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Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

ÂÂÅÄÅÍÈÅ

Ôóíêöèÿ ( )RL2∈ψ  íàçûâàåòñÿ ñòàöèîíàðíûì
îðòîíîðìèðîâàííûì âñïëåñêîì, åñëè åå íîðìèðî-
âàííûå ñæàòèÿ è ñäâèãè )2(2:)( 2/ ktt jj

jk −ψ=ψ ;
RtZkj ∈∈ ;, îáðàçóþò îðòîíîðìèðîâàííûé áà-

çèñ â ( )RL2 . Ðàçëè÷íûå êîíñòðóêöèè  ñòàöèîíàð-
íûõ îðòîíîðìèðîâàííûõ âñïëåñêîâ îïèñàíû,
íàïðèìåð, â ìîíîãðàôèÿõ È.Ìåéåðà [2], È.Äî-
áåøè [1] è â îáçîðíûõ ñòàòüÿõ [3], [4].

Â ñòàòüå ðàññìàòðèâàåòñÿ áîëåå îáùåå ïî-
íÿòèå íåñòàöèîíàðíûõ îðòîãîíàëüíûõ âñïëåñ-
êîâ, êîòîðîå ñîñòîèò â òîì, ÷òî ôóíêöèè jkψ ,
îñòàâàÿñü j−2 -ñäâèãàìè ôóíêöèé 0jψ , íå ÿâëÿ-
þòñÿ, âîîáùå ãîâîðÿ, ñæàòèÿìè ôóíêöèé k0ψ .
Ýòà êîíöåïöèÿ ââåäåíà â  [5], [6].  Îêàçûâàåòñÿ,
÷òî ýòî îáîáùåíèå âåäåò ê èíòåðåñíûì áàçèñàì
â ( )RL2 . Íàïðèìåð, èç ðåçóëüòàòîâ ðàáîò [7] è
[8] ñëåäóåò, ÷òî íå ñóùåñòâóåò ñòàöèîíàðíûõ
îðòîãîíàëüíûõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ
âñïëåñêîâ ñ êîìïàêòíûì íîñèòåëåì. Îäíàêî â
íåñòàöèîíàðíîé ñèòóàöèè ýòî âîçìîæíî, ñì. [5]
è [9].

Ñâîéñòâà âñïëåñêîâ â ïðîñòðàíñòâàõ, îòëè÷-
íûõ îò ( )RL2 , çàâèñÿò îò èõ ëîêàëèçàöèè âî âðå-
ìåíè è ïî ÷àñòîòå. Â òåîðèè âñïëåñêîâ ëîêàëè-
çàöèÿ ϕ  õàðàêòåðèçóåòñÿ òàê íàçûâàåìûì  ðà-
äèóñîì àâòîêîððåëÿöèîííîé ôóíêöèè

( ) ( ) ( )∫ −ϕϕ=Φ
R

dstsst : , êîòîðûé îïðåäåëÿåòñÿ
ôîðìóëîé

 ( ) ( ) ( )
21

222









∫ Φ∫ Φ=Φ∆
RR

dttdttt: - ðàäèóñ Φ .

Ïîäîáíàÿ êîíñòàíòà äëÿ ïðåîáðàçîâàíèÿ Ôóðüå

( ) ( )∫ ω−Φ=ωΦ
R

ti dtet:ˆ  ðàâíà

( ) ( ) ( )
21

222









ΦΦ=Φ∆ ∫∫
RR

dˆdˆˆ ωωωωω:  - ðàäèóñ Φ̂ .

Ïðîèçâåäåíèå ðàäèóñîâ ( ) ( )Φ∆Φ∆ ˆ  íàçûâàåòñÿ
êîíñòàíòîé íåîïðåäåëåííîñòè Φ .

Âñþäó â äàëüíåéøåì ìû îáîçíà÷àåì çàãëàâ-
íîé áóêâîé àâòîêîððåëÿöèîííóþ ôóíêöèþ äëÿ
ôóíêöèè, îáîçíà÷åííîé ïðîïèñíîé áóêâîé.

Î÷åâèäíî, ÷òî äëÿ ñòàöèîíàðíûõ âñïëåñêîâ
êîíñòàíòû íåîïðåäåëåííîñòè  ( ) ( )kjkj ,, Φ̂∆Φ∆  íå
çàâèñÿò îò j,k.

Â äàííîé ñòàòüå äîêàçàíî, ÷òî êîíñòàíòû
íåîïðåäåëåííîñòè íåñòàöèîíàðíûõ âñïëåñêîâ,
ïîñòðîåííûõ â [9], íå îãðàíè÷åíû (Òåîðåìà 2.2).
Îäíàêî, ïðè èñïîëüçîâàíèè â êîíñòðóêöèè íåñòà-
öèîíàðíûõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ
âñïëåñêîâ ñ êîìïàêòíûì íîñèòåëåì ìîäèôèöè-

Â ñòàòüå ðàññìàòðèâàþòñÿ îðòîíîðìèðîâàííûå áàçèñû ñïåöèàëüíîãî âèäà, òàê íàçûâàåìûå íå-
ñòàöèîíàðíûå îðòîãîíàëüíûå âñïëåñêè. Âàæíåéøèì ñâîéñòâîì âñïëåñêîâ ÿâëÿåòñÿ îäíîâðåìåííàÿ
ëîêàëèçîâàííîñòü ïî âðåìåíè è ÷àñòîòå, êîòîðàÿ õàðàêòåðèçóåòñÿ êîíñòàíòîé íåîïðåäåëåííîñòè. Â
ñòàòüå äîêàçàíî, ÷òî êîíñòàíòû íåîïðåäåëåííîñòè íåñòàöèîíàðíûõ âñïëåñêîâ, ïîñòðîåííûõ ïðè ïî-
ìîùè êëàññè÷åñêèõ ìàñøòàáèðóþùèõ ôèëüòðîâ Äîáåøè, íå îãðàíè÷åíû. Îäíàêî, ïðè  èñïîëüçîâà-
íèè â êîíñòðóêöèè íåñòàöèîíàðíûõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ âñïëåñêîâ ñ êîìïàêòíûì íîñèòå-
ëåì ìîäèôèöèðîâàííûõ ôèëüòðîâ Äîáåøè, ââåäåííûõ àâòîðîì, ìû ïîëó÷àåì íåñòàöèîíàðíûå áåñêî-
íå÷íî äèôôåðåíöèðóåìûå âñïëåñêè ñ êîìïàêòíûìè íîñèòåëÿìè è ðàâíîìåðíî îãðàíè÷åííûìè êîí-
ñòàíòàìè íåîïðåäåëåííîñòè.

