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����� ���!"#$	%!&#��'('	)**�+�!�	�!,-./!�0'('	1	 �'"�22�	2�-�+�#1�'3	+'��'%##
��+'�'�45	-�(#�'1!��45	-!�6��3�	'2�'1!�!	�!	1+-.7��##	(�!/#����'3	)���(##	/#**6%#8
'��'3	%'�4	1	',&6.	)���(#.	2''�1��2�16.&�3	 '���"#!-' ��/�-$.&�3	!�'/�'3	��!+8
"##�	
!%1!�4	',&#�	 �#7#�4	#%0����#$	2+-'��'2�#	�!+#5	2 -!1'1	+	2�-�+�#1�'06	!�'/8
�'06	�!2�1'���#.	#	+	2�-�+�#1�'3	+'��'%##	 '	2�!1���#.	2	��-�(#�'1!��40#	-!�6�$0#�

���(�
��

�/#�	#%	�!2 �'2��!����45	#	)**�+�#1�45	2 '2'8
,'1	%!&#�4	/165+'0 '�����45	('0'(���45	2 -!1'1
'�	2�-�+�#1�'3	+'��'%##	'2�'1!�	�!	11�/��##	1	2 -!1
����9�('	:-�(#�6.&�(';	)-�0���!�	</!7�'	 '/',�!�8
�'3	)-�0����	0��!--	#-#	��0��!--�	1	+'-#7�2�1�	'�
2'�45	/'-�3	/'	=	>	?@	2 '2',��	+!�/#�!-9�'	#%0�8
�#�9	62�'37#1'2�9	2 -!1!	+	2�-�+�#1�'06	�!%�6A��#.�
��	1-#$$	26&�2�1���'	�!	',&#�	+'��'%#'��4�	 '��8
�#�	�-!22#7�2+#0	 �#0��'0	0'B��	2-6B#�9	04A9$+�
0!-!$	/',!1+!	+'�'�'('	:C�CD	>	C�C?	0'-�@;	1	 �'04A8
-���4�	α−-!�6�#	',47�'	#2+-.7!��	#5	',�2"#�+'1!8
�#�	 �#	)+2 -6!�!"##	/!B�	1	1�290!	!(��22#1�45	2��8
/!5	E=8FG�	�!+#0	B�	/�32�1#�0�	5'�$	#	��	2�'-9	$�+'
14�!B���40�	+!+	6	04A9$+!�	',-!/!��	!-.0#�#3�	'-'8
1'	#	�$/	/�6(#5	0��!--'1�	0'/#*#"#�6.&#5	+'��'%#8
'��4�	21'32�1!	α− # β−-!�6��3	E=8?G�

��#	 '2��'��##	*#%#+'85#0#7�2+'3	��'�##	 �'8
�#1'+'��'%#'��'('	-�(#�'1!�#$	#25'/$��	1	7!2��'8
2�#�	#%	 ��/2�!1-��#$	'	,-'+#�6.&�0	1-#$�##	!�'8
0'1	-�(#�6.&�3	/',!1+#	L	�!	!+�#1�4�	"����4
 '1��5�'2�#	�1��/'('	��-!�	��#0	14%41!��2$	��+'8
�'�'�	�'�0'B��#�	!�'/�'('	�!2�1'���#$�	,-!(' �#8
$��'�	/-$	/'2�#B��#$	%!&#��'('	)**�+�!	E�8HG�

�!&#��'�	/�32�1#�	04A9$+!	1	α−-!�6�$5	,'-98
A#�2�1'	!1�'�'1	',I$2�$��	�'�0'B��#�0	 �'"�22'1
',�!��'('	'2!B/��#$	0�/#	#%8%!	',�!%'1!�#$	�!
 '1��5�'2�#	04A9$+'1#2�45	2 -!1'1	 -��'+	2'2�!8
1!	As0	#-#	As

