ , = ∈ ;� �

@:� qEL� cL�q� 9�:
� �9 : 9 :c cM ^ e M. ; , = .,� � 0CD� qEL

d*{Eq� 9�:
� �9 : 9 :d dM ^ e M. ; , = .,� � dLKtc;LCqK� t�� )0*d

� �9 :^ e, � 0dL� K*-*c0d7� 0CD� � 9�: 9�:9 : 9 :c cσ σ= =� �
� �9�: 9�:

� �9 : 9 : 9 :d d ^ eσ σ σ= = = , ;� �

=:� � � � � � �9 : 9 : 9 :m e _ ^ m ^ m ^ _ _= , : = ∩ ⊂ →
�j→ � *K� 0� 2tCq*C?t?K� dL;LdK*1cL� t)Ld0qtd7� *�

�� σ∉ , � 0CD� qELC� �
� � � � �9� :cM ^ e ^ e xCD _−; , = ∈ ,

�
� � � � �9� :dM ^ e e^ xCD j−; , = ∈ , �0CD� � �9 : �cM ^ e. ; , = ,
� �9 : �dM ^ e. ; , = , � *�� � �c_ = .�

��[��e��/@/�{h�IbSI^RF\� 9 :m e �GC� 9 :m ^ �iVB]
B]\�FGCC\I^GHZVHc�cCR^]�HGCa�VI�F]GI\H�RI�I^RF\
_�RFFGCZVHc�BG�C\aRCK��/���B]\H�VH�B]\GC\a��/4
VHIB\RZ�Gh�9�/��:�B]\�\p^RHIVGH�Gh�IbSI^RF\� 9 :m e
GC� 9 :m ^ �VI�C\R_VW\Z/

M]\GC\a��/4�iRI�bHKHGiH�BG�bI�VH�IbF]�R
c\H\CR_� hGCab_RBVGH/�[RH�� Gh� VBI� IBRB\a\HBI
i\C\�GSBRVH\Z�\RC_V\C�bHZ\C�I^\FVhVF�FGHZVBVGHI

:��^��<0K+0+t;7�h��u��`ELdClKEt;



�4

���������	
����
����������������������� ���������

GH�B]\�ZGaRVH� 9 :m ^ e, �Gh�^RVC� 9 :^ e, . �M]bI��VH
^R^\C� -�@.� �/ �/ �bBKRI� hGCab_RB\Z� iVB]GbB
^CGGh� R� ^GCBVGH� Gh� IBRB\a\HBI� �:54:� Gh� B]\G#
C\a �/4�VH�B]\�FRI\��i]\H� 9 :m ^ e _, = . �M]\�FRI\

� v�w 9 : 9 :m ^ e m eσ = , , = �iRI� \p^_VFVB_�� FGHIVZ\#
C\Z�VH�-�=.�RHZ�hbCB]\C�VH�-��./�{H�^R^\C�-�D.�B]\
C\Ib_B�iRI� GSBRVH\Z� S��|/ |/ �VBKVH��i]VF]� VI
FGHBRVH\Z� VH� IBRB\a\HBI��:54:�Gh� B]\GC\a��/4
^CGdVZ\Z� 9 : 9 :m e m ^ _⊂ ⊂ � RHZ� _ j= � 9I\\
C\aRCKI� �/��� �/@:/�M]\�aGIB� c\H\CR_� C\Ib_B� hGC
B]\� ^RVC� 9 :^ e, � Gh� B]\� F_GI\Z� G^\CRBGCI� iRI
FGHIVZ\C\Z�S���/ {/ �RZS\_�VH�-�4.�9I\\�C\aRCK �/@:/
jGi\d\C�� VH� hGCab_R\� Gh� B]\� hGCa� 9�/�=:� B]\
C\IG_d\HB� Gh� C\_RBVGH� c� �iRI� C\^_RF\Z� S�� B]\
CVc]B� ^RCB� Gh� hGCab_R� 9�/4:�� SbB� VB� VI� ^GIIVS_\
GH_��VH�B]\�FRI\� 9 :m e _= .