ÓÄÊ 517.98
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ðîâàííûõ ôèëüòðîâ Äîáåøè, ââåäåííûõ â [13],
âìåñòî êëàññè÷åñêèõ, èñïîëüçîâàííûõ â [9], ìû
ïîëó÷àåì íåñòàöèîíàðíûå áåñêîíå÷íî äèôôå-
ðåíöèðóåìûå âñïëåñêè ñ êîìïàêòíûìè íîñè-
òåëÿìè è ðàâíîìåðíî îãðàíè÷åííûìè êîíñòàí-
òàìè íåîïðåäåëåííîñòè (Òåîðåìà 5.1).

Ñòàòüÿ èìååò ñëåäóþùóþ ñòðóêòóðó. Â § 2
ïðèâîäÿòñÿ îöåíêè êîíñòàíò íåîïðåäåëåííîñòè
äëÿ íåñòàöèîíàðíûõ âñïëåñêîâ, ïîñòðîåííûõ â
[9]. Â § 3 îïèñûâàåòñÿ êîíñòðóêöèÿ íåñòàöèîíàð-
íûõ îðòîíîðìèðîâàííûõ áåñêîíå÷íî äèôôåðåí-
öèðóåìûõ âñïëåñêîâ ñ êîìïàêòíûìè íîñèòåëÿ-
ìè íà îñíîâå ìîäèôèöèðîâàííûõ ôèëüòðîâ Äî-
áåøè. Â § 4 äîêàçûâàþòñÿ ñâîéñòâà ýòîé ñèñòå-
ìû. § 5  ïîñâÿùåí äîêàçàòåëüñòâó ðàâíîìåðíîé
îãðàíè÷åííîñòè êîíñòàíò íåîïðåäåëåííîñòè íå-
ñòàöèîíàðíûõ âñïëåñêîâ, îïðåäåëåííûõ ïðè ïî-
ìîùè ìîäèôèöèðîâàííûõ ôèëüòðîâ Äîáåøè.

1. Êîíñòàíòû íåîïðåäåëåííîñòè äëÿ Ψ

Â [N1] äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1.1. Ïóñòü ( ){ }∞
=1NNT  ïðîèçâîëüíàÿ

ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë, òàêèõ
÷òî

( ) ∞=
∞→

NT
N
lim ,       (1.1)

( ) ( ) ( ) ( ) 11,11 =+≤+≤ TNTNTNT .       (1.2)

Òîãäà ñóùåñòâóåò ñèñòåìà

{ }0,,,,: 0 ≥∈ψϕ=Ψ jZkjjkk

ñî ñëåäóþùèìè ñâîéñòâàìè:

1)  Ψ - îðòîíîðìèðîâàííûé áàçèñ â ( )RL2 ;

( ) ( )kttk −ϕ=ϕ 000)2 ;

      ( ) ( ) ;20
j

jjk ktt −−ψ=ψ

      0,,; ≥∈∈ jZkjRt ;

( )RC∞⊂Ψ)3 ;

4)    supp ( )[ ]112,000 +⊂ϕ T ;

 supp ( )( ) ( )( )[ ]jj
j jT,jT −− ++−+−⊂ 2122110ψ ,

      0, ≥∈ jZj .

Ôóíêöèè  0,,},{ ≥∈ψϕ jZkjjkjk  îïðåäåëÿþòñÿ ÷å-

ðåç ïðåîáðàçîâàíèå Ôóðüå

( ) ( )( )∏
∞

+=

−− ω=ωϕ
1

2 22:ˆ
jN

N
NT

j
j d , RNj ∈ω∈ ,0 ,

( ) ( )j
jjk ktt −−ϕ=ϕ 2: , RtZk ∈∈ , ;

( ) ( ) ( )( ) ( )ωϕπ−ω−ω−=ωψ +
−−

+
−−

1
1

1
121 222 j

j
jT

j
j ˆdiexpˆ : ,

R∈ω ,

( ) ( )j
jjk ktt −−ψ=ψ 2: , RtZk ∈∈ , ,                 (1.3)

ãäå ( )ωNd  - òðèãîíîìåòðè÷åñêèé ïîëèíîì èëè
ìàñøòàáèðóþùèé ôèëüòð Äîáåøè (ñì. [D2]), íà-
õîäèòñÿ ïðè ïîìîùè ëåììû Ðèññà [PS, c.92] èç
óðàâíåíèÿ

( ) ( )ω=ω cosBd NN
2 ,                 (1.4)

ãäå

( )
lNlN

Nl
N

tt

l

N
tB

−−−

=





 −






 +










 −
= ∑

1212

2

1

2

112
: .

Ýòà ôîðìóëà ïîêàçûâàåò, ÷òî ( )tBN  - ïîëèíîì
Áåðíøòåéíà [Bern] íà [-1,1], àïïðîêñèìèðóþùèé

[ ]1,0χ  - õàðàêòåðèñòè÷åñêóþ ôóíêöèþ îòðåçêà [0,1].
Ó ñèñòåìû Ψ  èìååòñÿ îäèí ñóùåñòâåííûé

íåäîñòàòîê: êîíñòàíòû íåîïðåäåëåííîñòè íåñòà-
öèîíàðíûõ âñïëåñêîâ jψ  íåîãðàíè÷åííî âîçðà-
ñòàþò ñ ðîñòîì j. Â ýòîì ïàðàãðàôå ïðèâîäÿòñÿ
ñîîòâåòñòâóþùèå îöåíêè.

Ïóñòü jΦ  - àâòîêîððåëÿöèîííàÿ ôóíêöèÿ äëÿ
jϕ . Òîãäà

( ) ( ) ( )( )∏
∞

+=

−− ω=ωΦ
1

2cos2:ˆ
jN

N
NT

j
j B .

Òåõíè÷åñêè óäîáíåå îöåíèâàòü êîíñòàíòû íåîïðå-
äåëåííîñòè àâòîêîððåëÿöèîííûõ ôóíêöèé, ïðè-
âåäåííûõ ê íóëåâîìó ìàñøòàáó:

( ) ( )tt j
jj

−Φ=Φ 2:0 .