2
O

3
	EJ�KG�	�'	/�6('3	�'7+�	%���#$	E=CG

)�'�	)-�0���	67!2�16��	1	(����'(���'0	'+#2-#��-98
�'81'22�!�'1#��-9�'0	"#+-��	1'22�!�!1-#1!$	 �'8
/6+�4	+'��'%##	:#'�4	Cu2+;	/'	Cu+:

 3 Cu2+ + As0→ 3 Cu+ + As3+; (1)
',�!%'1!1A#�2$	#'�4	04A9$+!	1%!#0'/�32�168

.�	2	!�'0!0#	0�/#�	'+#2-$$	#5	/'	�#%A�3	2�� ��#
'+#2-��#$L

3 Cu0 + As3+ → 3 Cu+ + As0.

�'	2�!1���#.	2	#'�!0#	Cu2+ #'�4	Cu+	#0�.�	,'-��
'��#"!��-9�43	 '���"#!-	1'22�!�'1-��#$	#	�!	 '1��8
5�'2�9	04A9$+'1#2�'3	-!�6�#	��	'2!B/!.�2$�	��'
�!1�'2#-9�'	 ��/'�1�!&��#.	',�2"#�+'1!�#$�	�'8
(-!2�'	E==�	=DG	1'%�#+�'1��#�	%!&#��'('	/�32�1#$
 �'#25'/#�	12-�/2�1#�	2�#B��#$	: '7�#	1	=��	�!%!;
���0'/#�!0#7�2+'3	!+�#1�'2�#	 '1��5�'2��45	!�'0'1
0�/#	#	��%+'('	�'�0'B��#$	 �'"�22!	1'22�!�'1-��#$
#'�'1	Cu+ /'	0��!--#7�2+'('	2'2�'$�#$�	�'	0���#.
!1�'�'1	E==�	=DG	�'�0'%#�2$	2�!/#$	 '1��5�'2��'3	/#*8
*6%##	!/!�'0'1	'2!B/���'3	0�/#�

�!+#0	',�!%'0�	/�32�1#�	-�(#�6.&�('	)-�0���!
1	+'��7�'0	27���	21$%41!.�	2	#%0����#�0	)-�+��'8
5#0#7�2+#5	21'32�1	 '1��5�'2�#	+'��'/#�6.&�('
',�!%"!�	�/�!+'	2	 '0'&9.	 '-67���45	1	E=FG	���8
0'/#�!0#7�2+#5	6�!1���#3	'2�'1�!$	*6�+"#$	-�8
(#�6.&�3	/',!1+#	 ��/2�!1-$��2$	1	��2+'-9+'	#�'0
2042-��	
!2�'$&!$	�!,'�!	 '21$&��!	���0'/#�!0#8
7�2+'06	�!220'����#.	�'-#	-�(#�6.&�3	/',!1+#
:�# !	04A9$+!;�	1-#$�#�	+'�'�'3	�!2 �'2��!�$��8
2$	�!	2�-�+�#1�4�	 �'"�224	!�'/�'('	�!2�1'���#$
#	+'��'%##	0�/�'8"#�+'145	*!%�
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�!2�1'���#�	7#2�'('	0��!--!	B0 0'B��	��%+'	'�8
-#7!�92$	'�	�!2�1'���#$	0��!--! B /!B�	2	'7��9
0!-'3	 �#0�29.	)-�0���!	L�	�2-#	 '2-�/�#3	15'8
/#�	1	'/�'�'/�6.	B,L- *!%6	#	142�6 !��	,'-��	,-!8
('�'/�40	+'0 '����'0	 '	2�!1���#.	2	'2�'1�40�
�	�!1�'1�2�'06	 '���"#!-6	7#2�'('	0��!--! z+ 0B /B