{H�B]\�^R^\CI��a\HBVGH\Z�RSGd\��^GIIVSV_VBV\I
RHZ� RZdRHBRc\I�� FGHH\FB\Z�iVB]� B]\� VHdGKVHc
Gh�R�\pB\HZ\Z�I^\FBCba�Gh�B]\�^RVC��i\C\�HGB
^CG^\C_��bI\Z/

{H�\pRa^_\��/�� VB�iRI�HGB\Z�� B]RB� B]\� I\BI
�9 :^ eσ , �RHZ� �9 :dσ � �FRH�S\�ZVIBVHcbVI]\Z�S��B]\
^C\I\HF\� GC� RSI\HF\� Gh� ^GVHBI� �, ∞. � M]\VC
ZVIBVHFBVGH�VI�F]RCRFB\CVW\Z�aGC\�\pRFB_��S�

WdPKJP*�i�C��}EL��tcct@*C{� q@t�Kq0qL-LCqK
q0+L�)c02L�

�:�� 9 : 9 : v�wσ σ∈ , ⇐⇒ ≠ ,d^ e z : hLd ^

9 : 9 := , =j u-^ m e m e �0CD� 9 :_ hLd^ m e= ⊕ ;
�:� � �9 : 9 : v�wσ σ∞ ∈ , ⇐⇒ ≠ ,�d^ e z hLde

9 : 9 := , =j u-e m ^ m ^ �0CD� 9 :_ hLd e m ^= ⊕ .
WdPKJP*� i�D�� bLq� � 9 :< it- _ j∈ , ,

� 9 :< it- j _∈ , ,� 0CD� 0cKt� hLd<
�
;v�w�� }ELC

� � � �9 : v�w 9 : v�w< < z < < zσ σ= . �JtdLt;Ld7
� � � � � �� 9 : 9 : v�w< < z < < hLd < u-< jσ σ∈ ⇐⇒ ≠ , = ,

� �u-< u-<= �0CD� � �_ hLd < u-<= ⊕ .
�GB\�B]RB�B]\�IBRB\a\HB�Gh�B]\GC\a��/=�hGC

B]\�\_\a\HBI�Gh �TRHRF]�R_c\SCRI�VI�FGHBRVH\Z
VH�aRH��aGHGcCR^]I� 9I\\�� hGC� \pRa^_\�� -���
F]/ �� �� �.:/�M]\�Z\BRV_\Z�RHR_�IVI�Gh �B]\�I^\FBCR_
^CG^\CBV\I��FGCC\I^GHZVHc�BG�B]\�I\FGHZ�^RCB�Gh
B]\GC\a��/=��iRI�HGB�FRCCV\Z�GbB�B]\C\/

�\B� bI� hGCab_RB\� B]\� C\Ib_BI�� i]VF]� RC\
F_GI\_��FGHH\FB\Z�iVB]�B]\�C\Ib_BI�hCGa�� 4�RHZ
RC\�B]\VC�ZVC\FB�FGCG__RC�/

�VB]�B]\�]\_^�Gh�B]\�_\hB� c� �RHZ�B]\�CVc]B

d� �C\_RBVGH�Gh�^RVC� 9 :^ e, �_\B�bI�VHBCGZbF\�VHBG
FGHIVZ\CRBVGH� I\�b\HF\I� Gh� _VH\RC� IbSI^RF\I
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hLd e ~

e ^_ ~ C

^ u-e ~

^ e ~ C

^ hLd e ~

^ e ~ C

e m ^ ~

e ^ ~ C

{B� VI� F_\RC� B]RB� B]\� ^RVCI� Gh� IbSI^RF\I
9 : 9 :9 : 9 :C C

C C, , ,� 
 � 
 �RC\�VHdRCVRHB�hGC�B]\�^RVC�Gh
G^\CRBGCI� 9 :^ e, .