Òåîðåìà 1.2.

[ ] ,0ˆlim ,
0 =χ−Φ ππ−∞→ pL
j

j  ∞<≤ p1 ,

( )
3

ˆinflim 0 π≥Φ∆
∞→ j

j
;
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( ) ∞=Φ∆
∞→

0lim j
j

;

è, ñëåäîâàòåëüíî,

( ) ( ) ∞=Φ∆Φ∆
∞→

00ˆlim jj
j

.

Äîêàçàòåëüñòâî ñîñòîèò èç ñëåäóþùèõ ëåìì.

Ëåììà 1.1.

( ) ( )ωχ=ωΦ ππ−∞→ ],[
0ˆlim j

j
.        (1.5)

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî

( ) ( ) ( )( )∏
∞

=

−
+ ω=ωΦ

1

0 2cos:ˆ
N

N
NjTj B .

(ñì. (1.3) è (1.4)). Â ñèëó ñâîéñòâ ïîëèíîìîâ Áåð-
íøòåéíà

( ) ( )ωχ=ω
∞→

coscoslim ]1,0[N
N

B .       (1.6)

Çàôèêñèðóåì ω  è âûáåðåì NL ∈  òàê, ÷òîáû

π<ω −12L . Òîãäà

( )( ) ( )ωχ=ωχ ππ−
=

−∏ ],[
1

]1,0[ 2cos
L

N

N
.

Ïîýòîìó

( ) ( )( )=ωχ−ωΦ 2cosˆ
]1,0[

0
j

( )( )) ( )( ) ×

ωχ−




 ω= ∏∏

=

−

=

−
+

L

N

N
],[

L

N

N
NjT coscosB

1
10

1

22

( )( ))−ω× ∏
∞

+=

−
+

1

2
LN

N
NjT cosB

( ) ( )( )(( ) [ ]( )) =ωχ∏ ω−− ππ−
∞

+=
−

+ :2cos1 ,1LN
N

NjTB

2,1,: jj II += .

Î÷åâèäíî, ÷òî

( ) ( )( ) 12cosB0 N

1LN
NjT ≤ω≤ −

∞

+=
+∏ .

Ïîýòîìó èç (1.6) ñëåäóåò, ÷òî 01, →jI  ïðè

∞→j .

Äëÿ îöåíêè 2,jI  âîñïîëüçóåìñÿ íåðàâåíñòâà-

ìè: te t ≤− −1  ïðè 0≥t  è ( )
t

t
−

≤−−
1

1
1ln  ïðè

10 << t . Òîãäà èìååì

( ) ( )( )
( ) ( )( )∑

∞

+=
−

+

−
+

ω
ω−

≤
1

2,
2cos

2cos1

LN
N

NjT

N
NjT

j
B

B
I .

Òàê êàê π<ω −12L , òî 
42

π
≤

ω
N  äëÿ ëþáîãî

1+≥ LN . Ïîýòîìó

( ) ( )( )
2

1
2cosB N

NjT ≥ω −
+ .                 (1.7)

Òàê êàê ( ) ( ) 1=−+ tBtB NN , òî â ñèëó ëåììû 2 èç

[N2] èìååì

( ) ( )( ) ( )( )NNjT2N
NjT 2sin2cosB1 −+−

+ ω≤ω− .         (1.8)

Èç (1.7) è (1.8) ñëåäóåò, ÷òî 02, →jI ïðè ∞→j . �

Ëåììà 1.2. Ïðè ∞<≤ p1

0ˆlim ],[
0 =χ−Φ ππ−∞→ pL
j

j .         (1.9)

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû Ëåáåãà èç
(1.5) ñëåäóåò, ÷òî

( ) ( ) 1
2

1ˆ
2

1
lim

2

2
],[

2

2

0 =ωωχ
π

=ωωΦ
π ∫∫

π

π−
ππ−

π

π−∞→
ddj

j
.

Òàê êàê

( ) ( ) 10ˆ
2

1 00 =Φ=ωωΦ
π ∫ j

R
j d ,

ò î

( )
{ }

0ˆlim
2

0 =∫ ωωΦ
π≥ω∞→

d
p

j
j

.
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Òàê êàê ( ) 1ˆ 0 ≤ωΦ j , òî ( ) ( )ωΦ≤ωΦ 00 ˆˆ
j

p

j  è

( )
{ }

0ˆlim
2

0 =∫ ωωΦ
π≥ω∞→

d
p

j
j

äëÿ ëþáîãî ),1[ ∞∈p . �

Ëåììà 1.3.

3
inflim 0ˆ

π≥∆Φ∞→ jj .               (1.10)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (1.5), (1.9)  è òå-
îðåìó Ëåáåãà, èìååì
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π

= ∫
π

π−
d .

�

Ëåììà 1.4.

∞=∆
Φ∞→

0inflim
jj .      (1.11)

Äîêàçàòåëüñòâî. Èç (1.9) ñëåäóåò, ÷òî

( ) ( ) ( )∫∫ →ωωχ−ωΦ
π

=
π

π−Φ ππ−
R

j
R

j ddt
t

t
t 0

2

1sin 2

],[
0

2
0

ïðè ∞→j .
Ïîýòîìó ïî ëåììå Ôàòó

( ) ∞=
π

π≥Φ=∆ ∫∫∞→∞→ Φ
dt

t

t
tdttt

RR
j

jj j

2
22022 sin

infliminflim
0ˆ

.

�

Ìîæíî äàòü òî÷íóþ, ïî ïîðÿäêó, îöåíêó ðî-
ñòà ðàäèóñîâ àâòîêîððåëÿöèîííûõ ôóíêöèé

0
jΦ .

Ëåììà 1.5. Ïóñòü ( ) ( )∏∞
=

−ω=ω 1
2:ˆ

l
l

lfF , ãäå

( )tf l  - íåêîòîðûå íåîòðèöàòåëüíûå π2 -ïåðèî-

äè÷åñêèå ôóíêöèè, ïðè÷åì áåñêîíå÷íîå ïðîèçâå-
äåíèå ñõîäèòñÿ àáñîëþòíî è äîïóñêàåò ïî÷ëåí-
íîå äèôôåðåíöèðîâàíèå. Îáîçíà÷èì

( )∏
∞

=

−
+ ω=

1

0 2:ˆ
l

l
ljj fF .      (1.12)

Ïðåäïîëîæèì, ÷òî

( ) 12ˆ 0 ≡π+ω∑
∈Zk

j kF .      (1.13)

Òîãäà

( ) ( )
21

1

22

21
202 2

2

1 ∑ ∫∫
∞

=

π

π−
+

−






ωω′

π
≤








l

lj
l

R
j dfdttFt .