E
�� '2��/2�1���'	 �#04+!��	',-!2�9	 '���"#!-'1�
1	+'�'�'3	2+'-9	6('/�'	0!-'�	 '-'B#��-9�'�	20�8
&��#�	 '���"#!-!	'�	�!1�'1�2�'('	14%41!��	!�'/8
�'�	�!2�1'���#��	�	)�'0	����6/�'	6,�/#�92$�	�2-#
 �#�$�9	1'	1�#0!�#��	7�'	 �'#%1'-9�43	 �',�(
!�'/�'3	��!+"##	: Bd� 	M	C;	�!	7#2�'0	0��!--�
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B0 → Bz+ + z
B
e                                                           (2)

��	2' �'1'B/!��2$	#%0����#�0	#����2#1�45	 !�!8
0���'1	0��!--#7�2+'3	*!%4�	
! �'�#1�	',-!2�9	!�'/8
�45	 '���"#!-'1	0��!--!	B 2	,-!('�'/�'3	 �#0�29.
L '�-#7!��2$	26&�2�1'1!�#�0	��+'�'�'('	#����1!-!�
1	 ��/�-!5	+'�'�'('	�!2�1'���#$	B	��	 �'#25'/#�
E=?G�	��40#	2-'1!0#�	#2�#��'	�!1�'1�2�43	 '���8
"#!-	)-�+��'/!	�z+/B-L	#	',-!2�9	 '���"#!-'1	�!2�1'8
���#$	B,L-*!%4	1	',&�0	2-67!�	��	2' �#+!2!.�2$�
O#�#�!	#����1!-!	%!1#2#�	'�	�$/!	*!+�'�'1�	'	7�0
 '3/��	��79	�#B�Q	%/�29	B�	 ��/1!�#��-9�'	%!0��#0�
7�'	2!0	#����1!-	 '2�� ���'	2'%/!��2$	 �'"�22'0
�!2�1'���#$�	1	��%6-9�!��	7�('	 �#	 '-67��##	!�'/8
�45	 '-$�#%!"#'��45	+�#145	0'(6�	 �'$1#�92$	��8
#%,�B�4�	 �#%�!+#	��2�!"#'�!��'2�#�

�!7�2�1���'	���0'/#�!0#+!	%!&#��'('	)**�+�!
14(-$/#�	�!+�	
!	�#2�	=��	#%',�!B��4	+'�"����!"#8
'��4�	#%0����#$	'2�'1�'('	+'0 '����!	B	#	-�(#8
�6.&�3	/',!1+#	L	1	 �# '1��5�'2��'3	',-!2�#	B,L-
*!%4�	��#14�	6+!%41!.�	�!	�!-#7#�	1	�1��/'0	��-�
/#**6%#'��'3	%'�4	#	�!	','(!&��#�	 '1��5�'2�#
)-�0���'0	L�	�	���0'/#�!0#+�	-�(#�6.&�('	/�38
2�1#$	)�'�	*!+�	#(�!��	 �#�"# #!-9�'	1!B�6.	�'-9�
N�32�1#��-9�'�	 �#	'26&�2�1-��##	��!+"##	#'�#8
%!"##	B #%	B,L-*!%4
B → Bz+ + z

B
e                                                            (3)

 '���"#!-' ��/�-$.&#3	!�'/�43	 �'"�22	:F;	 '2�'8
$��'	2'%/!��	/#**6%#'��6.	%'�6�	12�	1��0$	 ����!28
 ��/�-$$	+'0 '����4	1	 ��/�-!5	#����0��!--#7�28

+'3	*!%4�	
'	21','/�!$	)���(#$	*!%4	2	/#**6%#'�8
�'3	%'�'3	14A��	7�0	)���(#$	*!%4	�'('	B�	2'2�!1!
,�%	+'�"����!"#'��45	(�!/#���'1�	��'�	)���(��#7�28
+#3	#%,4�'+	:(�!/#����!$	)���(#$;	0'B��	,4�9	#%8
1-�7��	�'-9+'	#%	 �'"�22!	:F;�	7�'	/'-B�'	2' �'1'B8
/!�92$	/' '-�#��-9�40	',-!('�!B#1!�#�0	!�'/�'8
('	:+1!%#�!1�'1�2�'(';	 '���"#!-!	)-�+��'/!�

�47#2-#0	)���(��#7�2+#3	1+-!/�	2'%/!1!�043
/',!1+'3	L	1	��!+"#.	:F;�	�62�9	)-�0���!��43	 �'8
,�(	δξ

B
 M	C	)�'3	��!+"##	2' �'1'B/!��2$	�!2�1'��8

�#�0	2-'$	0��!--!	�'-&#�'3	dy	2	2'5�!���#�0	�!%8
0��'1	/#**6%#'��'3	%'�4	δ :�#2�=�*;�	�	-.,'3	�'7+�
/#**6%#'��'3	%'�4	2'/��B!�#�	)-�0���!	L 14A��
7�0	1	',I�0�	*!%4�	��# '1��5�'2��'06	+'�"���8
�#�'1!�#.	/',!1+#	'�1�7!��	�'2�	)���(##	�#,,2!
:dG

L 
M	C;�	�!1#2#0'2�#	B�	c

B 
= c

B
(y) 2''�1��2�16��

 �'�#1' '-'B�'�	#%0����#�	+'�"����!"##	#	2�#8
B��#�	)���(##	 �'"�22!	:dG

B
	R	C;�	�,&#3	)���(�8

�#7�2+#3	)**�+�	 '-'B#��-��L
grad
B-L B LdG = dG + dG  > 0.                                           (4)

�2-#	1	 ��/�-!5	/#**6%#'��'3	%'�4	5#0#7�2+#�
 '���"#!-4	µ

B
	# µ

L
 ' ��/�-$.�2$	�'-9+'	+'�"���8

�!"#$0#	B #	L�	#	��	%!1#2$�	'�	0�2�' '-'B��#$	�!28
20!��#1!�0'3	',-!2�#	*!%41�	�'	1�-#7#�!	:?;	0'B��
,4�9	147#2-��!	+!+	�!%�'2�9	)���(#3	',�!%'1!�#$

�') * 	�5�0!	�!2 ��/�-��#$	+'�"����!"#3	B	#	L	 '2-�	2�-�+�#1�'('	�!2�1'���#$	B,L-*!%4	:�;	#	�! �!1-��#�	+'�"����!"#8
'��45	#%0����#3	: '+!%!�'	2���-+!0#;	1	 �'"�22�	�!2�1'���#$	2-'$	dy	 �#	 '2�'$�2�1�	�'-&#�4	/#**6%#'��'3	%'�4	:*).

1	��'	1'%0'B�'	 �#	'�26�2�1##	1	/#**6%#'��'3	%'��	1�6����8
�#5	0�5!�#7�2+#5	�! �$B��#3	E=�G�
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B,L8*!%	#25'/�'('	2'2�!1!	:y S	∞;	#	2'2�!1!�	+'�'8
�43	 �#',���!��	 '1��5�'2�9	�!2�1'�$.&�('2$
)-�+��'/!	:y = 0) [13]:

( ) (0)grad
B-L f B-L f B-L BdG = � � � � � �� ∞  .                      (5)

�'(-!2�'	',&#0	 �#�"# !0	)-�+��'5#0#7�2+'3	���8
0'/#�!0#+#	/-$	 '���"#!-' ��/�-$.&�3	��!+"##	:F;

grad grad
B-L B B-L BdG = z F�� ��⋅ .

�'2-�/���	6�!1���#�	' ��/�-$��	7!2�9	',&�('	20�8
&��#$	+1!%#�!1�'1�2�'('	!�'/�'('	 '���"#!-!	B,L8
*!%4	'��'2#��-9�'	!�!-'(#7�'('	 '���"#!-!	7#28
�'('	0��!--!	�0. ��'	2'%/!�'	1+-!/'0	(�!/#����'3
)���(##	:�;	1	)���(#.	��!+"##	:F;L

( ) (0)grad
B-L f B-L f B-L

B

1
�� � � � � � �

z F
 ∞  .                    (6)