LHZ\C�B]\�FGHZVBVGHI�Gh�B]\�hG__GiVHc�B]\G#
C\a� �- -∈ , ≥ ,� �RHZ�VHF_bIVGHI�RC\�IBCVFB/

WdPKJP*� i�i�� u�� v�whLd e ≠ , � qELC� �td� qEL
tdDLdLD�)0*d� 9 :^ e, �qEL��tcct@*C{�2tCD*q*tCK�0dL
L.?*;0cLCq�

�:�)t*Cq� ∞ �*K�0�)tcL�t��qEL�dLKtc;LCq�t��qEL
cL�q�dLc0q*tC� c� �t��)0*d�9 :^ e, �t��qEL�tdDLd� �- −
�td� �- ≥ , ∞ � *K� *qK� dL-t;01cL� K*C{?c0d*ql� �td

�- = ;
�:� *C;0d*0Cq� )0*dK� t�� K?1K)02LK

� � � �9 : 9 :_ j _ j, , , �L=*Kq7��td�@E*2E�dL)dLKLCq0q*tCK
[
���\7�[
��/\�0dL�;0c*D7�0CD

0\� � �
� � � �9 : 9 : 9 : v w^ e ^ e ^ eσ σ σ, = , , , = ∞ ;

1\� �
� � � � �9 : 9 :m ^ _ e it- j _−= , ∈ , ,

�
� � � � �9 : 9 :m e _ ^ it- j _−= , ∈ , ;
2\� � � �

� � � �9 : � 9 : �- -^ e ^ e− − −≠ , = ;
4:� qEL� Kq01*c*ql� t�� K?1K)02LK� q0+LK� )c02LO

9 �: 9 �:
� �

- - -
- - -

− +
− +⊂ = , ⊃ = .� � � � � �

MG�GSBRVH�B]\�RHR_GcI�Gh �B]\GC\aI�@/4� �@/@�
=/4� VH� B\CaI� Gh� G^\CRBGC� ^RVCI� GH\�aR�� BRK\
IbSI^RF\I� 9 : 9 : �-

- c
∗ ∗ ∗= ⊂ ,� � � � i]VF]� RC\

Z\IFCVS\Z�S��RHR_Gc��iVB]�9�/�4:� �RI
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�
�

v�w 9 : ///

99 : : ///
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�/�`dtKK� M/�[b_BVdR_b\Z� _VH\RC� G^\CRBGCI/� �\i
�GCKO�[/��\KK\C�����6/

�/� e0;*C*� :�7� j0{*� :/� �\c\H\CRB\� ZVhh\C\HBVR_
\�bRBVGHI�VH�TRHRF]�I^RF\I/��bC\�RHZ��^^_V\Z�[RB]\#
aRBVFI/� �� k\CV\I� Gh�[GHGcCR^]I� RHZ� M\pBSGGKI� f
��=/��\i��GCKO�[/��\KK\C�����6/

wC�Kt-L�.?LKq*tCK�t��qEL�K)L2qd0c�qELtdl�t��c*CL0d�dLc0q*tCK
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4/�M*qKCLd� ]�� g/� M]\GC�� Gh� _VH\RC� C\_RBVGHI� ff
�\^GIVB\Z�VH�|{�{M{/���6�/���6@�56�/�9VH��bIIVRH:

@/�i*ccL� x�7� fE*cc*)K� M/� `bHFBVGHR_� RHR_�IVI� RHZ
I\aVcCGb^I/�[/O�{�������/�9VH��bIIVRH:

=/�m?C�tdD�k�7�g2E@0dqB� ��}/� �VH\RC� G^\CRBGCI/
�/ {O��\H\CR_�B]\GC�/�[/O�{�������/�9VH��bIIVRH:

��kL?-0CC����;tC/��S\C�RZ�bHcV\CB\�`bHFBVGHR_#
G^\CRBGC\H�ff��HH/�Gh�[RB]/��9��4�:���������@54��/

D/�:dLCDq��/��^^CGpVaRBVGH�Gh�Z\c\H\CRB\�I\aV#
cCGb^I�ff �M�SVHc\C�T\CVF]B\�WbC�̀ bHKBVGHR_RHR_�IVI/
j\hB��� 9����f����:��445@�/

6/�̀ bHFBVGHR_�RHR_�IVI� �I\C/�k[T� �\ZVB/�eC\VH k/ �/
[/O��RbKR����D�/�9VH��bIIVRH:

�/�<0K+0+t;�:��̂ �7�̀ ELdClKEt;�h��u/��CZ\C\Z�̂ RVCI
Gh�G^\CRBGCI�RHZ�I\aVcCGb^I�ff�{Wd/�����/�[[[{L�
9���6:����4��4�5��/�9VH��bIIVRH:

��/�<0K+0+t;�:��̂ �7�̀ ELdClKEt;�h��u/�~GHIBCbFBVGH
Gh�B]\�^]RI\�I^RF\�RHZ�IG_bBVGHI�Gh�_VH\RC�\�bRBVGHI
bHIG_d\Z�iVB]� C\I^\FB� BG� B]\� Z\CVdRBVd\� ff��GK_/
������9����:����4����=5��6/�9VH��bIIVRH:

��/�g;*d*Dl?+�^��:�7�eLDtdt;�]��x/��H�bHVBI�Gh
RHR_�BVF� I\aVcCGb^I� Gh � G^\CRBGCI�iVB]�K\CH\_I� ff
kVS/�aRB/�W]/���9���6:����4����@5���/�9VH��bIIVRH:

��/�eLDtdt;�]��x/��\c\H\CRB\�IBCGHc_��FGHBVHbGbI
I\aVcCGb^I�Gh �G^\CRBGCI�ff ��_c\SCR�V�RHR_VW� ��9����:�
� 4���D45���/�9VH��bIIVRH:

�4/�JLcC*+t;0�u��]�7�̂ c0D2ELC+t�:��]/�~GCC\FBH\II
Gh �~RbF]��^CGS_\a�hGC�VHF_bIVGHI�VH�TRHRF]�I^RF\I
ff��GK_/������9���6:�������D4�5D4�/�9VH��bIIVRH:

�@/�xC{Lc�h�&��7�k0{Lc�M/��H\#^RCRa\B\C�k\aV#
cCGb^I�hGC��VH\RC��dG_bBVGH���bRBVGHI/��CRZbB\�M\pBI
VH�[RB]\aRBVFI/�k^CVHc\C#|\C_Rc������/

�=/�M�1*{Ld�e�7��tc���J�f�i/�k^\FBCR_�RHZ�RI�a^#
BGBVF� ^CG^\CBV\I� Gh � C\IG_d\HB#ZGaVHRB\Z� G^\CRBGCI
ff �M�SVHc\C�T\CVF]B\�WbC�̀ bHKBVGHR_RHR_�IVI/�j\hB D
9���Df���6:�� ��D5�4=/

��/�<t?d10+*�k/�k^\FBCR_� B]\GC�/�[/O�[VC����D�/
9VH��bIIVRH:

�D/�e0;*C*�:�7�j0{*�:/�[b_BVdR_b\Z�_VH\RC�G^\CRBGCI
RHZ�Z\c\H\CRB\�\dG_bBVGH�\�bRBVGHI�ff��HH/�[RB]/
^bC/�\B�R^^_/�~�z{{{�9���4:��4=4546@/

�6/�f*LqK2E�:/��^\CRBGC�VZ\R_I/�[/O�[VC����6�/�9VH
�bIIVRH:

��/�<0K+0+t;� :� ^�7� `ELdClKEt;� h� u/� �H� B]\
I^\FBCba� FGa^RFBH\II� FGHZVBVGHI� Gh� GCZ\C\Z� ^RVCI
Gh�_VH\RC�G^\CRBGCI�ff�{Wd/�����/�[[[{L���9����:�
� 4��=5�@/�9VH��bIIVRH:

��/�<0K+0+t;�:�^/��^\CRBGC�\CcGZVF�B]\GC\aI�RHZ
B]\�FGa^_\a\HBRSV_VB��Gh �IbSI^RF\I�Gh �TRHRF]�I^R#
F\I� ff� {Wd/� dbWGd�� I\C/�aRB]/�� 9��66:���� ��� 94�6:�
45��/�9VH��bIIVRH:

��/�hdL*C� g�^/� �VH\RC� ZVhh\C\HBVR_� \�bRBVGHI� VH
TRHRF]�I^RF\/�[/O��RbKR� ����D/�9VH��bIIVRH:

��/�iLCdl� m/� �\Ga\BCVF� B]\GC�� Gh� I\aV_VH\RC
^RCRSG_VF�\�bRBVGHI/�[/O�[VC����6=/�9VH��bIIVRH:

�4/�M0D1Lc�k� u/��CZ\C\Z�^RVCI�Gh�_VH\RC�G^\CRBGCI
RHZ�B]\�~RbF]��̂ CGS_\a�hGC�\�bRBVGH� � � � � ��� � �� �+ =	

VH� R�TRHRF]� I^RF\/��VII\C/� KRHZ/� ^]�I/#aRB]/� HRbK/
�GH\BIKO�{�[[����6@/�9VH��bIIVRH:

�@/�M?q+0K� :�^�� ~RbF]�� ^CGS_\a� hGC� \�bRBVGH

� � � � � ��� � �� � # �+ =	 �ff��Vhh\C\H/�bCRdH\HV�R��9��D=:�

� ��������5����/�9VH��bIIVRH:
�=/�̀ ELdClKEt;�h� u/��H�G^\CRBGC�ZVhh\C\HBVR_�\�bR#

BVGHI�bHIG_d\Z�iVB]�C\I^\FB�BG�B]\�Z\CVdRBVd\/��VII\C/
KRHZ/�^]�I/#aRB]/�HRbK/�eV\dO�{[����Lkk�� ���D�/
9VH��bIIVRH:

��/�hdL*C� g� ^�7� `ELdClKEt;� h� u/� kVHcb_RC_�
^\CBbCS\Z�ZVhh\C\HBVR_�\�bRBVGHI�VH�TRHRF]�I^RF\�ff
{z �{HB\CHRBVGHR_�FGHh/�GH�HGH_VH\RC�GIFV__RBVGHI/�eV\dO
�RbK/�ZbaKR/��9��6@:����45��D/�9VH��bIIVRH:

�D/�m*q+*C�]�]/��H�F\CBRVH�I^\FBCR_�^CG^\CBV\I�Gh
B]\�SbHZ_\�Gh�_VH\RC�SGbHZ\Z�G^\CRBGCI�ff�[RB\a/
WRa\BKV�� 9��6�:�������D=5D�/� 9VH��bIIVRH:

�6/�g;*d*Dl?+� ^�:/� MG� B]\� c\H\CR_� B]\GC�� Gh
I\aVcCGb^I� Gh� G^\CRBGCI� ff� LI^\K]V�[RB/� �RbK/
9���@:����@��@D5D@/�9VH��bIIVRH:

��/�<0K+0+t;�:�^�7�̀ ELdClKEt;�h� u/��CcGZVF�IbS#
I^RF\I�RHZ�RHR_�BVF�I\aVcCGb^I�ff �k^\FBCR_�RHZ�\dG#
_bBVGHRC��^CGS_\aI/�kVah\CG^G_/��9����:� ��4�5�@4/

:��^��<0K+0+t;7�h��u��`ELdClKEt;