Äîêàçàòåëüñòâî. Òàê êàê ( )( ) ( )ω′−=ω⋅ 00 ˆˆ
jj FiF , òî â

ñèëó òîæäåñòâà Ïëàíøåðåëÿ èìååì

∫ ωω′
π

=∫
R

j
R

j dFdttFt
2

0
2

02 )()( ˆ
2

1
.

Èç (1.12) ñëåäóåò, ÷òî

( ) ( )
( ) ( )∏ ω










∑

ω
ω′

=ω′ ∞

=

−
+

∈ −
+

−
+−

1

0 2
2

2
2ˆ

p

p
pj

Nl l
lj

l
ljl

j f
f

f
F .

Èç (1.13) ñëåäóåò, ÷òî ( ) 1≤ωlf , ïîýòîìó

( ) ( ) ( )||||||
1

0 222ˆ ∏ ω⋅∑ ω′≤ω′ ∞

+=

−
+

∈

−
+

−

lp

p
pj

Nl

l
lj

l
j ffF

è, èñïîëüçóÿ íåðàâåíñòâî òðåóãîëüíèêà â ( )RL2 ,

èìååì

( ) ≤∫ ωω′ 2120 )||( ˆ
R

j dF

( ) ( ) =∑ ∫ ω∏ ω⋅ω′≤
∈

∞

+=

−
+

−
+

−
21

2

1

2 )||||( 222
Nl R lp

p
pj

l
lj

l dff

( ) ( )
21

2

1

22 )||||( 22∑ ω∫ ∏ ω⋅ω′=
∈

∞

=

−
+++

−

Nl R p

p
pljlj

l dff .
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Ó÷èòûâàÿ π2 -ïåðèîäè÷íîñòü ôóíêöèé f
l
 è

òîæäåñòâî (1.13), èìååì

( ) ( ) ≤ω∫ ∏ ω⋅ω′
∞

=

−
+++ dff

R p

p
pljlj

2

1

2 |||| 2

( ) ( ) ( ) ω∫ ω′=ω∫ ∑ π+ω⋅ω′≤
π

π−
+

π

π−
∈ ++ dfdlFf ljZl ljlj

202 |||||| 2ˆ .

�

Ëåììà 1.6. Ïóñòü

( ) ( )∏
∞

=

−ω=ω
1

2:ˆ
l

l
lfF ,

ãäå f
l
(t) - íåêîòîðûå íåîòðèöàòåëüíûå ÷åòíûå

π2 -ïåðèîäè÷åñêèå ôóíêöèè, óáûâàþùèå íà ],0[ π .
Òîãäà

( ) ( ) ( ) 21
2

1
22122 )||()||(
2

2
ω∫ ω′

π
∏ π

≥∫
π

π−

∞
=

−
df

f
dttFt l

l
l

R
.

 Äîêàçàòåëüñòâî. Îïðåäåëèì ôóíêöèþ F
1
 â îáðà-

çàõ Ôóðüå

( ) ( )∏
∞

=

−
+ ω=ω

1
11 2ˆ

l

l
lfF .

Ëåãêî âèäåòü, ÷òî

( ) ( ) =ωω′≥ωω′ ∫∫
π

π−

dFdF
R

22

2

2

( ) ( ) ( ) ( ) =ω




 ω′ω+ωω′= ∫

π

π−

dFfFf
22

2
1111 2ˆ2

2

1
2ˆ2

2

1

( ) ( ) ( ) ( ) ω


 ω′ω+ωω′= ∫
π

π−

dFfFf
2

1111
ˆˆ

2

1
.

Ïî óñëîâèþ ( )ωlf  - ÷åòíûå ôóíêöèè è
( ) 0≤ω′lf ïðè ],0[ π∈ω . Òîãäà ( ) 01̂ ≤ω′F  ïðè

],0[ π∈ω  è

( ) ( ) ( ) ( ) =ω


 ω′ω+ωω′∫
π

π−

dFfFf
2

1111
ˆˆ

( ) ( ) ( ) ( ) ≥ω


 ω′ω+ωω′= ∫
π

dFfFf
2

0
1111
ˆˆ2

( ) ( ) ( )( ) ( ) ω∫ 


 ω′π≥ω∫ 


 ωω′≥
π

π−

π
dfFdFf

2

1

2

1

2

0
11

ˆˆ2 . �

Ñëåäóþùàÿ ëåììà äàåò àñèìïòîòèêó ðàäè-
óñà êâàäðàòà ìîäóëÿ ìàñøòàáèðóþùåãî ôèëü-
òðà Äîáåøè.

Ëåììà 1.7.

( ) 41
LN N~B

],[2
cossin

ππ−ω ω′ .       (1.14)

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî

( ) ( )
( )

( ) ( )( ) ( )ω+
π

=ω+=ω′ − NN
N NO

N

N

N
B 222

2
sin1sin

12

2

1
cos

!4

!
N .

Òåïåðü îñòàåòñÿ âîñïîëüçîâàòüñÿ òåì, ÷òî

N

N
N

d
N

N π=








π=ω∫
π

π− 4

2

2sin2 . �

Ñëåäñòâèå 1.1.

( ) 4
1

1~0 +∆Φ jT
j

.

 Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî ïðè

]1,0[∈t  ( )
2

1 t
tBN

+≥ . Ïîýòîìó ïðè ëþáîì j

( ) ( )
=∏

π+
≥πΦ

∞

=

−

1

0

2

2cos1ˆ
N

N

j

( )
2

2

1

12 4

2

2sin
2cos

π
=








π

π
=∏ π=

∞

=

−−

N

N .

Ïîýòîìó â ñèëó ëåììû 1.6 è (1.14)

( ) 4
1

10 +∆Φ jT
j
» .