��'�!$	7!2�9	20�&��#$	#0���	��#1#!-9�43	5!8
�!+����	�%8%!	2 -!1'',�!%'1!�#$	5#0#7�2+#3	 '���8
"#!-	'2�'1�'('	+'0 '����!	�#B�	5#0#7�2+'('	 '8
���"#!-!	7#2�'('	0��!--!L

µ
B 
< µ

B
0;                                                                     (7)

2	67��'0	','(!&��#$	 '1��5�'2�#	)-�0���'0	L

(0)surf 0
B-L B B

B

1
�� � � � �

z F
   .                                        (8)

�'-�'�	20�&��#�	+1!%#�!1�'1�2�'('	!�'/�'('	 '8
���"#!-!	�!1�'	2600�	:P;	#	:J;L

* grad surf
B B-L B-L�� � �� 	 �� .                                              (9)

��!	1�-#7#�!	%!/!��	A#�#�6	#����1!-!�	�!%/�-$.8
&�('	�!1�'1�2�43	 '���"#!-	)-�+��'/!	Bz+/B-L	#
 '���"#!-�	 '-'B#��-9���	+'�'�'('	 �'��+!��	!�'/8
�'�	�!2�1'���#�	B,L8*!%4�

�-�0���	L�	11�/���43	1	B,A8*!%6�	 �'#%1'/#�	!�!8
-'(#7�'�	/�32�1#��	
'	 '2+'-9+6	(�!/#���4	+'�"��8
��!"#3	L #	A	 �'�#1' '-'B�4	 '	%�!+6�	#5	)���(��#8
7�2+#�	1+-!/4	!��!('�#2�#7�4	:�#2�D;�	�!+#0	 6��0
/',!1+!	L	+!+	,4	 '�#B!��	#-#	/!B�	21'/#�	�!	���
1%!#0'21$%9	 !�"#!-9�45	��!+"#3	#'�#%!"##	'2�'18
�45	+'0 '����'1	+	#	��	�'-#7�2�1���'	)�!	�'-9	0'8
B��	,4�9	' #2!�!	�!	'2�'1�	6�!1���#$	:P;L

( ) (0)grad
B- A-L f B- A-L f B- A-L

B

1
�� � � � � � �

z F
 ∞  .            (10)

��-#7#�!	:=C;�	'��#"!��-9�!$	/-$	��-�(#�'1!��45
��+8*!%	E=FG�	60��9A!��2$	 '	0'/6-.	#-#	#%0��$��
21'3	%�!+�	�2-#	*!%!	2'/��B#�	)-�0���	L. N�6(!$
7!2�9	20�&��#$	+1!%#�!1�'1�2�'('	 '���"#!-!	14%8
1!�!	���!1��2�1'0	:H;	#	+'-#7�2�1���'	' ��/�-��!
6�!1���#�0	:J;L

(0)surf 0
B- A-L B B

B

1
�� � � � �

z F
   ;                                    (11)

%/�29	µ
�
:C;	>	5#0#7�2+#3	 '���"#!-	+'0 '����!	�	�!

 '1��5�'2�#	�!2�1'�$.&�('2$	��A,L-2 -!1!�	�'	0���
','(!&��#$	 '1��5�'2�#	-�(#�6.&#0	)-�0���'0
µ
�
:C;	2�#B!��2$�	14%41!$	�'2�	 surf

B- A-L�� �	�	#�'(�	-�(#8
�'1!�#�	*!%4	1�/��	+	�'06�	7�'	2600!	:=C;	#	:==;
60��9A!��2$	 '	0'/6-.	#-#	'+!%41!��2$	 '-'B#8
��-9�'3	1�-#7#�'3�


#B�	,6/��	 '+!%!�'�	7�'	',-!('�!B#1!�#�	!�'/8
�'('	 '���"#!-!	*!%4	0'B��	,4�9	 �#7#�'3	%�!7#8
��-9�'('	2�#B��#$	��	2+-'��'2�#	+	2�-�+�#1�'06
�!2�1'���#.�
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