Îáðàòíàÿ îöåíêà ñëåäóåò èç (1.14) è ëåììû 1.5.
�

2. Êîíñòðóêöèÿ íåñòàöèîíàðíûõ âñïëåñêîâ
ñ ìîäèôèöèðîâàííûìè ôèëüòðàìè Äîáåøè

Ïðåæäå âñåãî íàïîìíèì îïðåäåëåíèå ìîäè-
ôèöèðîâàííûõ ôèëüòðîâ Äîáåøè a

Nm , âïåðâûå
ðàññìîòðåííûõ â [13] . Ïóñòü ( )1,0∈a , ( )tfa  - áåñ-
êîíå÷íî äèôôåðåíöèðóåìàÿ íåîòðèöàòåëüíàÿ
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ôóíêöèÿ íà [-1,1], ðàâíàÿ 0 ïðè ],1[ at −−∈  è óäîâ-
ëåòâîðÿþùàÿ òîæäåñòâó

( ) ( ) ]1,1[,1 −∈=−+ ttftf aa .       (2.1)

Îáîçíà÷èì ÷åðåç

( ) Nl
tt

l
N

tb
lNl

N
l ,...,1,0,

2

1

2

1
: =






 −







 +







=

−

,

ìîíîìû Ñ.Í. Áåðíøòåéíà íà îòðåçêå [-1,1],

Nl
N

Nl
t lN ,...,1,0,

2
:, =−= .

Ðàññìîòðèì òðèãîíîìåòðè÷åñêèå ïîëèíîìû

ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè ( )kha
N

( ) ( ) N∈=ω ∑
−

=

ω−− Nelhm
N

l

ila
N

a
N ,2

12

0

21
,       (2.2)

óäîâëåòâîðÿþùèå óðàâíåíèþ

( ) ( ) ( ) 10,cos12
2|| =ω=ω −

a
N

a
N

a
N mBm ,       (2.3)

ãäå ( ) ( ) ( )∑=
=

K

l

K
llKa

a
K tbtftB

0
,: . Ïîëèíîìû a

KB  - ýòî

ïîëèíîìû Ñ.Í.Áåðíøòåéíà, ïðèáëèæàþùèå
ôóíêöèþ f

a
 [12]. Ïîëèíîì a

Nm  ñóùåñòâóåò â
ñèëó ëåììû Ðèññà [11, c.92].

Çàìå÷àíèå 2.1. Íåòðóäíî ïîêàçàòü, ÷òî äëÿ
ëþáîãî N∈K  a

K
a
K BB 212 =− .

Èç (2.1) ñëåäóåò, ÷òî

( ) ( ) 1
22

=π+ω+ω a
N

a
N mm .                (2.4)

Ïóñòü ( ) ∞
=1}{ NNT  ïðîèçâîëüíàÿ ïîñëåäîâà-

òåëüíîñòü íàòóðàëüíûõ ÷èñåë, óäîâëåòâîðÿþ-
ùèõ óñëîâèÿì (1.1) è (1.2).

Ëåãêî äîêàçûâàåòñÿ ñëåäóþùàÿ

Ëåììà 2.1. Áåñêîíå÷íûå ïðîèçâåäåíèÿ

( ) ( )( ) 0
1

,2: NjmG
jN

Na
Nt

a
j ∈ω=ω ∏

∞

+=

−
,

ïîòî÷å÷íî ñõîäÿòñÿ äëÿ âñåõ R∈ω .Ñõîäèìîñòü
ðàâíîìåðíàÿ íà êîìïàêòíûõ ìíîæåñòâàõ.

Äëÿ äîêàçàòåëüñòâà ñëåäóþùåé ëåììû íàì
ïîòðåáóþòñÿ íåêîòîðûå óòî÷íåíèÿ îáîçíà÷åíèé
è îöåíîê èç [N2].

Ïóñòü ( )abN  êîðåíü óðàâíåíèÿ

( )( ) ( )( ) ( )1,0,1112 21212 ∈=+− +−+ bbb aaNa .        (2.5)

Ïðîèçâîäíàÿ ôóíêöèè ( )( ) ( )( ) 2121 11 aa tt +− +−  ðàâíà
( )( )( ) ( )( ) 2121 11 aa ttta +−−− +−−  è íåïîëîæèòåëüíà
ïðè ]1,[at ∈ . Òàê êàê Na 22 −−  âîçðàñòàåò ñ ðîñ-
òîì N, òî ( )abN  ìîíîòîííî óáûâàåò ïðè ∞→N ,
ñòðåìÿñü ê ( )ab  - êîðíþ óðàâíåíèÿ

( )( ) ( )( ) ( )1,0,1112 2121 ∈=+− +− bbb aaa .

Â [N2] äîêàçàíî, ÷òî

( )( ) ( )

( ) ( ) ( )( )





πω∈ωωω

ω≤ω
≤ω

+−++
;,,2sin2cos2

;,1
cos

11
2

1

1

a

a
B

N
aaN

a

NNa
N

(2.6)

ãäå ( ) 



 π
π

∈ω ,
2

aN  è

( ) ( )aba NN −=ωcos .

Òàê êàê ( )abN  ìîíîòîííî óáûâàåò, òî  è
( )aNω  ìîíîòîííî óáûâàåò ïðè ∞↑N , ñòðåìÿñü

ê ( )aω , îïðåäåëÿåìîìó óñëîâèÿìè ( ) 



 π
π

∈ω ,
2

aN ,

( ) ( )aba −=ωcos .

Äîêàæåì, ÷òî

( )( )
( )

( ) ( ) ( )( )





πω∈ωωω

ω≤ω
≤ω

+−+++
,,2sin2cos2

;,1
cos

11
2

1

1
1

a

a
B

N
aaN

a

NNa
N

      (2.7)

Ýòî î÷åâèäíî äëÿ ( )aNω≤ω , òàê êàê

( ) ( )aa NN ω<ω +1 . Ïðè ( ) ]( ( ) ]( πω⊂πω∈ω + ,, 1 aa NN
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( )( ) 111211
1 )|)(|)(())(( 2sin2cos2cos ++−+++

+ ωω≤ω NaaaNa
NB .

Ïîýòîìó

×ωω≤ω +−++
+

aaN
a

Na
NB 11

2
11

1 |)(|)())(( 2sin2cos2cos

Naaa 1111 )|)(|)(( 2sin2cos2 +−+ ωω× .

Òåïåðü (2.7) ñëåäóåò èç òîãî, ÷òî ïðè

( ) ]( ( ) ]( πω⊂πω∈ω ,, aaN

12sin2cos2 111 |)(|)( ≤ωω +−+ aaa .

Òàêèì îáðàçîì, ïðè îöåíêå a
NB 1+  ìîæíî èñ-

ïîëüçîâàòü òàêóþ æå îöåíêó, êàê è äëÿ a
NB . Ïî-

ýòîìó, ðàññóæäàÿ òàê æå êàê ïðè äîêàçàòåëü-
ñòâå (17) èç [13], ïîëó÷àåì, ÷òî

( ) ( )( ) ( ) βββ
+ ωωα≤ωω cos2cos22coscos 21

1

Na
N

a
N BB ,(2.8)

ãäå ( )1,0∈α  è a−=β 1: .

Îáîçíà÷èì [ ] N∈ππ= − rI rr
r ,2,2: 1 .

Ëåììà 2 .2 .   Ï ó ñ ò ü  0N∈j .  Å ñ ë è

rI∈ω  ñ N∈> rjr , , òî

( ) ( )





µ−γ≤ω ∑

+=

r

jN
j

a
j NTG

1

exp ,       (2.9)

ãäå êîíñòàíòà 0>µ  çàâèñèò òîëüêî îò a, à êîí-
ñòàíòû 0>γ j  - òîëüêî îò j è a.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì íàòóðàëüíîå
÷èñëî r>j è ïîëîæèì

( ) ( )( )∏
+=

−ω=ω
r

jN

Na
NT

a
jr mG

1

2: .

Â ñèëó (2.4) |)(||)(| ω≤ω a
jr

a
j GG . Ïóñòü ljr 2=− ,

N∈l . Ó÷èòûâàÿ (2.8) è çàìå÷àíèå 2.1, èìååì

( ) ( )( ) =∏ ω=ω
+=

−
2

1

2
2

r

jN

Na
NT

a
jr mG

( )( ) ( )( )≤ωω= ∏
=

−−
+

+−−
−+

l

N

Nj
NjT

Nj
NjT BB

1

2
22

12
122 2cos2cos

( )
( ) ( )122122

122

1

2 2cos2cos2
−+β−−−−−

−+

=

β ωωα≤ ∏
NjTNjNj

NjTl

N
.

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü ( )NT ′  ñëåäóþ-
ùèì îáðàçîì:

( ) ( ) ( )12:2:12 −+=+′=−+′ NjTNjTNjT .  Òîãäà,

èñïîëüçóÿ (2.10) èç [N1], èìååì ïðè rI∈ω

( )
∏

=

−+−−−−− =ωω
l

N

NjTNjNj

1

122122 2cos2cos

( ) ( ) ( ) =≤∏ ω= ∑ ′+′−

+=

′−− +=
r

jN rTNT
r

jN

NTN 12

1

21 22cos

( ) ( )∑ −+−+− == l
N rTNjT1 11242 .

Îêîí÷àòåëüíî ïîëó÷àåì

( )
( ) ( )

×
∑∑

α≤ω ==
−+β−+

l

N

l

N

NjTNjT
a
jrG 11

1241222
2     

 (2.10)

( )
( )

( )
( )1

122
1

124

222 11 −β
−+

−β
−+β− ∑

α=
∑

× == rT
NjT

rT
NjT

l

N

l

N
,

îòêóäà ñëåäóåò (2.9).

Ñëó÷àé N∈−=− lljr ,12  òîæå ñëåäóåò èç
(2.10)  è î÷åâèäíîãî â ñèëó (2.4) íåðàâåíñòâà

( ) ( )2,1 ω≤ω +
a

rj
a
jr GG .               (2.11)

�

Èç ëåììû 2.2 ïîëó÷àåì

Ñëåäñòâèå 2.1. Ôóíêöèè 0, N∈jGa
j , óáûâàþò

íà áåñêîíå÷íîñòè áûñòðåå ëþáîé ñòåïåíè.

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü ôóíêöèé

0,,, }{ ≥∈ϕ jZkj
a

kj  ÷åðåç ïðåîáðàçîâàíèå Ôóðüå

( ) ( ) 0
2 ,2:ˆ N∈ω=ωϕ − jGa

j
ja

j ,      (2.12)

( ) ( ) Zkktt ja
j

a
jk ∈−ϕ=ϕ − ,2: .

Ôóíêöèè Zkja
jk ∈∈ψ ,, 0N  îïðåäåëÿþòñÿ ðàâåí-

ñòâàìè
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( ) ( ) ( )( ) ( )ωϕπ−ω−ω−=ωψ +
−−

+
−− a

j
ja

jT
ja

j mi 1
1

1
121 ˆ22exp2:ˆ ,

R∈ω

( ) ( )ja
j

a
jk ktt −−ψ=ψ 2: .

Òàêèì îáðàçîì, ïîñòðîåíèå ñèñòåìû aΨ  çàâåðøå-
íî. Ìû ïîëàãàåì

{ }Zkja
jk

a
k

a ∈∈ψϕ=Ψ ,,,: 00 N .

3. Ñâîéñòâà ñèñòåìû aΨ

Ñâîéñòâà ñèñòåìû aΨ  àíàëîãè÷íû ñâîé-

ñòâàì Ψ  (ñì. [N1]).

Ëåììà 3.1. Ôóíêöèè a
jkϕ  è a

jkψ , Zkj ∈∈ ,0N
áåñêîíå÷íî äèôôåðåíöèðóåìû.

 Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç
ñëåäñòâèÿ 2.1. �

Àíàëîãè÷íî ëåììàì 3.2, 3.3, 3.4 èç [9] äîêà-
çûâàþòñÿ ñëåäóþùèå ëåììû.

Ëåììà 3.2. Äëÿ ëþáûõ Zkkj ∈′∈ ,,0N

kk
a
kj

a
jk ′′ δ=ϕϕ ,,                 (3.1)

kk
a
kj

a
jk ′′ δ=ψψ ,, , 0, =ψϕ ′

a
kj

a
jk ,       (3.2)

ãäå ⋅⋅,  îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â

( )RL2 .

Ðàññìîòðèì ïîäïðîñòðàíñòâà

[ ] [ ] 0,:,: N∈ψ=ϕ=υ
∈∈

jw
Zk

a
jk

a
jZk

a
jk

a
j .

Ïî ëåììå 4.2 ñèñòåìû { }
Zk

a
jk ∈

ϕ  è { }
Zk

a
jk ∈

ψ  ÿâëÿ-

þòñÿ îðòîíîðìèðîâàííûìè áàçèñàìè â a
jυ  è a

jw ,

ñîîòâåòñòâåííî, 0N∈j .

Ëåììà 3.3. Äëÿ ëþáûõ 0N∈j

a
j

a
j

a
j

a
j

a
j w 11, ++ υ=⊕υυ⊂υ ,                (3.3)

( )RL
j

a
j

2

0
=υ

∞

=
U .       (3.4)

Ëåììà 4.4. Ôóíêöèè a
jϕ  è a

jψ , 0N∈j , èìå-

þò êîìïàêòíûé íîñèòåëü:

supp ( )( )[ ]ja
j jT −++⊂ϕ 2112,0 ,       (3.5)

supp ( )( ) ( )( )[ ]jja
j jTjT −− −+++−⊂ψ 211,212     (3.6)

4. Êîíñòàíòû íåîïðåäåëåííîñòè äëÿ aΨ

Ïóñòü a
jΦ  - àâòîêîððåëÿöèîííàÿ ôóíêöèÿ 

a
jϕ .

Òîãäà

( ) ( ) ( )( )∏
∞

+=

−
−

− ω=ωΦ
1

12 2cos2:ˆ
jN

Na
NT

ja
j B .

Ìû ñíîâà áóäåì îöåíèâàòü êîíñòàíòû íåî-
ïðåäåëåííîñòè àâòîêîððåëÿöèîííûõ ôóíêöèé,
ïðèâåäåííûõ ê íóëåâîìó ìàñøòàáó:

( ) ( )tt ja
j

a
j

−Φ=Φ 2:0, .

Òîãäà

( ) ( ) ( )( )∏
∞

=

−
−+ ω=ωΦ

1
12

0, 2cos:ˆ
N

Na
NjT

a
j B .

Ïóñòü Mϕ  îáîçíà÷àåò ìàñøòàáèðóþùóþ

ôóíêöèþ Ìåéåðà [7], îïðåäåëÿåìóþ â îáðàçàõ
Ôóðüå êàê

( ) ( )( ) [ ]( )ωχω=ωϕ ππ− 2,22cos:ˆ a
M f ,       (4.1)

à MΦ  - åå àâòîêîððåëÿöèîííóþ ôóíêöèþ.

Òåîðåìà 4.1. Åñëè ôóíêöèÿ f
a
 óäîâëåòâîðÿåò

óñëîâèÿì

( ) ( ) 0≥″ tfa
, åñëè 0≤t , ( ) ( ) 0≤″ tfa

, åñëè 0>t , (4.2)

( ) ( ) ( )( )tfCtf aa ≤′  äëÿ íåêîòîðîé êîíñòàíòû

Ñ,(4.3)

ò î

∞<≤=Φ−Φ
∞→

p
pL

Ma
j

j
1,0ˆˆlim 0, ;
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( ) ( )Ma
j

j
Φ∆=Φ∆

∞→
ˆˆlim 0,

;

( ) ( )
2

0,

12

4
lim

M

a
j

j

C

Φ−
≤Φ∆

∞→
;                 (4.4)

è, ñëåäîâàòåëüíî,

( ) ( ) ( ) ( ) ∞<Φ∆
Φ−

≤Φ∆Φ∆
∞→

M

M

a
j

a
j

j

C ˆ
ˆ12

4ˆlim

2

0,0,
.

Ðàçîáüåì äîêàçàòåëüñòâî  íà ñëåäóþùèå ëåììû.

Ëåììà 4.1.

( ) ( )( ) [ ]( )ωχω=ωΦ ππ−∞→ 2,2
0, cosˆlim a

a
j

j
f .                 (4.5)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî àíàëîãè÷-
íî äîêàçàòåëüñòâó ëåììû 1.5. Çàôèêñèðóåì ω

è âûáåðåì NL ∈  òàê, ÷òîáû π<ω −12L . Òîãäà

( )( ) [ ]( ) ( )( )∏
=

−
ππ− ω=ωχω

L

l

l
aa ff

1
2,2 2cos2cos

è, ñëåäîâàòåëüíî,

( ) ( )( ) [ ]( )=ωχω−ωΦ ππ− 2,2
0, 2cosˆ

a
a
j f

( ) ( )( ) ( )( ) ×
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−
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−
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N

l
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Na
NjT fB

11
12 2cos2cos

( ) ( )( ) −


ω× ∏

∞

+=

−
−+

1
12 2cos
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Na
NjTB

( ) ×∏ ω−− ∞
+=

−
−+ )))(({( 1 12 2cos1 LN

Na
NjTB

[ ] 2,1,2,2 :2cos )}())(( jja IIf +=ωχω× ππ− .

Î÷åâèäíî, ÷òî ( ) 1ˆ0 0, ≤ωΦ≤ a
j . Â ñèëó ñâîéñòâ ïî-

ëèíîìîâ Áåðíøòåéíà

( ) ( )ω=ω
∞→

coscoslim a
a
K

K
fB .       (4.6)

Ïîýòîìó 01, →jI  ïðè ∞→j .

Äëÿ îöåíêè 2,jI  âîñïîëüçóåìñÿ íåðàâåíñòâà-

ìè: te t ≤− −1  ïðè 0≥t  è ( )
t

t
t

−
≤−−

1
1ln  ïðè

10 << t . Òîãäà èìååì

( ) ( )( )
( ) ( )( )∑

∞

+=
−

−+

−
−+

ω
ω−

≤
1 12

12
2,

2cos

2cos1

Ll
Na

NjT

Na
NjT

j
B

B
I .

Òàê êàê π<ω −12L ,  òî 
42

π
≤

ω
N  äëÿ ëþáîãî N>L.

Ïîýòîìó

( ) ( )( ) LNB Na
NjT >≥ω −

−+ ,
2

1
2cos12 .         (4.7)

Èñïîëüçóÿ (3.4) è (3.6), èìååì

( ) ( )( ) ( )( )( )( )1112
12 2sin2cos1 −−−−+−

−+ ω≤ω− NaNjTNa
NjT KB .

(4.8)

Èç (4.7) è (4.8) ñëåäóåò, ÷òî 02, →jI  ïðè ∞→j .

�

Ëåììà 4.2. Äëÿ ëþáîãî )[ ∞∈ ,1p

0ˆˆlim 0, =Φ−Φ
∞→ pL

Ma
j

j .

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû Ëåáåãà èç
(4.5) ñëåäóåò, ÷òî

( ) ( )( ) 12cos
2

1ˆ
2

1
lim

2

2

2

2

0, =ωω
π

=ωωΦ
π ∫∫

π

π−

π

π−∞→
dfd a

a
j

j
.

Òàê êàê

( ) ( ) 10ˆ
2

1 0,0, =Φ=ωωΦ
π ∫ a

jR

a
j d ,

ò î

( ) 0}|{|
ˆlim 2

0, =∫ ωωΦπ≥ω∞→
da

j
j .

Òàê êàê ( ) 1ˆ 0, ≤ωΦa
j , òî ( ) ( )ωΦ≤ωΦ 0,0, ˆˆ a

j

p
a
j , è
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( ) 0}|{|
ˆlim 2

0, || =∫ ωωΦπ≥ω∞→
dpa

j
j

äëÿ ëþáîãî )[ ∞∈ ,1p . �

Ëåììà 4.3.

Ma
jj ΦΦ∞→

∆=∆ ˆˆ 0,lim .        (4.9)

Äîêàçàòåëüñòâî. Â ñèëó (2.4) äëÿ ëþáîãî

NL ∈

( ) ( ) ( )( )∏
=

−
−+ ω≤ωΦ

L

N

Na
NjT

a
j B

2

1
12

0, 2cos .               (4.10)

Ó÷èòûâàÿ (2.8) è çàìå÷àíèå 2.1, èìååì äëÿ ëþ-
áîãî íàòóðàëüíîãî L

( ) ( )( ) ( ) ( )( )≤∏ ωω
=

−
−+

+−
−+

L

N

N
NjT

N
NjT BB

1

2
122

12
122 2cos2cos

( ) ( ) ( )
∏

=

−+β−−−−+β ωωα≤
L

N

NjTNNNjT

1

1221221222 2cos2cos2 .

    (4.11)

Èñïîëüçóÿ (2.10) èç [N1], ïîëó÷àåì
( )

≤ωω∏
=

−+−−−
L

N

NjTNN

1

122122 2cos2cos

( ) ( )12212
124

2sin2 1
−+−−−

−+−
ω

∑
≤ =

NjTL
NjT

L

N .               (4.12)

Òàê êàê ( )8sin2sin 12 π≥ω −− L   ïðè  [ ]ππ∈ω − LL 222 2,2 ,

òî, ïðîäîëæàÿ (4.12), èìååì

( )
≤ωω∏

=

−+−−−
L

N

NjTNN

1

122122 2cos2cos

( ) ( )122
124 |)(| 8sin2 1 −+−∑ −+−

ω≤ = NjT
NjT

L

N .     (4.13)

Îáúåäèíÿÿ (4.12), (4.11) è (4.13), ïîëó÷àåì äëÿ

[ ]ππ∈ω − LL 222 2,2  ñëåäóþùåå íåðàâåíñòâî

( )
( )

( )( ) ( )122
122

0, 8sin1 −+β−
−+β

ω
∑

α≤ωΦ = LjT
NjT

a
j

L

N .  (4.14)

Èç (4.14) ñëåäóåò, ÷òî ñóùåñòâóþò òàêèå
íàòóðàëüíûå ÷èñëà N

0
 è L

0
, ÷òî ïðè ëþáûõ

0NN > è 0LL ≥
( )∫ αωωΦωππ∈ω

−+
− ]}[|{| 222 2,2

20,2 2«|)(|LL
L1jTa

j d .   (4.15)

Èç ýòîé îöåíêè î÷åâèäíûì îáðàçîì ïîëó÷àåì

∫ =ωωΦωπ≥ω∞→ ]}[|{| 02
20,2 |)(|lim L da

j
N

0lim ]}[|{| 02
20, |)(| =∫ ωωΦ= π≥ω∞→

L da
j

N
.     (4.16)

Èñïîëüçóÿ òåïåðü (4.16), (4.5) è òåîðåìó Ëåáå-
ãà, ïîëó÷àåì (4.9). �

Îöåíêà (4.4) ïîëó÷àåòñÿ èç ñëåäóþùèõ ëåìì.

Ëåììà 4.4.

( ) ( ) ( ) CBa
N 22sincos ≤ωω

′
.               (4.17)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ôîðìóëîé
äëÿ ïðîèçâîäíîé ïîëèíîìîâ Áåðíøòåéíà

( )( ) ( )( ) ( )∑ ∂=′ −

=

−
1

0

1

2

N

l

N
lNla

a
N tbtf

N
tB ,      (4.18)

ãäå lll ccc −=∂ +1: . Èç ñâîéñòâ ôóíêöèè f
a
 (10)

èìååì
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)())((|))((|

)(
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2
tbtf

N
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− ,      (4.19)

ãäå ( ) ( )
1

2

1
: +



 −= aN

alN .  Çäåñü [ ]t  - öåëàÿ ÷àñòü

÷èñëà t. Â ñèëó (4.2)

( )( ) ( ) ( )1,

2
+

′≤∂ lNaNla tf
N

tf  ïðè 
2

N
l < ;      (4.20)

( )( ) ( ) ( )lNaNla tf
N

tf ,

2 ′≤∂  ïðè 
2

N
l ≥ .      (4.21)

Ïðîñòûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

( ) ( ) ( )ω≤ωω +
− cos4sincos 1

21 N
l

N
l bb ,

( ) ( ) ( )ω≤ωω− cos4sincos 21 N
l

N
l bb .
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Ïîýòîìó èç íåðàâåíñòâ (4.20-4.21), óñëîâèÿ (4.3)
è íåðàâåíñòâà Êîøè ñëåäóåò, ÷òî
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Òàê êàê ( ) 1cos0 ≤ω≤ a
NB ,  òî èç (4.22) ñëåäóåò

(4.17). �

Ëåììà  4.5.
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−
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j .     (4.23)

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 1.5, çàìå÷à-
íèÿ 2.1 è (4.17)
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